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L7 ORpG Soet

1.1 &3

FAW A AR (1791 @I GRS 412t | it e et (BT ArRdt (o 3 1 4d
A ARG (ST A WA T TE T AW TR GRS TH G WD weerw
&0 99 TG 3| W wgw @} @i g amiet TEe ) GRie R (FfES)-a A
TS Iprrel 7 frsiere ) sifren Risw wm wome) g 99T @

S TSl 2o1 @ GFime ANfARss A (expression) T w1 4G AR TW TR I
R, wdie @ F0 WS werE @B A T A AN W @RIF I | AP I (@R S
. SIS 56 08 PR | AT WY w7 AR 7 e wereel e = e @
IR GHE AT (FAC AN o] AT T PTG IJATT FICT T 1 GG AR
43 FCAG SPTOT WAL I Aol ARG AT YT TR AL )

TR A FEIC AT TN B FIW | A G TATSE et A
TCEB OF FAA WA TCEY Fq GHI @— W 0 (F 4ANS A WIS @it w8 4
3| <, > fogaf e e B3

1.2 Sty

R AT ANS Hitg JITS I JOTACIIY WIS I 0| wenretefd frerid
B Gz R ofren Rfew w2 A AL 0vTe | BR wemeteE R,
fose, i 4R TR ) @R ol e PR s g WS AT
€ AT T NI TS A |




® 4 [aaeE TS
® T o wpTTel
& T SHATE]

1.3 e Serret g

EMTO1 Block-1 9T Aed Fiatq & sz 390 AR ! AW S A4l ifi
AT OUTH ANADS 751 | AIQE wzrgeld wmwerafE eme wAe TE o wersfe e A

TR | WA W x AT A T | =x WA x > =0
= XA x <0

42T 9 AnefF Tt il e e Ba IE @e— a b, VI MG W
IWa>0,b>0,c>0, a>b%T WA

© (i) —a < —b; (i) ab > 0; (iii) ac > be; (iv) a+c > btc; (v) alc > blc; (vi) 1/a < I/b,
(vi) 0 < n Freifas® sy A a” > b

wrae frg e SISl % (viil), a <b, c < d T a+c<b+d WA FFI 1a < b,
THFASA d — ¢ > 0 '

TR (b-a) + (d—) > 0, A b+d>a+c |

(ix)a<b, ¢c>0%TH ac < bec ¥R

FIR (b-a) > 0, 9K ¢ > 0 IS (b-a)c > 0, T be > ac |
(x)a<b, c<0%Tac>be TI

FFA c (b-a) > 0 &R —¢ >0

IR (b-a) (—¢) > 0, W ac > be |

e - a,a,-bb, =a,(a,~b,}+b,(a,-b,)>0, IS4 a,a, >b,b,
T (ALY a, > b, ISR (a,a,).a,>(b,b,).b, > 0. TE&AY aa,a, >bb,b,
WA T 0 = m 9T I SN e, weie aja,....a, >byb,.....b



WGAT a8, a_,, >bb,. . b_, >019die n=m+|-gazmne TAAWDG e

m+1 : m+!

AR sfafes AAR AG%T (Mathematical Induction) SR 3N AR TaAstmwfs 5
FelfdR Mg T 19y wefie n=1,2.3. . A GG 2FRNT T TG |

SFAGIS— a > b > 0 T3 93¢ n R ohRA 3, 2" > b, WA n>0 9k 2" <b”,
T4 n < 0 AT Boow T a=a, =a,=......a, 9K b=b,=b, = =b, F%
TIER A% 2" >b", T p > 0 '
néOiﬁ,-‘d%n:—m,WQﬁimm,W&‘qa‘“>b"',‘512m1!a“>1/b“,“i"‘ﬁ§a“<b“'

TEH 1 : a_ b, >0 7 TF g ool o1y 101 @ WA I 3 > 4,3 > -2, OIS
(=3)3)<(-4)-2)

TYY 2 : n 4GS T KA TEE TP’ 20 > b” |

AM ;WA I n=§>0 @ p,q G WRE G ab SOFE NS A,

H i ] 1

SRl 2% 6 be QOfT EANGF (A0S A I W 2% >0, bt >0 AN | AR T a> b

| ‘1 1 1_ .l.q l 4
AT a¢ > b? LA T THAT a < bI TA, [an <[b“] 3 a>b IS W T A

1 L vy ENP
4 @Rg 2° > b4, p>0, R (a) >-[b“J TV am>pn |

VI WA 6% AR e g wE wwa nER [fen S s
e g WISl (R | TrReeRire wivl 7 waEm @, It sl P aew
BIYY T AR @A —

g 1 : argE WA 39 TR BT TS AR AN

Frae 2 < GO AR TR 2 T YT ab,c..... FAATE SN (Symemetric) T 8
[T (a—b)?+(b~-c)* +{c—a)* T ab,c FAATF 377)

o R TS AgETen @e AR a > b > c...... MR Tuzaeld W W@
e wefa e s o8 7|

Burgad 1 : 7f* a b 10 SOTIN &NITS AN W, T@ GUR

3



(1)

AN : WA T ST FRAMF 35 41 T | QU a~b T |
TEAT (a+b): ~dab=(a-b)’>0, T (a+b)’ >4ab>0 (. a,b>0)

q ab(a+b)? >4a’b* A ab (a+b) > 2ab

wwaz Vab >2/{(a+b) _f"ab}=2/[-1—+-é)

a

1 1 1 1 1 I
: ¢ T T —+—+— & + +
TAZAd 2 : abc ENTE TE AN T a+b+c Tt

e .k R RE I

1 1
'"Z++4"J_J_J‘ (Frarg 1 I9%9)

TRIZAY 3 @ ab,c HUSE T (WM

a’+b° +b2+c2 +c-3+a2

za+b+c
a+b b+c c+a
a’+b’ _a+b
T ¢ 2(a’ +b) = (a+b)’ +(a-b) 2(a+b)’ A 2T

b*+c® _  b+c ¢*+a* _ c+a
L b 1 = N b
b+c¢ 2 c+a 2

2 2 2 2 2 2 .
a +b + +b b+c c+

S T[T AR +b e, gra e b+ +&2 atbac
a+b b+c c+a 2 2 2

TwIZAY 4 : abc WIGS TE AN I
a(a—b}a—c)+b(b—a)}b-c)+c(c—-a)c—b)z0.
AN : BT a=b=¢ T IWNAF = (,



"AE a.b.c Wy @ @FWe qO I T, (@I a = b A

TAAE = c(c-a)’ 20, T ¢>0 O (c-a) 20 |

WAE a,b,c TPTE TA, JNAT (AES SEN TE UHG a>b>c 4909 #if |
9% a(a~b}a-c)>bla-b)}b-c)[ra>b 4R a-c>b-¢]

49 a{a-b)a~c)+b(b-a)b-¢)>0

fee (&g c<a, c<b,(c~a)(c=b)c>0 (FF ¢ 0)

ek ala-b)a—-c)+b{b-a)b-c)+c(c—a)c—b)>0. M|
St |

T: | ab.c GANRE WA L, TR T

b+c+c+a+a+b 1 1 1
b*+¢> ¢ +a° a*+b* a b ¢

TH: 2. ab,c I Y TH W @ a“ +bi+c" 2 ab+bc+ca
ME@FS: a’ +b’ 22ab Tepf (UF A

T 3. ab,c,d WA TR TTE AN
(@ +b* + 1)’ +d* + 1) L (ac+ bd + 1)

o 4. 3% abcd METHR | 97 (AT I W OF @ (T
(a+ b+ Hc+D(d+ 1)< 8(abcd +1)

;5. ab,c ¥R @ n2 04 n+1<0 TH, WS
a"(a—b)(a-c)+b"(b-a)b~c)+c (c-a)c-b)20

TR 5 : ab,xy 4RITS T A IFA @

ax + by > (a+b)xy
a+b ay + bx

‘ (a+b)xy ax+by _ (a+b)’xy ~(a’xy + b’*xy +abx’ +aby®)
" ay+bx  a+b (ay +bx)(a+b)

_-ab(x’ +y’* -2xy) _ -ab(x-y)’ o
(ay+bx)a+b) (ay+bxya+b) ~ (+ ®Dxy>0)

5



T 43 amﬁ-by2 (a+b)xy
a+b ay + bx

TWZAY 6 : 2% FFN T
315t (2x=DI >(n)"

MY : I r<n TWEE n<2n—r1 &

r?(2n—r)1+r!n!{(n+ll(ﬁn+2)...(2n-r)£ﬂ‘ff¢ n—roi}
e alnt  alrt{(r+1)(r+2)..n @G n-r® }

(ot D)(n+2)...(2n~-T1) N
N {(r+){r+2). . .n

aRE AW 4 s TR 2n-r<n WY OR CUEE

r(2n—r)l n{{n+D{(n+2).. . r@Gr~nsm} 2n-r)!
nln! ntZn-r){2n-r+ N 2n-r+2)....n (AT r—n 7%}

(n+])(n+2j ....... r

= > 1 F99 n>2n—r
Co-r+1D2n-r+2).....n

TR T CHEE ¢ (4 A A AN T RN (A
rl(2n-1)!>(n!)*

AT r=13,...2n- )G 4%
1(2n-1!>(n)?

31(Zn-3)!>(n!)?

(2n-1)!1t> (n!)?
TS R W A (1130 (2n-DIF > {(n!))"

a, 113151 (2n~1)! > (n!)"

et 11
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| _135 n-1_ 1
2vn+T 2467 2n V2n+1
2. @ BEA  (nl)’ >n°, @UH n 6N 4L @ n> 2.
3. ouel g 1t —4—+. +l<\32n—l
n

4 T 4 @INGEF LK g2 TW, 9K xy A0 GANT FH HQA T SE@ @EA @

a"—1 a"' -1
> x>y

X

(4B Totomwy TR e AT AR | AN )

1.4 77 TEFQ TSl TZ

FEEG AT FeARE ARG HKANT AC AV NLET AN G4 FAZT BT (AL 2BfTe |
Are oa o3 WD 55 R TN ARG NGF, GIE NS, 93¢ Rade w94
warefa el el fFra oo Wa R sidren fifea = few ewen i a0y,
n FE AR AR FA o7 ST TR AR G -

HAGH WYF (Arithmetic mean) = (a, +a,+.....+a,)/ n AfRIW A (Statistics) 42
WU AR AT T |

GTNET YT (Geometric mean) =(aa,....... a )", (@U a,,a,,8,....., a_ of#
AN ARG SR |
28,8, a, el Wfes asfore v emer Rl @ awged |

W@W:n/(l/a,+1fa3+1/a3+1fan), (PNA 2, a,,2,.....,a, B P 2
A | '

wdfle, [AAS FrF T AP S G I AT |
R TAEH THHF A, WG FGIF G, ¢} A% 367 H w71

TG : T T TR @ @S AT I TG TGS NS T T qm, e
BTG 74 AR ars T FRgrefan w1 we T @ Refie wygras o sicmefins
T TS A



A3 FGFGFT T (@ @O A IC WG YA OIHT WAl B 1 wHIE | A
43 BAATA ARG (TR (@ RGO IE g ol I I g S T
A>G>HTA -

TF P! TG RO ToAims Ryw w1 —

TANT 2. a,,2,,....,a, FEIG FIF ARG FRANT ANGAN NGF, QCNENH FGE IR
fetaie w3 I

A G, HT SR A >G> H, 9% KA 79 A A = G = H T3
2l ¢ 2T GB A A 2 G, a4 oS O K G2H 2 TR
oF 1 WA @ n=2", @I m GG 7] W)

Rl Sl G IAE LARRE R a, a, T

a,a, =((a, +a2)f2)2 -((a, _az)lz)z < =((a, "'az)fz)2

+
QA a, =a, A, "= " BT e 17 T W% a,a, . Az2G, weaT m=
a3 == Sotomfs emifrs
4T TH IR m=k 97 T LSAMD T, wedfie (a.+a=+ ...... +a,,..)fzk .=

R (B, 08 58, oo By ) STO S TG S5 TR W AR ACITIOCT 2k YT

K+l

ALY WR | O (a, +a,+....... ta, +a, +a, -l-.l.-l-aj:.;.,)‘p2
=(1/2) (@, +8,+ ... 48,) o +(ap, 485, +au o B) /)

21/ 2)((@8y 80 )F) # (B By B o8 ) )

L
| I A2
2 ((alaz ....... azg) ).(ast‘”azt‘_zazi‘_s...-... azht) )

2((a,a;......a,.8, 8 e )X‘ N? @ e YR FEA>=G |

Pt dgr g
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2 (8,808 By B BBy )2 | R SONGE FR T,  = 15

SedT AT = @A > =G

i’ 2* 97 T Ty A 24 Ee A rwm@a@ma)q&?wmaﬂﬁ@ @n=2"
A (AR m (A G R (a, +a,+..+a,)/ n>(3,a,.....3,)"

K (8, =2, =..=2, )T (a, +a,+...43,)/n=(a3,...a,)"
SR TN, 2™ 93 5T 01 TS 2ot @ ey ot el I
% - 2) TR 21 SRPE 7T |

ATHCE 99 A6 4GS PG T m IS IS 2" > n @AW m > 1 &)

n'
........ Gl

A T W TR (I 1 UMY
{(a] +a2+“"+an +(2m _n).G}fzrrl > {(a-.a-_,‘...a“ )GZ'"-n}lp‘Z"' = {(GnGZ"'—n)}NE'" =

{(TZY {(a,a,....a, )y=G"}
TR, {(a,+a,+..+a,)+ (2" -n)G} 227G, ¥ (a, +a.+.....+a,) 2 nG,
WA (a, +a,+....+a, )/ n> =G, @RE Y =6 @ =" by 9gF |

TG AR o =% o2 e e T, 0 (@ (e N WS WA T A > G

G N AN TR @A G H

AH3) Go>H-IR

s W™ (1/H)=(1/a,,1/a,,.....1/a, ) ~99 FNEI IGE >(1/a,,}/a,,..1/a,) 97
¥TEI WGE =(1/a,1/a,...1/2,)"" 2(a,.8,..a) """ = (1/G)



AT Gl AR TS e w = B age =)

ATAR n (ACE LGS XSGR TF 2,24, ..., a, T« oIS - A>G2H |

TG~ 7o AR Cwa w4F el amiifer Amre mqwmu{avﬁazow
EEIEE e oo aeft fafeeee | aef 2@ -

d

0 @ A% AC=a+b T T2F 9 WEIE <1F 251 (I AB = a, BC =b | 91 BC-
7 S92 BD-51% 5 &5 1 ~fafdts D e 2 @0z B (37F OD-3 ¥ BE 7% Oi1 2514

439, OD =(a+b)/2, BD=(a.b)"*, DE=2/(1/a+1/b)
Zd : BD” = ABx BC

 OD_BD _ OD _ I
BD DE = BD* DE

BD' ab = 2
oD atb 1 1
2 a b

@EG OD > BD > DE wed? {6 73 a b CFm awiide &

- DE =

NG FF > QUG NG > [ wg= |
TUIZAY 1. a, b, x, y 4N YH AW @ (ax+by) (ab+xy) > 4abxy
TR : AU ax, by FYISHTT @ A > G T2 == AR

ax ; by > Jabxy
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b+
WAL ab, xy~CF FR A > G A Y 2 fabxy

SN @9 A (ax+by) (abtxy) > dabxy

TAIR 2. I x y.z GIEE HR SR x+y+z =1 T, TR A0 TR
8xyz < (1x)(1-y¥1-2) < 8/27

THH - AN fx = ytz, 1-y = ztx, 1-z = xty

o (I=x)(-y)(1-2) = (y+z)(z+x)(x+y)

e x+y22{xy, y+z22yz, z+x22Vxx

o (=x)(1-y)(1-z) = (y+z)(z+x){x+y) = 8xyz....... (1)

TR (1-x).(1-y),(v-z) T A2 G T=gw =@ %

l—x4+1=-y+1-

22 [(1-x0-y)1-D

3

- (%) 2(1-x)1-y1-2) (i)
i) & (il) WA

S 2 (-x-y)i-2) 2 8xy2

27
eRpte ¢ (1)
2
1. a b aﬂwmmﬁ@>l 1
—_— —
a b
a
2.2, 8,,....... a, S A, TN FFA RIS PRI,
a, a, a, a, a

3. a, b, c NS ANt IFA a’b+bictcla > 3abe

THIERY 3. W a, b, ¢ IR @R SRUNOFER @ @ iR iR vl weerR I8 o, W
R (8

(a+b+c)’ 227(a+b-c)b+c—a)c+a-b)

11



HAYH : a+b-c, btc—a, cta-b % NelF e 8, I ATOE TIE =9 | TR
Ag(}?@ﬁ1ﬁﬁ

1

{a+b-c)+(b+c—-a)+(c+a-b) 2[(a+b—c)(b+_c-a)(c+a—b)]§

3

(a+b+c

3 )2[(21 +'b-c){b+c—a)(c+a-—b)]§

- (a+tb+c)? > 27(a+b—c)(b+c—a)(cta—b) o
TS 4. n W A B @ 9 n > | W TR WY e @ o> 135 (2n-1)

e 1,3, 5. (2n-1) 9ol WG VT n AT M
33 1+3+5+. ... @n-1) = n?

e FefFE o A > G T AR (= TN BT T T waw mafH Awm dw)

43454201 _nae  on-nf

A (n)">135......... 2n-1)
THIZAY S, (A (A 0-4A1GF S A
(1427 +n) > n?(nl), @A > 0.

TER - r > 0, 17, 27,0 oI9S Ao k), 9@ A > G

"4+2°.. +n'
n

A 1"+ 2+, +n" >n*(n!)

THIZAY 6. n FRA T= 2 ]

1 371L...(4n-1) | 3
< < :
Jan+1 5913...... (4n+1) V4n+3

T : 4n+1,4n-3 Y 96 FE A > G T AR
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‘4“_“_;_‘_‘_{1:_%2 (4n+D(-3) A, 4n-1>J@dn+1)@n-3)

411--!> 4n-3
T 4n+1 in+1

© n=12, ... n AT ST 4473 (I

\f ( 4n-1_ [4n-3
529 Yo 4n+1 4n+1

Rreraln o a9 T

4n—l> 1
4n+1 Jan+1

4417 4n-1, 4n+3 afey FAneH W@ A > G IR/ I3

4n—1+4n+3

5 > J(4n~1)(4n+3)

A, dn+1>,/(4n-1)4n+3)

4n+1 4n+3
-

: ~1 futa ot =
an1 Varo (4n=1 fuza @19 x)

MM n =123, .

§>\[E ( f 4n+1 ,4n+3
3 377 11 411-1 4n-1

G2 nFYE ST B9 T|I AR

3913 4n+l> J4n+3
ST R

3700 @) _ [3 )
AT ST @n+1) Van+3 o)
N S 1A | W (L) 9
W@ & T 5913 @nvl) Vini3
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Wﬁﬁ:l\/:

NETa
1. W n o T8 ora awd s : (nl) <n {T}
2. n PRYT 9K a, b S IE @EH @A

ERLY
3. ab,c @NF 93K abe = k! TH, &N TN @
(ra)(1+b)(1+c) > (1+k)’
4. NSNS PR T AN (@
()™ (n+2)" > 3%(nt)?
5. a,a,,....a, $US KGR TN Aaifere WIE e Fed @ —

n
_ a +a,
(1) aja,....a,..... a, < ( J

() (a,*a,)(2,%ay). oo (a,,ta ) < (a,+a )*!
6. a, ay,....a, YT AN et asfers 2w,

aa
IR TFet agta,... ..t > 2n——-

7., b, ¢ &GS WY AW (@ @RE GBI B TIHO oW IG

W FFH abe » (atb—c){b+c-a)(cta-b)
8.3, b, ¢, d IS Wafd oW @ @we foaba Tl vpda o werm 35|
oIt I (@,

abed (brot+d-2a)(ctd+a-2b)(d+atb-2c)(at+b+c-2d)

BT, X X,X, FRAF ST TIT A JLOA YA, A x = X,= - x,= k/n | g,
XXX, QRFAGT a8 T (kn)® TR

TG VTN T FGH, T X = X,= - X, | FLE, %, + X, +...+ X OTQFAfdn Foon
TR okl )
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WY — FHe ifeT 2 wrew 1 Jzew R e, awe T G2 st 79Re
3] )

Ttz : 7 AN A, (A I <R I frgwefr wy st fagwita ovews 3T
TN - WA TTEE el a, b, ¢ e AfFHM a + b + ¢ = 25 = FIF!
R T g oRewE = {s(s-a)(s-b)(s-c)} 2

CFITH QN T A (s-a)(s-b)(s—c) e LI

(s-a)+(s—b)t(s—c) = 5 = &IT)
HEAR (s-a) = (s-b) = (s~¢) T, W a = b = ¢ T (s-a).(s-b).(s-¢) =& LA
wedd Aeave fagety craws Joew | amilte @

BAEAY : 8. x,y,z HIES AW Y 9K xy+yz+zx = 12 TA xy.z -3 JREN WA 77
TF |

YR - xy.z IS TR T (xy).(y2).(zx) = (X.y.2)? JTE | AUH (WY
Xy + yz + zx = 12 ¥9E,

AR T (xy) = (yz) = (2x) 2@, Gfle, x = y = z T (x.y.2)? @ W

Xytyztzx = 12 (QF AN AR x =y =z =2

AT x.y.z 47 JTEN AW & 23=8.

' 1 1 1
Wﬁﬁ(l) P XY,z @S G —+—+— =1 GHA
X V¥ Z

o TEA (@ xP+y 2?98 HeN W 27
YR ¢ x2+y2 42?09 FEeN TN A (xR P R x =y = 2

1 1 1
AP —+—+—=l, x=y=z@®@F x=y=2=3
X Yy z

4% G>H #3 AR (xy2)'” » "'1“"'31_'"“'1“=3
....+_._+__
X y zZ

. x2+y2+23_“g§ W e = 3(x2y222)1-'r3 = 3.9 = 27
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TRRrEA (i) - oW IR (@, (@9 ey SrerwgelE Wy, ez Ty ceaEw
REAC
TR : FAICFCAT IS’ a, b WA a2+b? = 2, (AW ¢ = JPOG | (FAFA = ab T

2%, b2 91 G | Q™R G «F TSN T4 F a-;b- (U 2 = b wefle wrerwa 3+fwa w3 |

1.4.2 SFYG T4F

LA A VST ARG KB (74 | 93 BASNTAR TR (AR, ATgae S
4% 7w wore e )

WA Ff9 8,.8,,.....a, YIIGS IFA SRANSEI AL p,,p,,....p, ¥IF FH et grem
I !

PyoPaseee P, STRGRT, STATE 2,2,,...,2 ek ffea sgsehm e =

P Py—p, PRI 4T3 AN AT ITFA 2T rational FRAK T (72l (WS A |

WY VF = (a,”.a,™....a ") "% = G(a, p)

fafhe 2= = (p,+p,+..pV{p /2, ) (Pofay)t - (p,fa,)} = Hiap).

BAT 3 : Aa.p)>=G(a,p)>=H(a,p)

e : ST GMA A(a,p) > G(a,b) I IAT | QTS WA I p,ps,....p, 9 n FHYy®
YT TG A

Py FKATE 2, p, FKAE a, , p, TS 4 TSI (G p,+p,+.....p, Y IBI KN (R
EG

GH, NG NGF >= QNET YT THH0 JIYI FIE A AR

(aytag+..p, RIS a)) + (2y%a,+..p, WY a,)+.(a +a +..p, RIF 2)

U(p,+p,+...1p,)
>= {(a; a,..p, YT a;) (a5 a,..p, RIS a,) ..(a, a,..p, RIF a )}
1U(p,+py+...4p,)

pa +p_a +..+p.a
T e ) o))
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Wl Aa,p)>=G(a,p) | ATFCT ~7BE T IMW a, = a, =..a &A =" Bl 3779 T2
fastas Tl p,, p,, ..., p, 9B n FWGF oA | TG 47 @ofE @ slR A, ¢

4 pd, p,d - p,d 98 n HAT TS WG | TS 2w Prarels e T
K

{p,d S{p,d)+..... {p.d 1{pyd+psd+  +pod
B (0 1 Ry IR TR

QA Pa, tpat...... Pa2s ={(a,p|).(a3pz) ______ (anpn)}”“’l*l’z*-- +Pa)

WA A(a, p) > = G(a, p) | U@ RGLIAN T 2, =2, =...... =3, T =" Toelb aege
A | 2t
] 11 i
1A 9AF SR 2 =p,Ps - e —,— ..., —— A% FAEI
1+(a,b) PLoPs - Pu a, a, a,
11 1
RF 275 o QUITET T JTI I AR GBEE Glab) > H(ab) et 31
1 2 n

QAN AAFHPS N7 TS IR T 4 Ty STl el I LA
AW 8- I 4 » 1 G0 4TS AT WA @R m G} FW A @, A
M TWEAmM<0Am>1 W a™-1 > mla-1) T;
(i) 78 I 0 < m < 1 B a™-} < m(a—1) TI)

o - o () AME A IR m > 1| (g a >0, a=1 At am 1 @ g% wap fam
AR ©IF AT 1, m—1 | 47 BT Toiomw Q7 S AR,

{a™ 1+ 1(m-1) (I +m-1)>{@™)! ()™ 1 }10-D 3 (aM+m—]1)>ma, F, a"-1>m(a-1)
fadme TR A m < 0, YOI 1-m>1 W @AY 1/a>0 G | 97 FNA 78, T6II
(1/a)""™ — 1>(1-m).{(1/a)-1}, A (a"/a)-1>(1-m)1-a)/a

A a™>(1-m)(1-a)+a = l-m+ma, A a™-1>m(a—1) | &GS

oK (ii) - QURCE m W €K 0<m < | | a, 1 R4S HeW R ;AR SR qWET
m, I-m !

FANI TYGF > OGN WS LT TR AR,

{a.m+1.(1-m)}/(m+1-m) > {am 1}-m}lm+]l-m)

A am+l-m > a", A m(a-1) > a"-1, A a"=1< m(a-1) 1 LS|
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TArZRY : 9. T a,,a.,a,,a,,a, A0 SIS WY W, OF LN T @

] 2 3
{a,+az+a3+a4+a5 S fa ta, a1+a3+a3}
5 2 3

a ta, a,+a,+a,
: g — y
2 3

AL FTYBTE TNFE 2, 3 GHE FEA A > G FAE@ AR

2a, +a,)  ,(a;+a, +ay)

. 145
al, 2 3 > (a,+a3J'(a3+a4+as]"
5 2 3

2 3
a {a,+a3+a;+a4+ai}2(a,;az)(a3+a;+a5J e

S, @ tast. . da,
(alila,‘* ''''' a #n )«1+n:+ L kay, a a.
" Rt T
a, a, ]
| 3 s n
T (aia'aea’ ----- an"")‘ 22—, =i a,"a,".....a," 2(;) o |
n

1. a),8,,...8, ¥NE A GR{W { o

2. WM xy GUNE, xty = | 9K a# b W 9@ AN (& a*h’ <ax+by
3. x,y,z TGS 3@ 9 AN A RIE (F
Ky 4zt +y+z\""
{———-—y } 2 x'y'z" 2 (__x y z)
Xt+y+z 3
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4. Xy, 2 ETNE I A AR x >y TA PN (x+y)* (x-y) ™ >

5 aa,,..... 8, EME AR s = a,+a,+........ +a, TEH AN A (X

n

(iq} (S-—l] ..... [i-—lJ" < (x—1)
a, a, a,

BWERAD : 11, T x > =1, x £ 0 9K m YW AN W O@ ORI (A

(1x)" > q < 1+mx, 39 m INFE (0, 1) G Y WIS T A (0, 1)-6F W W7 |
TR : &Fd a=x+], - a>0 @A a*l FAY x > -] 4K x#0

- a1 > A < m(a—1) T m,-(0,1) 97 IZ@ A fewE

)T > M <mx + 1 " " "

BHIGR : 12, x,y IR G m FW K LR A T

A

XMyl M < mx+(l-m)y I 0 < m < 1.

xMy! m mx+(]—m)y'ﬂﬁ m>1qdAm<0 A

v

X
WY : &FH a=; La>0 SS9 xzy T a#l
a1 > A< ma-]) WMIWEFHO<m< | W@ m<0Am> 1.
m
xMy M_] > < ?(x—-y) " " "

XMyl M > A< mx + (l-my " " " ey

AR x =y WA Xy M= x = mx + x - mx = mx + (I-m)y 2G|
Wﬁﬁﬁ\'(vi):

() T x < 1, x#0 &K m T A W, SR G @

(1-x)™> At < 1-mx, TIF m ILEFE (0, 1) SYAERA T SRS 78 WA foora wafze
(2) af x=y, x,y>0 93 m TW Y T, @ LA IF4

mx"(x—y) 2 X" - y™ = xy™ (x-y) TR, THA m NS (0,1) = Fowra e

feem@m|
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(3) T n FAGE PPRA TR 2N T [H%J <(l+n—l—l)

(4) T m,n ENTF AR TW €] m < n I/, TR S I
(l+~l-) <(I+l)
m i
TG 5 ¢
W {a;a,  a} 9T n YT I IWI AW G W @I 5, ofe A S

T 9% m I @R W YN T, oA

{a,'" +a," 4. +a,l'“}/n>{(a1 +a,+..... an)a‘n}mw m<0Im>1 )N

{af" +a2’"+,...+an"’}/n< {(al +a3+....+a“)fn}m‘ﬂ=lﬂ 0<m<1]|

o 3 4 (a, +a,+...4a, )/ n= A, TOGT a /A 2, /A8, /A EITE 4K
HECA 1-93 A T | TSAR BoA 4 JHLF FAEH A

(a, /A" -1>m{(a, /A)-}TE m<O0 A m>119R (3,/A)"-1<m{(a,/A)-1}
IE 0 <m< 1

WTHASR (2, /A)" ~1>m{(a, /A)-1}TE m <0 A m>11K

(a,/A)" ~1<m{(a,/A)-1} T 0<m< !

SHACTR (a, /A" —1>m{(a,/A)~}TH m < 0 A m>11 4R

(a,/A)" -1<m{(a,/A)-1} W O<m<1]|

n AT ST (sl FA A

(a,/A)" +(a,/A) "+ +(a,/A)" ~n>m{(a, +2,+...+a, ) /A~n} =0 TH
m<0 A m>11dR
(a,/A)" +(a,/A)"+.. . +{a,/A)" -n<m{(a, +a,+....+3,)/A-n} =0 W=

O<m<|
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{a,m+a:m+...+an"’}/A’" <O gemel !
e {a1"‘+a3“‘+._.+an“‘}/n>{(a,+a:+.,.+an)!n}'“‘£1‘zm m<0 q m>11 93K

{a|m+a:m+“'+anm}/n<{(al +a:‘.+"'+au)/n}m Rl O<m<l!

srfe z=A

W () ab,c 4GS Al faadie asfere <ReEt eele & ¢ 4 ot s 2b¢, (RNIA
n TR T3

G : BN 4 97 TEwe WNd) PR sitee wite AifE-

i {a,.a.,...,2,) 9% n FIARE FIRRE IATI HAR GG W @AIA 3, 8 T A7
T 9 m I W JAE TR T, I

{a,'“+a:'“+...+ an“‘}/nziﬂ <{(a, +a,+..a,)/n}"

T m<0 WA m>] O 0<m< ]|

a,=a,=. =a ¥ "=" bzl *w 7@

T, W 2 +a,+..+a, =k ¥ W OLA I m < 0 A m>1 &

a"+a,"+. +a, " WIHEHITYI k™ 0™ GRKIW 0<m<] TF, " +a, "+ +a,"
.ﬂamm km‘nl—mm| nkl!n 9

(¥ a, =a,=a,=k/n)

TR 13 (1/x)+(1/ y) +(1/ z) 97 Fom 31 el T, U x,y, 2 $ATGS IRGT RN
AR xty+z = 27 4

T 3 SR (1 x)+(1/y)+(1/2) =x™+y™ + 2" @A m=-1<0, TS x=y=z
T (1/x)+ (1 y)+(1/ z) 9% fiwes o Py o3 AR 198 x+y+2=27 (9 4R

Xx=y=z=9| o frfu fwew wm w1 (1/9)+(1/9)+(1/9)=1/3.
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TWrEad: 14, 9% abc.d NS ITT ALY W TE AN FFA @

3 +_ﬂ3__ 3 3 > 16
b+¢c+d c+d+a d+a+b a+b+c a+b+c+d

HAA—AA 3,

a, = (b+c+d)/3,a,=(c+d+a)/3, a,=(c+d+a)/3,a,=(c+d+a)/3
AU m= —) 4T QT AR (al" +a3"‘+a;‘+a;‘)24>{(a, +a, +a,+a,)/4})"
T,

3 3 3 3
: + + +
b+c+d c+d+a d+a+b a+b+c

-\
4[{b+§+d +c+c3i+a+ d+:+b+a+l33+c}/4]

a, {3/(b+c+dl+ 3/ (c+d+a)}+{3/(d+a+b)}+{3/(a+b+c)}>16/(a+b+c+d)

2,=a,=a,=a, e Wfea=b=c=dz "= brage W

P - 4
(a,q +a2"+..,.an") <n’™ (a,p +a,"+.. an") i

1.5 If-Gras wemst (Cauchy Schwarz Inequality)

e waf aftew e W2 wemell agm w9z A FRie sfaes EmEE OB
Fwifras w2 | AfEm sftve st ¢ wrrefter @eorR 2 I | ST
o (Inner-product Space), AiMTeR fafem =trar gat ey G2 wemet T St QTR
&g T Wi 4% Ot SAAM v TS AFA |
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CARM 6 - TW a,,a,,..a, €K bbb, T n TR AT WY OB W,
(a)b, +a,b.+ . .+a b ) <(a,” +a, "+ .a °).(b > +b. "+ +b°);
W a, =kb,;i =12, . n%Fq 9% k 930 IR £33 o4, "= ool oge 1@
ot auae AW 4 =kb;i=12,.n%¥ T@

(a,b, +a,b,+..+a b ) =k’(a’ +a,’+... +a’)

=(a, +a,”+.. +a  )k’(a,’ +a,” +a_")

=(a, +a,"+..a,7).(b +b, 4. +b_*) &Wifee
faehre 7l 7 i=1,2,...n @3 T 7@ a € b, FaAAfos 7 @ @i a, = kb, @ w1 47
A=a +a, +.+a’; B=ab +ab,+. +ab; C=b’+b’+ +b°

9, Ak®-2Bk+C=(ak-b,)* +(ak~b,)’+. +(ak~b,) > = 0; k-9 I
AR & |

2 0 271 ofS a k-b, 0 TX 4R NG a,, b, FFAT T3 T 7T 7
WO k-9 AT WA TG Ak - 2Bk +C fawrs @ > 0.

YRR ~TCE A > 0; I8 WA FifA k ~0F IRGI FN M &) Ak* - 2BK +C Fewe
ARG > 0 T G A > 0 T Ak® - 2Bk +C = 0 FNFAeF oo IwiE 7@ wdie

B* <AC ¥, WG (ab, +a,b,+...+a,b,) < (3, +8,7+... 48, )(b] + b, +..+b *),
e % |

RS £ 3 a,a,,...3,; b,,b,,....b, IR ¢,c,,....c, R n HRAF EWE FLG
o =1, v’

(a,bic, +a,byc,.. 4a,b,c, )’ < (8 +a, +.. 43 )b +b,7+. . +b ) e +¢, +..+¢,")
AT WA B[ d, =be,; i=12,....n, TG IR SRS IR T AR,

(ad, +a,d,+..+a,d,)’ <(a] +a, +... 48 )(d* +d, +...+d 7),
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9,
(b, +b. 4+ +b ) (¢, +c. 4. +c. ) =b ¢ +b e+ b e, ” + A LA A

>b e +b e b,e,” =(d +d, +.+d"):

Targae | - T a, b, ¢ SN 4TSS A TX, OLA AN FFA (A

(as+b“+c3)(-]—1+%+i‘J>9

a’ b ¢

T : 4fd a,=a’?, a8, =b",a, =%, b, =2 b, =b7, by = ¢

< T Tl W (a, +a, 42,7 (b7 40,7 46,7) > (a b, +a,b, +ad,),

a, _ a,

a,
— = = ,_,*._;#__
6% &1 =1 F39 b b, b,

(2’ +b° +c“)(l1+%+i=)> 3=9
a- b ¢

TWEAY 2 ;0 A a,b,x,y IET RN LW, TE RN @

J@a-b) +(x-y)? s¥a’+x7 b7 +y?
AN : (a~b)’ +(x-y) =(a’ +x° )+ (b’ +y*)—2(ab+xy)
<@’ +x7)+(b° +y3)+2|ab+xy| .......... (A)

oe 3 SPwel SRR (ab+ xy)? < (a’ +x3)b? +y%)

GG AR FIEE AR Jab + xy| < (@% + 5N Y ), (B)
(A) = (B) afi iR

(a—b) +(x—y) S(a’ +x2)+ (b +y?)+2a’ +x° Jb7+y’ =(\fa2+x2 b7 4y’ )

A T Ja- by +(x-y)? Sva’+x? +4fb +y’
TRRAY 3 WG A X, y, 2 R IR Y SR xP +yP 4+ 2° =81 | O AN TR

Xty~z €9
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s (x7y" % 2 ) e (VLY. VZ) o b e, @ s IR e A
() + () +(=)] [(&): +(Vy) +(5):] 2 [x*+y* 42|

(x‘ +y’ +Z")(X+Y+ z)2 (x: +y’ +Z:) 1, 81(x+y+z)2(x2+y2+zz):t ........ (A)
L3198 {x,y,z) € (1,1,1) GO e T wowe Iegd I+ iR

Y+ 2P+ P+ 2 (x+y+2) A3 +y +27) 2 (x+y+2)° . (B)
(A) € (B) (7= A% 81(x+y+z)2%(x+y+z)"

SOX+ty+2<9

TR 4 - Tiﬁ?a], a,,a3.b, by, by ¢,y 05 d), dy, dy; TR KT W ST AN
=

(a,b,0,d, +2,b,0,d, +a,b,c,d,)* < (3" +2" 42, )b +b. 41, Yo' 40!+ Yo'+ +d,]

e (3 +a) a0 (b, +b, 4 b Yo e 4 Nd, 4 d, +d,)
[l o o) o 5 057
oY ooy e Hla) (0 w(e)])]

2(‘ﬂ‘uzbl2 +a,’b,’ +a32b32)2(012dl= ., +cfdf)2 o )
= [(alzblz +agzb33 +a3:b33 )(clzd]? "'szdzz +032d32)]2

2 [(alblcldl +a,b,c.d, +a3b303d3)2]u =(a,b,c,d, +a,b,c.d, +.a3b3c3d;)4
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s (V)

I abxy AT 9% 22 +b? =I=x"+y’ A A @ |ax+by|< |

2. ab,c,d IAFA T A TN (a2 + b2 +1)(c2 +d*+ 1) 2 (ac+ bd + 1)°
3. ab,c.d TET I LA AW FEA (4

(@’ +b’ +¢* +d?) (a® +b?) (¢? +d?) = (abe+ bed + cda + dab)?

4 a,a.,.....,a, 99F1 1 ORYE GIGE AL T, SN T
1 )

i) (@, +a+... +an)(-+ +.. +——]2 n’
a, a, a,

(1) “{al2 + a::+""+an1) 2a, +a.+...... +an)2

(iii) n(a,+a,+ .+a,)2(y/a, +a,+..... +\[Z)2
5.8 a, b, ¢, x, y, z I WA R 22 +bP4cl =1, x2+y +2° =1 B TR (AW I
-l<ax+by+cz<]
6. WA T k A% G AR (k£ 1) 9K {a),2,,........, a.}» {b,.by.. b, } 4
A FAE G | S
k k k k k k
(a, +a, +...+a, )(b, +b, +....+b, )z(a]b]+a3b3+,.._.+anbn)
TeG, TR k99 T WY WA?

TarEd 7 ;T ag,0,,...8, ; G n KAF WD RYA GO W AN 2RI A 77,
S o p,q FW WA 28, TR

(a,"“‘ +a,”™ +....an'““)/n > <{(a1" +a2’+....au")/n}.{(a," +a2"+'....a,,q)/n}
TR, W p,q WEW T Hrge aw R4fs B @)

% ToANTIT AW QUi (reT T A1 % TG S STeR TeR B
Bzt 5 ;A a, b, ,c, d EINIS YT M, OF AN IFA (A
(atbre+d). {(Va)y+(1/b)+(1/c)+(1/d)}> 16
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TR — A p = 1, q = -1 (Rode bzge) @R Tna To4+m a9 s A%
{(a'+a'+ _+alyd} ((al+al+ +alya)>{@' T +al 14 +al =
AR, (atbrcrd). {(Va)y+(1/D)+H 1/ L/d) > 16

1.5.1 w+if® @i @ 32 o AiearE doelew wTmw
TR TN SISO S T FE|

TA9wg 8. T X" +a,x" +a,x"?
TIFi

+a_ =0 ANERby e Teuln e W T

(-3, /n)-{a," ~2na, /(n=1))"*(n~1)/ne(a/n)+{a’ ~2na,/ (n-D}* (n-1)/ne
G 4RI |

T 1 T Ff FAEANF 9B Der o @ el n— | 3437 PSS & x,, %0, X, |

o FAFILR WA ol e ¢ wgesm Tl e | S @@ @ > 9

O+ X X+ X = —a TSI

(o+a) = (x, +x,+ 4x, ) € (F 1o n-120). (x4 ax PR e
HeIT)

R R o 4 x 4 xkAx, ) = a)] - 2a, (T € RO W HHE (T

A1)
ALY, (a+a) <(n-1).(a,; -2a,-07), 3 nx’ +2a,x-(n-2)a,” +2a.,(n~1)£0

T, {(—a, /ny~{a,> - 2na, / (n- 133 (n—1)/ n].[(-a, /n)+{a,” ~2na, / (n-1)}"*(n~1)/n] $0

TG,

[(-3,/n)-{a,” - 2na, /(n-1)}"*(n-1) /a] S &< {(-a, /) + fa,* ~ 2na, /(n=1)}"*(n=1)/ ]

Toak #Naefba @ @R e W oo ewe THelkE S s IRE|
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1.6 SITIHIE STl (Weierstrass’s Inequalities)
T sfes Sraelm S sl Rorrq e o = @ R @ el oE|

TAANW 9. a,,a,,....a OIS | 99 (AP (@D n HAT TS qREI TG 6K

s, =a +ta.+..... +a, T

(1) 1-s, s (1—-a,)(i-a,)...(0—a, ) <1/ (1+s,) 9

(2) 1+s, (0 +a)(1+a,)....(1+a,)<(1-5 )TI, @ s, <1
o ;s stfifes TereTE g el $931

n=1%H s =a, &I, P (I-5)=(1-a,)

A @R O<a,”,(1~a,)(1+a,) <1, TORR 1-a, <1/(I+s,) | Teaq GAAMIGE (1)
TN 0= | T TS | 99 WA A n o= m T B(1) T wedfB 7, m @A 9F:
o AT | WA = mt] 99 T oS (1) w1z @t wey e R

ARMA 5 ., =a +a,+...+a_+a,,, =(a, +a,+....+a, )+a,,, =5, +a,,

AT WA AW K 1/ (1+s,)>(1-a,1—a,)....... (1-a_}z1-s,

434, (I—a:)(l—az)....(l—am)(l—am+,)2(1—sm)(1—am+l)=1—(sm+am+])'+sm.am+,
=1-s_,+s, a., (@Y s, =5, +4a,,)
>1-s_,, (WZE 0<s, .5, ) o (1)

W @RE 1> 1=a’mn =(1-a,,,).(1+a,,,);(1-2,,,).<1/(1+a,,), 9

1/(1+s )>{(1-a)1~a,)..(1-a_)

TB4T G A,

(1-a,)l-a,; (1-a,,)<t/{(+a_,)(1+s,)}

=1/{I+(a,, +s,)+a }=U(l+s,,, +a,,,.5,)

m+l k] - sm

<H(Q+s, ). (2)

(1) € (2) (AT FN T @ TAAAHT (1) WY n = m+]
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43 T #g 1 wrea3, sMfifes TR IR A I W (@ AN 0-7 TAR ToAAmID
(1) 7 e 7] |

WA G ()R wHd 7oy REm Toomifs e =9
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obi

= x WUFY B9 OP 9% OQ-97 =% 0 ' >
wferETR A foxm 2.2

=p+r

WFASIE, Y = q+s | 64T R FY (p+r)+i(q+s) Tiba SRAMBTE (F pr iq 9K r+is &3
ENTR) TANTS I

e : SR e TRy @i U™ @ afFE MG SR wibe AR
fst efmt sfes =1

LIAT a=p+iq 9K f=r+is [ p, q 1, s oA I

a3 wsh foua P e Q R uf saiww o @ B e
TRABACE FAS 3} | 93w A % OQPR ARSI y
Aoy 7fa O R R o -p oA wuma woEe
TAR | A ToAAG 2.6.1 (4T o2 OQPR HASAIA
OP TR arefas P=(= o), 0Q 9= OR fAfks e
e B Q(=P ) 9 R(= 7) TR FoilfA® wiow ARpR_ER
@GR TAEe | aefie

N:*ﬁﬂ-" a) P(a}

a=B+y=$7=a-—ﬂ | 7% 3 (4 jou - B = QP, ol 5
IR amp(o - B) = ZXOR = QP GRTIA AT | fom 2.3




THITRG |, @A Iworn Hares JA NGA q@1e fFm Tm 33
(4+5)+(4-51)

TR TR TSR P(4,5) B 4+5i-3F @
Q(4,-5) R 4-5i-(o mAfire BIA Q% IR
PQ 47 718 FAPROT| 41 TF gX 9K PQ @7
T N, ON @ R T =% 7t 9wt aow
T TS ON = NR T@ OPRQ 35 smarefde
TR T OR 936 = o R 7 g R
@z 1 g9y Soadamy 2.61 wqIN
(4+5i)+(4-51) @oEA R 7 a3 FofES |
feg fova R fav@ Zo® (8,0)

.. frsfa coioem < 840i = 8

4. 5

4.0 \ 30

VR
4, -5
Q( }

oz 24

TrEd 2. TR et e 33 faca R X

AR AT T |
(6+8i)—(5-3i)

Taw : Tl Aot P(6,8) R 6+8i T 9 Q(S, -3) % 5-3i = aifd® =M, OQPR
AMSRTE R a7 218 T3 (1,11) 2.6.1 B s (o i R(1,11) R T
(6+8i)—(5-3i) wioan FfbR Ferne)

WSGT (6+8i)(5-31) = 1+11i ¥

R(1L.11)

P(6.3)

LU

4 ¢ 0 2 I
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2.7 IETATE w{—H6 THoerIHE a8 SrwEE HeTaAH
@ epEfafee
A7 S SR i bt e et e RemserEm 1fesen Aifde 1t wemrer 93¢

i wfn afrr a9 € siwEa afesan a3t
wiefese farm @esa o g9 A

2.7.1 oAW1 2, O 7, TS A CF
|z, + zz| = |zll+|231

AT A 1F AT 2, =x,Hy, 9K Z; =X, +1y,
a3 wgt fBra P(x,.y,) Ry x, +iy, F e
Q(":,Y:) fa Xy t iy, CF Teife warz | oIRE 0

OPRQ swefaces OR i agfdq R = z, +2, 57 2.6
wioa ManfB3 Iongs; 93¢ R @3 FEE

T(x, +x.,y,+y,)
Al |ZI,=VX12+Y12 =|@|
|22[=Qx22+y22 =|0_Ql

|Zl +Zzl=\/(xl +x2):+(}"1 +Y2)2 = 6-;{

x\,

AOPR -7 OGP SR PR JHod "3 T MM FR~I7 G (=5 LS A M wfie

|OP| +|PR| > |OR]}

A1, [OR|<|OP|+[PR]

7. [oRj<[oR|+[oq [+ [oQ|=[PR]]
,zl +zsz|z]|+fzz|
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¥ o o 2 = r,(cos®, +isin@,), z, =r,(cosB, +isind,)
A fz)|=1, IR [z,|=1,
.. z,+2, =r(cos8, +isin®,)+r,(cos8, +isind,)

=(r, os8, +1, cosH, ) +i(r, sin®, +1,5inH,)

1
oz +zy)= [(rl cos®, +1,¢0s0,)’ +(r,sind, +1, sin, )2]2

1
=[r,2 +1," 4211, cos(8, —92)]E

S[rfﬂf +2rlrz]E [+ cos(8, -0,)<1]

=L+n= |z,]+'zz

oz 2| Sz 42

TEW o : |z, +z,| =(z, +zz)(-7:1—z2) =(z,+2,)(Z, +Z,)
=22 +2,Z,+27Z, +2,Z,
= |z,|2 + |z,|z +2Re(z,Z;) [ 2,z = (z,—'z'z)]
S |oif +jzf +22.2 [ Re(2) 2]
=[z’ +|z.[ +2jz|2.|
=lal" +[zf +2z [z (~ [zl =l
=(al+laal)

R A A A AN |z}, 122}, ]z, + z,] FFBR IS W ]
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2.7.2 Tototy 1 z, @Az, fbER W

||zt|'lzz |S|Zl|—|22|
W42z, = (zl - z:)"' 2,

z, (2.7.1 ToAAwg (ATF)

<z, - z|+

~lal=Kz - 2.)+ 2,
~ |z -tz g )z - 2
WIS |z,|- 2| Sz, - 2| =]z, - 2,

(AT TS|

TSI |z, [2,] IR |z,|-|z,| 9ot B IR TA MR |2, - 2,
o el -lzflslz -2

2.7.3 ToPmg 1 ;R u, G u, G W TGy aw v, @@ FF iABEE 6, W
WU, IR P RIHDYE 6, TH oM 6, +6,, u,u, W@ D fAECE T

u,u, 92 FETAM TR wtw YT RBATR 04
omid : ¥ u, = r,(cos®, +isin@,) IR u, =r,(cos9, +isind,)
99R uu, = 1,1,(cos, +isind, )(cosH, +isind,)
= ,1,(cos, cos®, - sin, sin@, ) +i(sin®, cosd, + cosd, sin, )]
= 1,t;[cos(8, +9,) +isin(0, +6,)]
suu, @R Al o weffte @ 6,40, 9 uu, 9F ITAN =

l'|"2=|“|n“:|
78y : TibA wyrefm WA JuER T Boemid A Me Y AN
Sare c ¥ u, =1-i, u, =i, u,=-1+i

TRA amp v, G YA —%,
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X K
amp(u,u,) ¢ TR 2 -3t T ampy, SYYNR +ampu, G RGIA|
3x 1|:+3z

Sn n
e amp(u,u,) @3 % T | vy IR T=E+_4-
2.7.4 UMW) | 2, =1,[cosB, +isind,] IR z, = 1,[cos8, +isind,] 3B &b A T

;‘j(zz*O)mmm«

(i)a&hmmfj

(ii) WfERTS WA z, R z, 97 GEARTY I TYT T W (VT 201 @F
of TR IR RS

m=ﬁ=ﬁ§’=="—§=«wmm.
z 5% |zf

s %= t[cos® +isin¢)]

A, z, =rfcos¢ +isind]z,

= t,1{cos¢ +ising][cosO, +isin8,

= “:[wd¢+ez) +i sin(Q-l-B,)l



A, r[cosB, +isin®,]=m,[cos(9+0,)+isin(¢+6,)|

. F,c0s0, = rr, cos(¢+6,); r, sin®, = rr, sin{¢ +6,)
gt =g ==, (6,1 SN ]
I
=>r=-1

TR cosB, =cos(¢p+86,) 9K sind, =sin(¢p+6,)

50, =0+0, +2kn, [k =]
o 8,=0, = ¢+2kn, [k sz
2.8 HRIGTES GHigaeliat
-1+iy3 .
WY 1 z= v Wb AMTE (T (Polar) P M TP UK 93 (AT

Sn
cosTi 9% T A

z
TR o 25 @A 7, =-14id3, z,=1+i

2.7.4 Ty (TS Y

z= E‘—'l- [cos(ampz, - ampz,) + i sin(ampz, ~ ampz, )]......(1)
2

R, |z]=2, |z)|=V2, ampe, =‘a"-|[%=-2§£’ ampz, =%
s (1) (T AR
2 2n 1!) . ( T
z=—=|cod == -=|+isin| —-=
N1
= ‘Ji {COSE'E'F i1sin E—] (2)
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z, _z2, =(-l+i~/§)(l—i)= (ﬁ—l)+i(\/§+l)

z, z,%, 2 2

s Q)€ (3) @ AR

sm_V3-1
V2cos= = &3 stins—"‘t:‘gﬂ
2 2 ’ 12 2

5n Ji—l

Qe cos— = ——

12 242

TAIZA 2. A, B, C ey foafd aeiarmn 1+2i, 2433, @3k 4+5) 92 [oafS == afirs foi
FIWE! AW @, A, B, C e @)

FUYF : A, B, C R foafore wRsh swes oW ™Y
A AR @ 1 C(4.5)
A 97 S (1,2), T
B 7 TWE (2,3) L /eed
C 43 T (4,5) T ‘a0
. AR GRS = 1 = tan— Ot X
4 b 2.7

— 2 -2
&R BC mmqﬁ=5=l=tan%=AB AT S )

WS4 A B,C R sniae
&8w »mf¥1 AB.C R Fofs wite a4 Al 2w 2, 2,, 2, 4R
2.6.1 TANMAT SFTERE (T AR, AR QKT AR = amp(z. - 2,)

= amp(1+i)

WIRASIA BC (KT AT = amp(2,-2,)
= amp (14) =5
BN A, B, C v¥Em Aa@d)
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SRR 3 : AW 2, IR 2z, I WA IW W SR WA Q,

Dz |Re(z,)+lm{z,)|
Mzl 2 N

(i) 2,Z,+Z,z, S 2|zfjz,]

AR G TP

0z, = x,~y,, (x, ¥y TR)

G AT T TS T AR (x, -y,) 20
e x’ +y,’ 225y, = 2x Iy,

4, 2(""12 "'YIz)Z X," +y," +2x,{ |y} =’x,|3 "'IYIF +2jx | |y)|

a, :-’-(":l2 "'3"|2)2(]""||"'I)’|I)2
2
3 X
a, x, +y,22(| |.|"'2|)';|]
2
Rez,i+{im
a, IZII: 2 (L—ﬁy_ﬁl]
2
3, |z,|2]——5-[1—‘kezl ; ]

(i) 2,2, +Z2, =273, "‘i(i) ["‘(?2)'221
- eEE)  [Emen )
=2z2+2, z=232
= 2Re z

$2z=2z 2| =2z [2,| = 2z )z

A, 2,2, +7,2, S Yzfzy]



TR 4 @ 2, O 2z, 4 WA T (z,,2, 2 0) TR

, ampz, +ampz, =0 T (W @ z, z, AT TR HioA IP)

2| = |z,
TR 3 4 TS, |z,|=[z,[=r 4K ampz, =-ampzz.=0

ORTA z, = |zl|[cos(amp z,) +isin(amp z,)]
= r(cosB+1sin8)
&K z, = f[cos(-B) +isin(-6)]
= r|cos8 - isin 6}
WO TS W @, 2,2z, TR SRE &b
TR § : 2,2z, 0O WA AWM 9K |2, + 2] =z, - 2,| T ST TN @A ampz, IK

n n
ampz, 97 WA 2 w3l ?I

TR 3 43 T z, = r,(cosB, +isinG,) IR z, =r,(cosH, +isind,)

e E (AT "f‘i‘lz‘-l-z?.l2 =':zl —zzr

, (z,+ zz)(z, +2,)=(z, —z,)(z, -2,)

T 2+ 3 +2)=(z-2)z-2)

W 22 +2,7, (2% +52,) = 27, +2,2, - (23, + 2,)
3. 2Z,+z,z,=0

3, Re2,Z,=0

A, 1,r,(cosB, cos, +sind, s5ind,) =0
m) 005(01 -—92)80

x
3, 8,-6,=2n+1)= . nwe Ry
Jl, ampz, ~ampz, =(2n+l)—;- I

wdie amp z, IR amp z,-IF WS (2n+l)§, n TAG IR
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TRIRR 6 1 z 9T ARSI Tiom A 0=k z_? aawmﬁtﬁtg%@mmz

zZ+1
Tios) AN 9T J0C FIZW T |
TG 3 T 2.7.4 (A3 24iZ

ampii_iz [amp(z—i) —amp(z +i)]+ 2kn, k Se Y
Ze1

wdie %=[tan" Y1 an y“]+2kn, z = xtiy,

x x
y-l_y+lI
— tap~t X X
e O TOE M
h. 4 ) 4

=tan™ ———— +2kx
X" +y -1

2x

n
. (4 ) X +y2—l

e S
3, x*+y’ -1
A, k% +yi+ 2=
A, (x+1)2 +y? =2, 9 3B reT AN WG gmfte T @ z = xHy T (x.y)
o aw wlom g 2 wie e @3 08 W T
TIEAe 7. oIt Bt (A WA AT az + az +b =0, (b I I FARUT TR

THER ¢ 8z+aZ =5z +(3z) =2 Re(az)
WAFE a=0q+if 9% z = xtiy | O
2 Re(az) = 2Ref(00 - iB)}(x + iy)]

= 2(ox+By)
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CIT Az+az+b=0=>2ox+Py)+b=0

=>ax+By+-§=0, GF TR AR
e 5,434 b= 0 TR FOA Frere 9 AIEEYR ARFIV
CHIZRAA 8, 21t IFA (T, AFH JOGA T AN T
ZZ +az+3z+b=0 (b II)
GAM (R 9% R W —a 9N 93 IAE 7T
HAUE ¢ &A1 9, 2z = x+iy, a = g + if
SIRTA oG AN T = x% +y2 + 2Re(az)+b
=x’+y> +2Re(g - if }(x+iy)+b
=x +y +2(gx+fy)+b
=x2+y +2gx+2fy +b
UCIR 7 +az+Az+b=0

sty 4 2gx+2fy+b=0
wdic e ARl a3 #heas s &= (g, f) 9 I

JE+T —b=ag—b | T T el TA% —g—if =-a 4% I [z p

THIEAD 9. ORI @ FA® A T 2, z,, 2, 93 9T SRR fagrer MR @
AP e e ¢ =

A

2 2 2 (z))
2 +z2, +2, =22, +2,Z,+ 2,2,

RIS ¢ 47 2,,2,,2, wita A b auEFm 60°
A, B, ¢ C fos fRof s
SR AB=|z, -z||

-B-E = |Z3 - z:l (ﬁo 600

—_ (zy)
CA= IZI - Z;I (22) B *

a4 AABC T <3 Tam forgw @ oW 2 25
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——

AB.ACsin60° =—BC.BA sin60° =—CA . CBsin60°

|-
NI—-

1
AABC uﬂim=5
ABAC_BC.BA _ AC_PA

wdfie BCBA CA.CB > BC CA

lzs —zll - lzl -,
|23 - Zzl |z| —Z

12 .I_l

(I)W(Z)NW"TI"-’&

z --zv.2 T2~z
e (2, -2 )z -2z)=(z - 2.)(z,~ z)
. 2 2 2
q, 22,2, -z -2, =2,2,-22,-2,2,+2,
A, 2,2, +2,2,+2,2, =2 +2," +2,°
TSI *EH ARG |
fofor, I 22422 427 = 2,2, +2,2, +2z, T TRA
2 42,0 +2,0° -2,2,~2,2,-22,=0 [r0’=1]
A 2! +2,°0° +2,70° +2,2,(0 + 07) + 2,2 (0 + 07) +2,Z,(0 +®’)=0

[ 1+@0+0’=0)]
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q, z/(z +0z, +0'2,) + 2,0%(z, + 0z, +072,)+ 2,0(z, + 0z, +0°2,) = 0
[ @'=0’ 0=0]
A, (2, +0z, + 0’2z, + 0’2, +wz,) = 0
4R UMW 2 40z, +0'2, =0 IR, z +@%2, +0z, =0
Az, +wz,+2,(-1-0)=0 R, z, +wz, +2,(-1-w)=0
A, (z,-z,)+0(z,-2,)=0 AL, (2, -z,)+0(z,~2,}=0
A, 2, -z = -0z, ~ z,) R, z, -2z, = -0z, -2,)
W, [z, - 25| ={z, - 2, W, |z, - 2,| =z, - z,| [ fol =1]
adic |z, - z,|=lz,~z,|= |2, - z,|

=> AB=BC=CA

T4 B ey |

s 10, I Rl wida 7 Fwffs sTd Brs =
2| =|z,| =|z,] TR 2z 42z,+2,=0

R awe FF @ & Rt wie af @i T

fagren fRepofs Fiok =) Alz)
W:Cﬂt‘{({ ‘zllz zz =|23|
TRY 0, ABC frgrea +fae |
TRA (X z. +2,+2,=0 0

atn \V4 Ve
. Z,+Zz+23=0 (zzv
o :

fonr 2.9

wdfie frguiba s PR ay el R o 3 oo | Rgs
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2.10 W ¥ST99 (De Moivre) o9l @a2 a7 2L

2.9.1 Bootwy : n 4 opRcT 9 g 9IW I @F THA

(cos8+151n0)" = cosnb + tsinnd
gMA : n = 0 A TS e
(i) 4R n I WS WIS F@AN | n = | T SoAAD G wTSW)
IR A y=cosB+ising® 9K n 92 WA T4 k (k<n) I TAAMDB 7T |
wdie v* = cosk8+isink®
5V = v v = {cos k@ + i sin k8)(cos8 + isinB)
=(cosk.cos0 - sink@sin8) + i(sin kB cos + cos kB sin 6)
= cos(k + 1)8 +isin(k +1)0

WEIY n = k-97 T BAAWG 7o) = TAAMB n = k+1-93 T 797 g Boiom
n =19 T A . TAAWD @ @ AIGS PRI 197 G TG

(i) 4R n @3B T eyt wfie 0 = - m (M G

n =M 1 - .
TEH V =V m—= ‘_ - =cosmB—isinm6
v cosmO +isinmB

= ¢os(—n)0 - isin{~n)o
= cos nO® +°1 sin nB

(i) 9 (ii) 9K T 4% n @3B opFcen T
(cosB+isinB)" = cosnd+isinnd

2.9.2 TANW : n [N WA 4% g 9T IFI @ T@A cosn@+isinnd TI
(cosB+isin®)" 9% 4B TW,

ermen «f n=£ P.q(q#0) wwe e, g > 1
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q
(cos%ﬁ-l—isin-ge] =cos(pB) +isin(pd) auy BoATHT AT W (AE |

=(cosO+isin@)? AL BAYAW] (TF!

T4 cos%e-i-ising-e Z (cos@+isin@)™* 93 wal W)

i cosng+isinng = (cos®+isin@)" 93 4B TA |

2.9.3 W THSTR TR M0 b wegpa 1= e
n @NE TP MY A @ AP n-9R S 2GR AT 299 n-9N 36 A |

W z=r(cosO+isinB), >0, —x<P<n 9K Vr T r 97 LN n-OF [ WA
(g L

0+2krnY . . (8+2kn
u=%rlco . +isin " ( k = 0 99T e H:2A)

1 2-0% 0O T4 |

WM ¢ u" = rfcos(®+ 2kn) + isin(0+ 2kn)] = r{cosO+isin®] = 2

0+2kx) . . (0+2krx
W U= ¥rf cog ——— | +isin| — z 97 G o ST )

0+ 2kn

TRAR u-a7 76 I T A Gen I W 9w 9T o
k~a% ¥f% fom aw2 oy WM TR

umwﬁw{e"ik"‘]=cos[e*2k=“] o
n

sin(e+2k'n)=sin[o""Zk’E], K, #k,
n n

A3 sine I cosine

8+2k,x _8+2k,x
n

=>

=2mr, mel

=> k, -k, =mn
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e y-a7 9% TF k-93 9 o7 NER T wfew 2@ W k 93 9P TEE wwA 9@
offes i

TSGR ) = 1f7 99 n YD FoF W0 &

" =2/;[cos(e+2kn)+isin[9+2kn)  k=012...(n=1)
n n

1

e .. 0 _
W _p<g<n TSR ’JF[COS—HSIH— -@ of; 9% AR | T/ W

n n

2.9.4 Twrgad ('-te)l-m.: TR My wea )

FRYN L 16 = lécos Tt

16(cost + ising)
= 16(cosn + isinx Mcos2kx + isin2kn)

= 16 [cos(2k+1)m + i sin(2k+1)n ]

1
+(-16)% = (16)3 [cos(2k+l)%+isin(2k+l)%], k=023

ST (_16)5 a2 Mol =

u, =2 cos%-i-isin%]:ﬁ[“i]

B "
u, =2 c:,osg'i-l-isin-?ﬂ =\E[-l+i]
| 4 4 ]
u,=2 cos—s‘-:£+isin-5; =—ﬁ[1+i]

b -l

u, = 2[0032}+isin24£]= V21~
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2.9.5 ARG : &N TR (X, Y n-ON Yo o7 orE aafd sow w3
oW AT - FSE B x" = | IR JFHR

9YF x" = 1 A, x" =(cos2kn +isin 2kn), ket

k=012,...,(n-1)

7, X =0052ku +isin2 1|:’

n n
k
2k .. 2%
=| COS$— +18in—
n n
2 .. 2n
=z Z=Ccos— +1sin—
> n n

TUSGT 1-93 n OF FrefA

]

Lz, zo,. Z i
@A GFH ATNGT 25fS 913 WA TA AL o7 | R YRS FAS

2 .. 2xm
Z=C0S— +15in—
n n

2 . . 21
2.9.6 Bwrgaet : 0 = cos—= +isin— R 0 @ p T NP AT T & TN @A

1+aP + P +.......... +o" PP =0

2| 1+ +0P 4. + e

=1+z+2%+. . +z2"" QW z=q

-1 _a®-1
= E— e, 1
z-1 o’-1 O
[
of =[cosgf-+isin2—x) =cos—2—@—+isin-2-£l3¢l
n n n n

(TP p €K n A AFEF prkn, kel)
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fog o =(0t“)P =(cos2m +isin2x)’
=1
sna®=1=0

TCI |+ af +oP+ +o"™" =0

2.9.7 TR :

R ¥FR (T,

(i) cosc +cos(o+ )+ cos(o+2f)+......+cos[o+ (n—1)B])

-

sin -

= Siné co a-l-(n—;l-)ﬂ]

(i) sina+sin(ou+PB)+sin(ow+2)+... +sin{o+ (n - 1)B}

oMt - 47 a=cosa+isina,

b =cosp+isinp

P = cosa + cos(a +B) + cos(a + 2B)+
IR Q = sino +sin(o + B) +sin(o +2f)+
TRA P+iQ = (cosa +isine)+[cos(a +B) +isin(a+p)+....

= a+ab+ab’+. ... +ab™"!

afl+b+ b2+ +b"]

..... +cos{a+(n - 1))

..... +sin{e+(n - 1))



1-(cosP+isinP)"  (1-cosnB)-isinnf
I-cosp-isinp  (l1—cosP)-isinp

np_ . nb

2sin’ "B _ 2isin P cos!
25in3p ﬁcosp
2 2 2

- 2isin

=2isin nzﬁ [cos nB +isin nzﬂ]

2.
— a

. B[ B... ﬂ]

-2 ¥ L e

ISll'l2 0082 ISlll2

sin np

= —-———-ﬂl {cosot +isin a)[co{-n—;—l-) P+i Sin(ﬂaﬂ) ﬂ]

sin
2

n

< 23 [eofun (5o isnfes (2520

qib wide miEm swew @ s i,

a3

& 'O

np . nf

P= zlné- cos{a-l-(—nz;l'] B}. Q= %;I;L sin{a +(-'-'—;*1) B'}
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2.9.8 SWiEAY :
n OH YAEE WG AR A%

(1+2)" = po+p,z+Pp,2°+.... + D,2
A &S =P ([,

. = T
(1) p,~p.+p,— =23cosnz
"R
(“) PPy P — =2 smnz
=2 27 4 cosn
() p,+p,+ps + =3 3
., 2 T
(IV) P + P + P« + = 2“" +2 2 COSHZ
A
MG TS
(142)" = py+ Pz P2+ +p, 2"

a7 FHTE z 97 I | P AR
(14+1)" = py+Pyi+ P, + Pyt +P it + . +p,i

=(pﬂ-p2+p4— """ )+i(p]—p3+ps_ ...... )

I S 2 X :
3, 2° [COSZHst] = (Po—Ps +Pg=rrrve) H (P~ P3 + Ps—onn)

n

wdie z? [cosn;—tﬂsinn%] = (Po =P+ Py ) FiI(Py =Py + P

n

() p,—p,+P.— =22 cosn—
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n oo™
4

(i) p,—p;+p.- =22sin

(i) T T WWCT z OF WET AR |, 0, oF IR A%,

2" =Pyt Pyt PPy HP H PPt o H P,

(1+@)" = p, + p@+p,0° +p; +p,0+p,0° +p,+ - +p,0" [‘-‘013=1]
(14 0°)" =p, +p,0’ + p,0* +p, +p,0° +pw"” +p,+ - +p, 0"

=pu+p,w2+p;(0+p3+p4m2+psm+p6+—-— + pnmzn
4% foafs 7> E (ur o

2" +(1+@)" +(1+0°) =3(p, +p, +py+.....) [ 1+0+0] =0)

Wﬁ( [po+P3+p6+ ........ ]:%[2"1.(]_‘_(0)0_'_(]_‘_(02)1-1]

9 l+o=1+ ——|—+iJ-§— =l+i£3-=cos£+isin£
2 2 2 3

2 3
1 .J3] 1 .43 X .. X
I+’ = 1+{-=-i—t=—-i—=cos——isin—
= {2 2} 2 2 3 g

w29y (1+ )" +{1+0°)" =2cosn%

(iv) o€ FT~oitdT WfHCE 299 A [T 1, i, —i, -1 B %
2" =p, P+t 4P,
(140)" = py+pi+p,it +p,i* +pi‘+....... = PotPi—p—Piit Pt

(l-i)“=p0—p1i+p,i2—p3i3+p‘i‘+“. = P~ Pii=py+Piit Pt
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(=1’ =P =P+ P =P +Ps= oo
Torrd T~ SR (et I R

2" +(14+1)" +(1-1)" =4[p, + p, + put... ]

1 n aan MY ]
wdie p, +p, +p,+... =Z[2 +(+i) +(-i)]
a7 l+i=~/§[cos-§+isin-}]

. .. T
l-|=\/‘27 cCos——tsin—
ax [ : 4]

wwaa (1+i) +(1-i)" = 2° xzcos"T"=25" cos"T“
+p, Pt =1 2" 2':+ m
PotPytpet...... 2 2

2.9.9 sinn@ <R cosnd 3 Y1 (n ¥ITF Twe A
1 HAIE e R TR W NHSET T (4TS R

cosnB+isin® = (cosO +isin@)”
= cos" 0+ ¢,icos™ Bsin0+" c,i* sin’ Ocos™ B+

+ "c,i’sin’ 0 cos™* 0+ c,i* sin* B cos" 8+

= [cos"8-"¢, sin’ @cos* 2 0+" ¢, sin‘ B cos"* 0 -...]
+i ["c, sinBcos"t 8 ~"c, sin’ Ocos"’ B +° ¢, sin’ B cos™ B-....
' 3 4
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- A =fba afm soR @ (0 AR
cosn® = cos" 8 -" ¢, cos™” Bsin’ 0+" ¢, cos** Bsin* O —----

€3¢ sinnd = "¢, cos" ' Bsin@-"c, cos"* Bsin' 8+ n_ cos" " Osin' 6.,

2.9.10 BHERADI 030 9 sin 3697 fagf @)

AR : cos30 +i5in30 = (cosO +isinB)’
= cos’ 0+ 3i cos’ Osin@ — 3cosOsin’ O - isin’ O
= (cos3 0 -3cosfsin’ §)+ i[3 cos” 0sin - sin’ 9]
=[cos’ @ ~ 3c0s8(1 ~ cos® 8)] +i [3(1 - sin” 8) sin 6 sin* 8]
={4co0s* 8- 3cos8)+i[3sin@—-4sin’ 0]

=[4cos’@-3cos0]+i[3sin@—4sin’ 0]
TG, c0s30 =4cos’ 0—3cosO
sin38 = 3sin@ - 4sin’ @

29.11 0 GO AP R CRAFIR A, CFIAITT o BIF0ata )
€ o, a,..... o, T n AT (T | AT @oFA T
a, + 0.+ +o, | A cos(oe, + 0L+ A ), Sin(0 + 0L F O )
AR tan(Q, + O, +.......... +0, )~ @ fadfp F7)
WA G FA AR

(cosex, +isina, ) (cosax, +isina,)....(cosa, +isincx,)

=cos(®, +0, +...+ 0, )+isin{o, +0, +...+0t,)

T4,

cos{Q, + O,y +...... 40, ) +isin(o, + 0, +...40,)
= {cosa, +isine, fcosa, +isina,)...(cosa, +isine,)
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= oS, COSW,......cos0 (1 +itana, 1 +itanct,)... (L +itanc, )

= cOSQ, COSQL,...... cosan[l +iS, +1’S, +°S,+...... ]

= CoSQL, COSUY,......cos [1+iS, S, ~iS, +8, +iS,+...... ]

= COSQL, COSML, ... COS W, [(1 =S, +8, ~Sst+... ) +i(S, -8, +8, -8, +..)]..(1)

QA S, T tanq,, tana,,......tano, 93 T (TF r FKAS 7@ evwER =il
(1) FTEH7 ToUTH e ¢ WD WP TS| (AF AR

cos(Q, + 0, +....+ 0, ) = cos@, coset,...cos0 [1-S, +S, - S, +....] (2)
% sinfor, + 0, +...+0, ) = cosq, cOSQL,...cosQ, [S, -S; +8, -8, +..] (3)
WRR (2) € (3) (T AR

_ S,~§,+5,-8§,+..
1-8,+58,-S;+...

an(a, + o, +... +a, )

2.9.12 TRRA : (i) sin(A + B+ C) <3 RIS B1) (ii) tand6-93 5@ FrE

BHR (i) sin(A +B+C)=cosA cosBcosC[(tan A +tan B+tanC)~ tan A tan Btan C]
=[sin A cosBcosC+ cosA sin BeosC +cosA cos BsinC - sinAsin BsinC|

(i) TR () @ o, =@, =, =0, =8 (n=4) I N

S-S, __4tanf-4twan’8

tan46 =
1-S,+S, 1-6tan’@+tan‘0

2.10 AR

(x-a)?+b* =0 & fawre A3 com AT YR NS TW A, @ N G T

A A R T 3o -1 | 7 R -1 97 30 o | O wmRe aifEs gzt IR ow
Bz NI T T a + ib IR a-ib |

a + ib G a-ib FRCEIE! WIIH wHoH T
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Wit wwee; wfSEay, Wriatee!

oz wlm M 2 = xty, (x, y T GR i =v-1 @R @ e {77 P- (IR &
ATECH SRITS (I FAFN THINDB FATE ZI0E (x, y) I T SO GRITHLA 1o
TR NI | TE (FW TNOER s Mg s g a3 w911

Q@ FrerH AR Wy wie aftafs avfife @ oI s sIwes 39 2w
=) T W R 0 9 z = x + iy 9% 2fSHA P(x,y) T OP TG = Jx? +y° T

Sfomt A1 297 IETAR | SR IS FTHA @I TR [g= fx7 +y? GRS OP (R
x-S (I GUF) GANS e A @ (1 Tl WI OF T R woa I 2-a9
wfalEe A amp z |

4t z = x + iy Tiom A Tl swera et P Y, T 7w (xy) | Pxy) b
(NS T (r.9) 2

z=r1 [cosg +ising]l |zj=r A ampz=9=tan“% |

amp z 47 WNW g ABH TFal @@ Hie @

() —n<B< (i) €088 = — e (iii) sin® = ——
PR v I m x:_l_y:

vt b= aifem wrera va -
i a+ib=c+id WEW@a=caKb=d. (ab,c,d I FY IR | = /1)

zZ=x+1y, ‘ﬂﬁfﬂﬁﬁﬁﬁﬁ’{ﬁtﬂﬁmﬁiﬁﬂmﬁx—iy-ﬁ z feen Foife st ==
@ N Frdaf P 71

(i) z+Z=2x=2Re(z) (ii) z—Z=2iIm(z)
(lll) z_"'z":::{.2 +y2=1d2
A TE % =1 AR Rwolfns aen TIE I | R RER x = 1 I

A ) ] A GO e SR wioa A 9o G o T Wb TR o ; 9 s
TordefH B TRl

(i) 1+0+0’ =0 (1) @*=1

) FASLIA T | n 9% AR @R ¢ 9 I (I TA cosng + isinng TS
(cos@+isinG)" -9 AT AM; T n GO WHAE W TA cosnf+isinnd T2
(cos@+isin0)" -9 3B ¥4 |
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2.11 7o e

1. pz s Ao AEa ¢ W TNSE TEM FFR 1

(i)

(1 +i)° . (l+2i):__(l-2i)z o {1420)(2430)
-1 OB EECTS e FreT ) 7]

2. Arsa 3w Aok ATTam Ga SEDES s 3

(a) %+%i~/§ ®) ~B3+i  (¢) -1+

3. fisn Siom ThraRT 2o Ffa =t

(i) 5~12i (i) a%-1-2ia (8 I) (i) 29 4 2iy1-a® (& TR

4. @ a3 s o T NN @
(a+bm+co)2):+(b+co)+am:)2+(c+a0)+bw:)z=0

5. @R wmadh fra 9ol g el Bl ba 2 2, 2,,z,9 ofdm

225 i ot v ARSI @ SRREIeH Tiesrd & g T IR G SR

z2,-2,

6. 2 4ot oféa wb TR ax 2 o ERSY T OO 1 2 WA

e 4 e W I} |

a

7. sina+sinfl+ siny = cosa +cosP + cosy = 0 TA & IFA A
(i) cos3at+cos3f+cos3y =3cos(at+p+7y)
(i) sin3y+sin38 +sin3y = 3sin(a+p+7)
8. n WINF WO MGI TA 4K (5+2i)" =a, +ib, (a,,b, IVI) TA 2= ¥4 @
T+, =29"1
SANY 01~ 6 ARG WA TR FCot e T |
%0



9. A FRFFTGN FnuW = |

() x’+8=0 (i) X’ +xX°+x* +1=0 (i) x*+x’+1=0
(iv) xX*=(x+1)* ) (x+1)*=(x-1)*

10. v wft el @ fdfa a1

@ (™ (i) 1" +(-i)"?

11. &9 FF4 s5in79 = 7sin@ —56sin’ @<+112sin* @ -64sin’ @

12, (W @ cos‘9=-31§[cos68+6cos49+15cos29+10]

13. 93 IFIR To 4d I e AR v A TH 4 @R erb ek oft Tew fre
Tz A | o adm wifba 3 8 @Ry otal cf® e s AR fFardiet | 90 b
wfber AR ARG v T 93K TG B W @ Foer At s

2.12 TER=Ee

1. Q) =1 +1 (i) 0+;§i (iii) --:-3-+%i

2. L5 ® 2 2 © V2.

3. () 3-2i, (i) (a-i)? (iii) V1+a+ivi-a
5. A»z,Bz, ¢z, T ::2 =£—g R ampi:—2=£BAC

6. TEOT FANTAT x3+y2+2(x-y)+1=0

7. a=cosa+isin, b=cosP+isinf R c=cosy+isiny IPTI G atbtc = 0
WA atb+c = 0 T a® +b® +c’ =3abc | G FE (> AT T4 |

8. -wEA Totoll) &S TR (R 3, =(29)"" cosn® @R b, =(29)*sinnd |

a, +b,’=(29)°!  a,=65 b, =142
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: , bk+2)r . . (6k+2)w
9. (i) -2, 1443, (iD) —l,il,%(ttﬁ) (iii) cos! ; L I

k=012

= t. I W SITEEA TAAM ATAIS B

X
X+

(iv)

kr

x::—-l+ dcot——, k=412,.....7
8

2

2| -

t

x~1 ‘ km
(V) oy =t I eI Yoo s wE, X = icot= = k=12 ..5
x

10. (i) cos(4k-l)§+isin(4k-l)§, k=0 123

(i) {cos(élk + 1)%+ 1sin{4k + l)g}; + {cos(4m - l)~g~+ isin(4m- I)g},

.
il

0,1
0.1

3
H

=42, +2i
11. 2.9.9 Sy (74 |

i
12. z=cosB+1isin0 IR 2lem TT Z+—Z—=20059 |

1 1Y
THA] 00559=F[z+;] | faoiw Totfti] eransl ®R AR

cosﬁ'(i)=~-1-6—[[z6 +-l—6]+<>[z4 +~-l;)+15(z2 + 1,)+20]
2 z z z

L REA e b IR ) U B D i z“+lk=2cosk6 |

13. +RfiTs 99193 T WE 93¢ TEaf 141RT IWAE TF ZIAW 3 | OIFA a9 =

n .. =
z, = 4i 9% &8y =0 z, =8[cosz+lsmj4—) | 5f& I TR 2z, +2, | 9T TETAH IR
wfaib®s fadfa o=

T =z, +2,|= 11191 @@ €@y il = 1.04 @foum (i I WOFT WA
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3.3

34
3.5
3.6
3.7
3.3
3.9
3.10
3.11
3.12
3.13

5% SAFSF (The Exponential Function)

J&T WerF (Circular Functions)

Fafaws (Logarithm)

ANFIIFS 98 (Generalised Power)

RFETWFFF (Hyperbolic Functions)

ﬁ’l.ﬁf@Q@'ﬂ TLHPFF (Inverse Curcular Functions)
A% *AFET WAFT (Inverse Hyperbolic Functions)
FRRELT TAIZRAER

Fe

e SR

Al

3.1 &R

TS WHE ¢ JAN WFS sinx, cosx, tanx TO | #ALET WHB sinhx, coshx

o) e (logx) WorEeelE M weRn o AffoT | e T e(=2.71828) 4%
MR YT TG x OF WS, sinx, cosx, tanx Gk A Wermdaf x @femm @ fae
@W AN frgre) 46 I TS | x @NE AT A logx T GIR KA y IR TBF x
(T logx = y T x = &) 8 x oA A @ e, sinx, cosx, tanx, logx X

Morrreled add @ AT
o Tte AR CF@ G3HT WrmRafi S T S |

2 9IS T AMR s WATD, JAT WATS, AIE W%, Faifaws, Redre
T ¢ AFPER WAFIA AW TS ANIA (i AR AV 5FF Werwpahia

RE oA ARG CFE TR |

@ gt remite TR @ TEf Te R @ TEmiYe A I s

T /G A7 R ;09
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TR A affa A 297 5T AT e* - FE AT AT YA 1 2 = X + iy
A (x,y )

=¢*[cosy +isiny]
z 97 IS WY y = 0 T AR
e’ = e*[cosO+isin0] = ¢
WHE[ e* 93 RIS x = ¢ IFF AR
e” =cosy+isiny (9XIA y AT W) 1 ACF RS (Euler) & 0 )
SEAIA A (AF AT GER JET WAHEA T Aeq T
LY PO inv=-L[e? = -'.V]
cosy-E[e +e ] qqt Siny 2l[e e
b= MR CFTT BT TR AR A
cosz= --1-[eiz + e"‘], sinz= L[e“ - e"‘].
2 2i

X ST AT AR 7 T 7 AN Frewrs | 7By 15 T w1 afva e AR
RS | Aoa1 A A 93l aeam (PR worms | z (¢ 0) oA A T 97 W

fra@stt Logz = log|z+iamp z + 2nixn (n = TG YY) @TY @I WNEF I
Y —p (p > 0)-(F WA —p+i0 B et A I w1awe 1 B —p-9F AR 3

Log(—p) = log|-pfriamp(~p) + Znirn
= log|pl+(2n + 1)ir, n = SR T

wdie BT AAMR Cova YIS AT AR oA eEre o3 G gzl Tem S
b= @

LTIASNA WA (I T0a T omef@ AT BER Trsdef wiba afm
COCE TR |
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3.2 Ty

93 a2 M T WA @ FioalF sare TN I Grof =

o (T 43I TBA AT P WET, W Ae™ T AP FACS I |

® (T oA FA JET TAPFHS 56 WLARIA MG G RAANSE o WL oAE
F8Y PFFA TR WS A |

® TR T AR JEW AT P WAWF N R RATCHR T MATHE
T CAFFA TR FAUCS 2130 |

® & a3 AN IR W @ @ TS AT AR WorwE e AR RedeT
Asnfers wiba aift Jeet e siEa )

3.3 5% w*we® eZ (The Exponential Function)

A : z = x + iy (x, y IWA) 9 wWioe A L5 O BT WMARS ¢ A exp(z) I E(z)
&7 R e

el =e"Y ze*e” =e" [COSYHISINY] vomrmmmsironrinssnsases )

y =0 %@ z = x 99 [Tom w7 7 @3k o9 e" =" |
TR I x = 0 wdie z = iy @I froT FwflT T 9w (1) @ S AR

e” = cosy-+isiny 2)

(2) AT SIS (Euler) 3& 39020 | z 93 @fbat ) |z]=r 9 ampz=0 TA
WA SIS s ¥R o’

z2=r(cosO+isin@) = re* 3)
3.3.1 7HF AR 5% &1 (Index Law for the exponential function)
z,, z, 0 wHa A T & T I @

el eB =ah*h
o uf$ z, =X, +iy, IR z, =x, +iy, (Xy, %50 ¥, ¥, )
SRR z,+z, =(x,+x,)+i(y, +v,)
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£45 ez,H.: = e[x[+x2)+i(y[+y2)

= e eos(y, +y,) +isin(y, + ¥, )] ornn(4) [33 (1) (AT ]
VA et e = e [cosy, +1siny,|. e"[cosy, +isiny,]

=e“.e" [cosy, +isiny,|[cosy, +isiny,|

= eute [cos(yi +y:)+ iSin(y! +yt:)] .......... (5)

(4) € (5) (418 AR g2 ot o o0r*n:

e? =" @AM Z,,Z, T 76 SHoA A
e

4

PR 3.3, (a) 299 IR (A,

THIZRY | 2N A (I (i) [eff= e

(ii)(ez)“z. z=x+iy, (xy T 4R i=v-1)

X

ann (i)ie“izl e‘[cosy +isiny] |=| e’

lcosy +isiny [=e‘.1=¢

(i) (e“J: [e‘ (cosy+isiny)] =e'cosy —1e" siny

=g" [cosy - 15in y] = e*[cos(—y) +1isin(-y)]
=e* e

- e.‘(—l\!’ =g

TR 2 © oW T[EA (T n GATSIS SRS FRAT JE

( ez)'{ _ o™

Rap o E A SO z, n WYS afoel S o0,

49z =z, =, =z =z AT “MeW W
e” =elet....e?  (nIRIAT AN)
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wO : TWISEA 2-93 (e‘)n=e"2 FoRETS 7= BT AR

(elﬁ)“ - eme - emﬁ
(cos® +isinB)" = cosn® +isinnd

TWIZAY 3 : T T @,

o -8 8 —~16
+e . . e +e
a3 (1) sin® =

(i) cos® = °

A STANAN T A e“:cos¢+isin¢ | k‘J?LE@ $=-0 T AR

e™ = cos(-B)+isin(-0)

a e =cosO+isin@
AIRIES Y = cosO+isind
} e?+e™
. e¥+e™ =2c0s0 =>cosB=
) lﬂ_e-lﬁ
43 e¥ -e™ =2isin®=>sin= >
i

FBY | ToTIY T cosg 9K sing -3 T A FHF YO0 (ABT (T 993 T+))
€os 9 AR sin Q9T IEIAY A I W |

3.4 wte1 5o g8 SFS| (Circular functionis of a
complex Variable)

6 AW AN A sing, cosg, tang, T BT TS WA FAHIAN Frgrer 7S R
PSRN stew Tw | fFg ¢ Tun wiba A oo @ WATT TR TW e ey
FI 3T T 7| SR AR 8T WerwE W@ A weT T

3.4.1 7=

z=x+ iy (x, y TI]) 930 =a 7% 3,
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) e‘~-e
SNz = ———— cotz=
2 tanz
eiif+e‘~lz l
roszZ = ———— secz = ———
2 COSZ
sing _
tanz= —— cosecz = —
COsZ sin z

¥eY |y =0 & z = x = 43I TT M 932 U sinz € cosz 9T TR/ ¢ WEANAL
el wfeq |
¥BY 2. sinz G cosz 7 FH (UCEF M
e’ +e™  =2cosz
e” —e™ = 2isinz
¥, e =cosz+isinz
AR e =cosz—isinz
3.42 TWEAD : 2, z, WHA A T o I @
sin(z, + z,) = sinz, cosz, +cosz, sinz, )]

cos(z, +z,)=cosz, cosz, ~sitn z, sinz, (i)

tanz, +tanz,
tan(z, +z,) = —2— 2

(iid)

1-tanz, tanz,
m"‘l : Sin(zl + ZZ) - __l_l_[eiliZH-zz} - e-l[zl+zz)]
21
1 17 1% -1z, =1z

l 3 o . - . . e
:E[(coszl +isinz, }(cosz, +isinz,) - (cosz, —isinz, }(cosz, —isinz,)]

| oen. . _
=5 [2i (sinz, cosz, +cosz, sinz, )]
i
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=sinz, cosz, +cosz, sinz, @)

COS(Zl +zz) =_;_[ei(!|+:,} _'_e-i(z,-u,}]

= -;- [(cosz, +isinz,)(cosz, +isinz,)+(cosz, —isinz,)(cosz, —isin Z:)]
= % [2(cosz, cosz, -sinz, sinz,)] = cosz, cosz, ~sinz,sinz, . ... (i)
sin(z, +z,)

wH47 tan(z,-i-zl):m
1 2

_§inz,cosz, +¢0sz,$inz, )
c08Z, COSZ, —sinz, sinz, [G) €3 (i) X ]
tanz, —tan

) l - (iii)

l - tan zl tan Z; L

3.4.3 Turz@d ¢
z,z, TR A T, Tt e B PR @ AW T N WP (T,

cosz, +C0Sz, = 2003(5”732_) cos(z‘ '2'22]

2+z, z,~2 z,+z, 2,-2Z
W:coszl+coszz=cos( ‘2 2+ '2 2)4..;05[ 12 2 _ 12 2]

o —

_;H,{fﬂ;—wﬂ) po (257

+|;(%-ﬂ-gﬂ],,;=[ﬁ—:ﬂ-ﬁg—*ﬂ}]



3.4.4 foet aPig oo @ AT WowEET RiIgEst| (Periodicity of

Exponential and circular functions of a complex variable)

R : (T GRS () ANFE TA TF ATA A6 AFA A FHOA W ), ANET TN
e fipa wi4G e =3

f(z+A)=f(z) | A-(F f (2)97 9FH AW 0 7|
3.4.5 SEPIES | F@ ST A AN @

1. 5T WARF HAGET 493k 9% 1T 2ng

2. ARA € (@PIRR WorwIay Adigen amd o 2nx
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3.5 Hfoa wif9g «eifawsy  [Logarithm of a Complex
Number]

e« WO oA A z 9 w-a3 T 9 Tisa TS e =
z=expw=¢"

TR wW-(F z-43 930 T =1 T erEE @GN @

w=Log,z|

w=Log,z T z=e" =e¥ I=e" [cos2nx+isin2nx], n=0,21+32, ..
w 2mix

=e¢ .&

=ew+2nan'
wdis Log,z 93 ¥ ¥W w A w+ 2nin TI O TW TZ | T NS @ (@ @

wios aif sl s RER worss)
44 2 =B widw T TR IMBTAM | z|=r 9K WYEfABTS = ¢, AWA _pgo<n!
BRI
z =|Z{cos(amp z) +isin(amp z)]
=r[cosO+isin0]
= re"

@ w=u+iv (U, v ABA) TE, z=e¥ T QT 4R

=>r{cosO+isin8]=e" [cosv+isinv]
=> e cosv=rcosd, e"sinv=rsin®
=> u=logr ¥ €08V =cosB, sinv=5in@=>v=0+2nn
“w=Llog.z=u+iv
=logr+i1(8+2nr)
=loglz|+iampz+2nxi, n=0,%1,£2, .

Log z 93 I log z (71 TX UK Log z 9 YR W n = 0 IFIR % qu=e sy
A 7 udie

log z=1log [z| + i amp z, ==
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Logz=logz+2nmi, n=0,%1,£2,...._

BB | Logz 99 F (AT A logz /44 AT womess | = IJore 32 Fioa A

Aoafame s |
(1) exp (Logz) =z (z=0)
(i} Log(expz) 4% 430 WM &5 z : TG WG & 2+ 2nin, n = WG TP
3.5.1 BWma9 : Logdi 9% logdi faefa et
T Log z 43 AT (A oAF
Log 41 = log 41 + 2nin
= log |41] + 1amp(4i) + 2nixt

.
=log 4 + [y M. n=02+1%2,. .

, T
log 4t = log 4 + IE

3.5.2 THIEAY : exp z = -2 TA z 97 TWel fdm I
TGF! @F AE z = X + iy, (x.y AI) |
BIRIA ~2 = expz = exp(x+iy) = e* [cosy + isiny]

=> edcosy = -2 9K e'siny = 0

=> g\ = 2, cosy = -1, siny =0
=>x = log 2, y=02nt)n
=>z=log 2 +i2n+)m. n=0xLx2,.......

3.6 JMjIFe 9 (The Generalised Power)

A : a(# 0) G z TEE WA AN 2T a°-(F 57 = gzlose I ARIGA TR HH(S TH |
@S Loga =loga+2mir (m = TG )

z z loga

a4 =€

= erlbemimml  ™ATT, o0 SN T A TG | A° G WA A 7l
(m = 0 =7)
3.6.1 W} TASRI AR FH14F AAFOIFS WFR|

z & y @it far I A @@ 9 m We R e[l = A
cosy(z+2mm) +isiny(z+2mmw)
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T (cosz+isinz)’ 97 I W)

a3 : (cosz+isinz)’ =(e"‘")T [ A 5" YT SABIFT TG (T |

= g7 Lovlexpliny [ a? 93 LW (U )
= g tose"+2min} [ FAMRITR RS (T ]
= eyi{z+2mﬂt}

= cosy(z+2mn) +isiny(z+2mmn)
3.6.2 TEIAIS : z=r[cosO+isin®], 1=z, H=ampz
993 n VY WA ToA AW A

z" = e {cosn(B+ 2pm)+isinn(0+ 2pm))
W 2" = e"%* = e" {log| Z+iampz + 2pin}, p = 0 S s FAN |

— en{logr-l-llﬂz pir} .

nlogr ei.ntﬂ+2pﬂt)

=g
=e"®  {cosn(8+2pm)+isinn(6+2pr)},
p=0, T TPG WA |

3.6.3 Twigae ¢
ol R (7 ' R W Mg 93 eren @S oW T
o ;' = etlow

— ¢! lghiviamprt2me} n = 7] WL TG FHAM ¢

=e1{0+1§+2nm}

— o n2-20x

=e? g™ n=0 YA TG FA |

>

ToGT 1 97 e @

x
-2 _Ax _—~mi2 IR —mi) T, -2 -x/2 -4
......... e - e,e e e e e e "

PN

wdfie AWef o SN oer @R T @ [ ALY TATE -2,
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3.7 “[ge™ sefFs [Hyperbolic Functions]

GO G e A R B B STl e S A B A IS oon

_ _ e +
TRAREATRE FEES : coshx =

et —e

AT ARa : sinhx =

sinhx

iﬁ?ﬂﬁtﬂﬁ? DTS : ANl X = e

coshx

coshx

TRAREAFE (@O - cothx =

1

LEANARETE GITO : sechx =

1
TRARRIFE @IS cosechx =

sinhx evrrbsnsrnrassrreranaeraraTnTey

Tonaa Fasfem ererire x Fba 2
3.7.1 »AGAT 8 J&T AT WY T |

17 -1z

: e’ —
z Tom AW @, sinz=

O FoATE

. .. ettt et-g
z = ix AT AR sinix = ol

SR B E—— |

1z “~IZ

a - . e
THACHA, oSz = G TS z = ix W A

cos(ix) = cosh X --------- (2)

3.7.2 SRR 8 el I (T, cosh(ix) = cosx @3 sinh(ix) = isin x
104

sinh x ethiairasraremireraiTrbassaatinranaas

e (1}

w(2)

3)

e (4)

a(5)

. (6)



3.7.3 ARgET SATEA Rigest (Periodicity of Hyperbolic
functions) :
cosh x = cos ix = cos{ix+2n 7 ) [ S8 SAREA ALIES (RTF
= cos i [x-2inr ]
= cosh [x-2inx ]
= cosh (x+2mx {], m 99 7314 (D)
TSN sinh X = — 1 sinix)
= ~1sinfix+2nx |
= ~{sini[x-2ninx ]
= — 1.1 sinh[x-2in7 |
= ginh [x-2in 7 ]
= sinh [x+2m i) m e Y L (2)
(1) €3 (2) (T AT AR WeorFS Mz #1iqe 3% v i 2mi.
3.7.4 TEPEAY § SR T (X tanh z @3 2R T

sinh{z + kzi}

emid tanh(z+ kni) = -
cosh(z+ ki)

_ —isini{z+km)

cosi{z+km)
_. sin(iz—ks) _ . sin(iz) coskr
cos{iz - k) cos(iz)coskn
. sin (iz)
cos(1z)
=—1i1 sinh 2 =tanhz
coshz

3.7.5 Twizas s
(i) sin (x+y) 9% (ii) sech (x+iy) ToA A 77 AT © IHAD WA WEAM T |
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AT

(i) sin(x+iy) = sinx cos(iy)+cosx sin(iy) [3.4.2 THIZZY @R |
= sinx coshy + icosx sinhy [3.7.1 SF[TR (Y |

(1) sech (x+iy) = m

_ 1 _ 1 _ 1
cosi(x +1iy}) ' cos(—y +ix) - cos(ix)cosy +sin(ix)siny

1
coshxcosy +isinhxsiny

coshxcosy—tsinhxsiny
cosh® x cos’ y +sinh” xsin’ y

_ coshxcosy—isinhxsiny
cosh® xcos” y + sinh” x(1-cos’ y)

_ coshxcosy—isinhxsiny
(cosh® x - sinh’® x)cos’ y +sinh’ x

_ coshxcosy—isinhxsiny
cos’ y +sinh® x

3.8 wiber AP fasiste 3w S [Inverse Circular

Functions of a Complex Number}

e oy z 93fb ome Biha A WA o 9T 9T A A T @ERA TR 2 wdie
cos @ = z O @ TR -7 93D RS @FEMWA (Inverse Cosine) |

GZEA © = coslz (TR TR

SR cosm =z =>

Sin® = +4t-2’°
BT jsinm =12 ~1
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X cosw+isinm=e?=ztyz' -1

udie = —iLog[zim]

o A A sporss Teaie RS I o Ieaw (P8 o 9% o 93 TeehTE
cos” z W@ &N TR

sinw RAIE f_7 e ax e e fE S o @ a et e 9%
TAHEE cos”' z @ TAI

w0, cos”’ z=—ilog[z+i\11—zz]
=-i|og[z+Jz1-1]

932 cos™ z = —i Log[zi Jz: - l]

@ 2, WA IT 2z 4 s ThA I 9k @ g 92 wba b TR ARE TR 2

wdie z = sine | SR o) -(F z-97 GIB RATS AR WAsS I T+ FFE W1 B
® =sin"!z

sinw =z=>
cos® =4+1-2*
TSN e =cosw+isinw =1v1-2° +iz

=i[zim]
=>m=-iLogi[zi ' -1
o 9 FTW RFER wores) 93 wMofis sin” z W TN
wydie sin"z=—iLogi[z:I:m]

cos@ 99 W f)_ 7 AR AR FOAR T A 9 97 JIAA AR T G
TR sin™ z | wdie
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sin” z= —ilog[iz+\ll—zz]

A 3. W tanz = @ TWOR z & © 47 [Hoare SparerS 951 IR 9K z=tan” W,
@Y TR

A7TRLE W=tanz

sinz le"—-e™

cosz 1le“+e™

w e -e"
qfls — = ————

] eI'o’.-i.e—l?.
_)em_l+iw i
1-io (w=-i]
k. +1i
=>z=-——1Log] Tm
2 1-1m

z b T B SAwE | 97 TRSTSE Tan'o IR W) 4R 97 YRS
tan" w @ m|

©% Tan'o=-1i Log”fw
2 1-10
tan“’m:—liloglﬂ"J
1-1®

(i) €8 Tan"'(1+2i)=z SR 142i=tanz

. leh‘c_e—lz
ie"+e™
. e’ e o™ -]
qA, 1~2= ———
e“+e e +1
2_] 1_e212
qA, ——= Ziz
1 I+e”
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1+2-1 p iz
= =e

q

C1-(2-i) 2e™
ae =1 =DE+1) 1.
e = = =—{1—-2
T, 3-1 10 S( )
1 i—2
* z=— Log
2i *’[ 5 }
V[ li-2f . i-2 .
= — |log} — |+ iamp—+2mix
T P=s ]
= i —llog5+itan"+l-+2ni1l’.]
21 2 -2
1] 1 { " 1} .
= —|-—logS+iyt—tan” —}+2mn
21| 2 2
=1 Tt—tan'l-l— +m‘r+—l-log5
2 2] 4
TR = }—[Tc-tan"l—+-i~log5
2 2] 4
3.8.1 TArgad ¢

(i) cos™2 (i) sin™i 9 (iii) tan™(1+2i)~9% WaeE el w1

- e|Z+e—IZ
e (i) 4 cos™ 2=z | ORA cosz = 2 => ———— =2

udfie t+l=2‘2=4, { = o
t

m’ t2“4t+1=0
A, t=2+43
A, e =2+43
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A, z=-iln(2243)
=i [In{2£.4/3) + 2nin]
=2nx~iln(22+3)
w cos” 2= 20 % iln(2+4/3), D = WL IRy
T cos™ 2 =iln(2+43),

1
t— -

(ii) «f sin™'i=z wigE sinz=i =>2—}=i, t=e”
1

i t—%:—z =1 +2t-1=0

=t 42t+1=2
=> t=~1442

7, z=~-iLogl-1% 2|
t=—l+y3=y2-1 TA z=-i{tog(ﬁ-1)+2nin}
= 2nm—ilog(v2 - 1)
=2nn+ilog{v2+1)....... (1)
t=-1-v2=~(V2+1) 7o, z=~i Log{~(vZ+1)}
= ~i{log{v2 +1)+in + 2nir}

=(2n+Dn-ilog{v2 +1)........2)
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(1) € (2) (I AR

z=sini=nx+(~1)" log(ﬁi- I)i

T sin~'i= log(ﬁ+ I)i

3.9 wite Fifra Redte s@ige w=< [Inverse

Hyperbolic functions of a complex variable]

A | : (N IWE ToA AN z 0T T
sinh ® =z
#Faaibr o 29 sinh 'z @3 W

GAsinh @ = 2

q, t*-2z2-1=0

q (t-2Y =2 +1
A t=z+Vz' +1

w=Log[ziw}z3+1 ]| © 90 e AR werms | o3 ImefiE sinh™'z fuea
Frofie =1 =314

. sinh™ z=Log [zi J;:-—l]

@ 2 4R z 9ol o wde AR 9 o TR W <3 e afk I ZReRE
@A % z Wi cosh o = z | OTA @ TR z~49 RoAe FRenRIfEe @ri | wde
w=cosh™ z|

W cosh @ = z CIEH

e’ +e V=22

m! .ezm-—zzem+l=0
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aA ¢ -2z+1=0, t=e®

4, t=zt\/zz——l

S = Log[zi\/z_z—_]]

weaW R[fR woms o @3 wmefs cosh™ z T foie =1 =@
. cosh"z=L0g[zi\/z_3——l]

R 31 4FN TS z 9IB oG ToA I MW tanh 0 = z W OR @ @ 2 97 [
SRARAIEE B q@m T3

tanh @ =z
sinh®

L] = z
coshw

cosh@ +sinhw _1+z £11)
* coshw-sinhw  1-z (z

ufle, o= 1 L.oglz

@ 9F TEm R/R werss) @3 wmafE Tanh'z g fofe =2t @)

- Tanh™'z= % Log]—t—%

=3 (z= )

YHRNSTA cosech™'z, sech™z 93 coth™ z WEFISFTS AHS I T4

3.9.1 i3 38 R A ~iarg8w wweiwa g 7%\ (Relation
between inverse circular and inverse hyperbolic functions)
(i) &1 W=F z = sinhu

TIEE z = ~1f sinju

. iZ2=siniu
1. .. e g
o u=—sin”'(iz) = -isin"'(iz)
;
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wdfie sinh™ z=-1isin"'(iz)
(i) WA2ISIA cosh u = z T, z=cos(iu)=>iu=cos™ z
udit y=cosh™'z=-i cos™(z)
(iii) 431 TS z = tanh u
TR z=—itan(iu) => tan{iu) =iz
=> u=-iTan (iz)
adic Tanh™z=-iTan™(iz)

3.9.2 Twrgad s
(i) cosh '2i 47 (ii) tanh '(1-1) 93 WM faefn T4
TAYR 8
(i) ¥ T=F cosh™ 21 = z OKA
coshz=21=>

=i

e’ +e

, | z
=21 => t+;=4|, t=e

A ¢ -4dit+1=0
T —dit+4i’+1-4i =0
A (t-24) =-5=5i"

A t=2i+5i=(2245)i
z=Log[(2:tJ§) i]
aw, Log|(2+5)i] = log| (2++5) |+ iamp [(2++5) i|+ 2nin

=1og(2+J§)+ig—+2ni1t ()

e Log[(Z -3) i] =log |(2 -3)i |+ iamp [(2 - J§)i]+ 2nin

=log [JE -2]+i(-%)+2nin @
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(i) €45 (2) (AT AR
z=cosh“(Zi)=loglﬁiZ]-’-(Znt;—) i
(1) &' AF Tanh™'(1-i) =z O tanhz = I~
sinhz  1-i

Tifle =

coshz 1

coshz+sinhz _ 1+(1-i) _2-i 2i-i' 1+2i

coshz—sinhz"l—(l—i)“ 1 i~ -1

= e’ =—(1+2i)
! . ] _ . .
= z= 2 Log{-(i +21)] = E[Iog |=1-2i+1 amp(—l—2l)+2m11:]

1|1 ) g )
=—|—logS+in+tan 2}+2mR
2[2 g5+i{ ) ]

1 e 1
=—logS+i{—tan” 2+ — 2n+l)u‘}
4% {2 2

n = 0, YA TP AT

3.10 e Swigad

TwrgEd 1. et @3 e aifie wfeBam vk wfRbler e fade w)
Rl e M =ele™
= e [cos4 - isin4]
=e”cosd—ie*sind
TeaT AMTTAH = ¢
T TfAlE @ T,  -r<@<m 4R cosO=cosd

sin@ = —sind
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el e 3w g= 214
Bwrgad 2. z Sbs 3 @ e = 0 AT @IS TG (FE, ST T |
A} LFAE z=x+iy | TXE e =0 = eV =0
= ¢" {cosy +isiny]=0
=e" cosy=0 4% e*siny =0
@AEE e' 20, cosy = 0 €& siny = 0 ( g afp wE
TSI e’ = 0 FNFAER PRE LA =21
AR 3. Log(1+)~0F F¥Ee M= a3 Yy fFefn 911
AMLR] Logz=log|z|+iamp z+2nix0d z = 1+ PR iR

Log(l +1) = log|l +il+iamp(1 +1) + 2mizx

=-:l£—log2+i§+2nin, n = 0 WL WYY FRAM |

TR = Llog2+i X
. 5 g 4

THiEad 4, Log{Log(cosB +isin 9)} - A +iB TIE A
FNHEA : Log(cosB +isind) = log|cosO +isin [+iamp(cosO+isinQ) + 2min
=logl+i8+2nix

=i [8+2nz], n = 0 QY3 WG AL
. Log{Log(cos® +isin8)} = Log{(6 + 2nx)i]
= log{|0 + 2nm)|i} +i amp{(6 + 2nx)i} +i2kx

=log|9+2mt|+i§+i2kn:

=log |0+ 2nm|+ i{ka%)

15



(1+1)'" &3 Y=

T =sin(log2) +1cos(log 2)

HAIEH ¢ g7 99 AT =ezloga
- ezlloglauianlpa[

e""’[logﬁ-ﬁ- l :{E]
Wi fsfa afer = L 4

gt [logﬁ-—i ﬂ

! A}
'lln2+:; |[:- _Iln:‘]
e - e -

I3 1 3
' :]n‘2+: ) l[%lni-;]
e~.— : e 2

=cos(§—ln2)+isin(g‘- lnz}
= sin(In2) +icos(in2)

TWITRS 6. AT 3 (I sin [Iogi‘]:'—l

HEW : | = il

= el{lug|l|+|amp|}
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wla

o

wwa logi' =loge

CTPY

oy % ST A 2
..sm[logl] sm( 2) 1

Twrzaq 7. ffma I3 qiog TuEw Ty ey st
(a) cosz=-2 (b) stnhz=-2

FAUE  (a) cosz=-2=>e" +e 2 =-4

] .
Dt+-=—4, t=e”
t

S +4t+1=0

=>t2+4t+4=3

=(t+2)’=3

= t=-2%43
udie, e =233

+ 2=-iLogl-2++3]
wefie z=~i Logl-2+3] @l z=-iLog[-2-+3]
o (W5 2= - i [log|-2+ V3| +iamp (~2+/3) + 2nir
= - i[log(2 ~+3) +ix + 2nin]

=—i [log(z-ﬁ)+(2n+1)ix]

z=(2n+ l)x—ilog(z-ﬁ)
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wrr @ wia 2= -iLog[-2- 3]

= i{ log |-2 - \/5| + lamp (-—2 - \E) + 2ni1t}

= {Iog (2+«/§)+i1’c+2ni1€}

=(2n+n—ilog(2 +v3)

= (204 T4 108(2 = V3] s @

(1) €% (2) @ AR z=(2n+Dn*ilog(2-+3)

(b) % sinhz=2z SEHA o7_e7-4g

t——=4, Y 4
t t=¢

1,
Lt —4t—1=0
t°—41+4=5
L (t-2)=5

. t=2+45

SZ= Log[Zi\/g]

q
<,
41
|

wdffe z= Log(2+«/§) 1
z= Log(2+\[§)=>

z=log(2+ Jg) + iamp(\/g + 2) +2nin

|

= 2nin+log(J§+2) O § §

4

(1) 9K (2) (/= i

2= o+ (-1)" log(v5 +2)
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waal z=Log(2-+5)

wrE z=Log(2-V5)=

z=log (V5 - 2) +iamp(2 - V5 )+ 2nix
=(2n+1)in +log(v5-2)

= (20 +1)in - log(v5 +2) orveren (2)



THRRA 8, &I FFF (A tan™(e™)—tan (e ™) = tan™' i FNTAUGA AR FHAAT L0

1
x=ng+(-1)"—x
( )2

FYE : W fan~' (&™) tan e ™) = tan™ §

ix -1%

L e¥—-e .
OIA tan ————=tan"' i
I+e%. e
. 2isinx .
q, tan” ——— =tan""i

A, tan~'(isinx) =tan™ i

9, sinx = 1
s
X=nE+(~1)}" =
(1) 5
BAZAD 9. logsin(x +iy) =u+iv, De<x<n A oW T4 A
1 ~ 2
(Yu= 3 log(cosh™ y ~ ¢cos” x)
(ii) v=tan™ (cotx tanhy)
T : log sin (x-+y) = log | sin(x+iy) | + i amp [sin (x*+y)]........(1)

A9 sin(x+y) = sinx cos(iy) + cosx sin(iy)

= sinx coshy +icosx sinhy................. 2)

< Jsin(x +iy)|= {sir{J xcosh® y + cos® x sinh’ y}m
= {(1 - cos” x)cosh’ y + cos’ x(cosh’ y - 1)}%
= [c(msh2 y - cos’ x]%

T3 log [sin(x+y)] = —;—log (cos.h2 y - cos® x)
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cosxsinhy
stnxcoshy

(2) (4T 2N amp{sin(x+iy} = tan"[

= tan™'(cot xtanh y)
sin(x +iy) ~93 TETTH 42 WNiHbSea T4 (1) FATE P 4

1
logsin(x +iy) = %log(coshl y —cos’ x)i +itan™" (cotx tanhy)

=utiy (2MEY)
U= % log(cosh: y —cos” x), v =tan"'{cot x tanh y)

TAZAd 10, tan(o+iB) = x+iy & 0T WA (3,
() x> +y> +2xcot20=1
(i) x* +y? —2ycoth2f =1

FUF : tan{o+if) = x+iy = a+if = tan”' (x + iy) . {H)

=5 O i = AN (X 1Y) oo (2)
(1) 93¢ (2) (W& 4R 200 = tan~ (X +1iy) + tan”' (x — iy)

< tap- ZH )+ (x~iY)
1=(x+1y)(x—1y)

]_x:__y: ................ (3)

4R zif = tan™ (x+iy) - tan~ (x — iy)

a 21y

=fan  -——p——F
4x +y° “)

2x

3

(3) € @) (WFAR tan20 = .
1-x" -y

= x* +y’ +2xcot2a =1
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2y

¢ tan2ifp=itanh2 =—=
IR b P 1+x™ +y™

x? +y* —2ycoth2P = -1

.11 A

(a) o 5718 oo rme
z = x + iy {x,y IRR) 97 &o= anf 5=,
e’ =€ [CosY FiSMY] imremsesirisessessiscssessinnns (1)

z Rew smias qf 9dis z = iy T

€™ = COSY HISINY omrrmrrrmermrrercrsonssersosomesmssessencosssansesersess {2)
z,, 2.0 I0A AM TA, o4 04 = e4%% e (3)
(b) S0t 57ara AT WLAFE

z 93 Tioa afa A,

sinz = E]T T I @)
cos z = % [+ €] e )

sinz 1le"—e™
tanz = B oo et eir e e e s s (6}
cosz 1e° +e

1 1 1
cotz = —, secz= cosecz=——m ... {7)
tan z COsSZ sinz

(c) &= Afim Ao

z 4% affm o g o owfame @l TmEW iR woprs )
Log z=10g|Z+Iamp Z + 2NIT .coeoeronrcrcncnmremne s ssnesnes (8)
n = TPe Y|

{ TATER W amp z T 247 WIN2BETER WM ()
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Log z 43 4RI logz (AATA
logz=log 1z | T 1aMPZ ...t 9
a(z 0) 93¢ z Terz wita I A

2% = @M e . (10)

oooooo

e
sinhz= " 3
1 5 (1)

............................................................... (12)

tan z*—-ez .................................................................. (13)

I 1 1
cothz= , sechz= , cosechz=— v (14
tanh z coshz sinhz (14)

(¢) "RIYER ¢ JBN WAHCIF MY T4
SH (XY = ASII X oot eeaseeesessneinisesnsenens {15)
€08 (IX) = COSI X w.oooviniceeeseee i serssiss s snssnrissnesnsanies (16)
1a0 (%) = HANR X oo e sesss s esesesesenenssssssscnnneses (17)
IO (IX) = 381N X oo e evnaes s nen s ssnsesenesnessanssssnsees (18)
COSH (IX) = COS X vt rnsenrecoeseseessnsaneasnnessnsns {19)
ANR (IX) = 10N X oot eterereeeeasssiesesarenranssesesencrcesssnnesns (20}

(6 =a 2P Reidte 38T ¢ +FET SPET)
c.as"z=-i1,og[zt4z’-1], cos™ z=-i|og[z+Jz’—1] .................. @)

Sin"'z=-iLogi [z:Jf -1], sin' z=—i log[iz+Jl—z"’ | ................ 22)
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AT AT cos™ 2, 5in" 2z 9K tan” z T WIFE Cos™'z, Sin~'z 9K Tan'z
47 A |

Cosh™'z= Log[‘z +z ~ l] SOOI 7. )

Sinh™'z = Log [24 V28 +1] Lo 25)

Tanx 'z = % Log:—z—z zEEl (26)

(g) Ro@s 387 ¢ F@s Rge WA TG T=F)

COSh'1 z= —'l COS-’ AT T By TP IEIPIPTETPOPS (28)

(AN 22 —H1a0 7 (1Z) vorerersmsisrsssrsssmssssssssssossssssmssss s ssssssssssinsersene (29)

3.12 F<rug oEe

1. Fefafie wiba atofrs e g sgfe oo e @)

in
(a) exp(5+l£~) {(b) exp (5+31)°

2. sinz 93 cosz O RIR (AT A FFA &

sin2z

_ pa oy o ne? otz
(1) cos2z=2cos’z-1 (ii) 1+cos2z

3. Ee R @ Logs—_l,--Zi mt—tan"-]—
3+1 3

4. freferfe =it wfvafm afEtan a3 wmialey fdy e

@ ()" (b) s+

5 o tan|ilo (a—ib) . _2ab
- & T A Havib)| 2" -0
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6. z SOFAM TE ol T

(8) cosh®z—-sinh’z=1 {b) cosh’ z+sinh” z=cosh2z

7. o, B TOA AP T AN T (@

(i) cosh{ot+ ) — cosh{ot— B} = 2sinhoisinh B
(i) sinh{o.+ B)cosh{o—p) = % [sinh 20t + sinh 2]

sin2x _ tanu
sinh2y tanhv

8. tan(x+iy) =sin(u+iv) & L9 T (@

9. cosh™'(x+iy)+cosh'(x—iy) = cosh™ ¢ T &Y TFA (@

(iYa>1 ZE (xy) 9 Borre WEFT 4% (i) o< ] TA (x,y) 9 AT WRfZe

10. & T (@ FoA A a® 93 WA AR qF el fesefa st e

[ YR v

pogult TV e e v % FICET AT (Equiangular Spiral) 97 8% SREM T | 9T
z=u+iv 43 a=o{cosy+isiny) |

1. sin”(u+iv) = p+iq (u, v, p, g I ) A &9 I @ sin’ p 9K cosh’q M
i x:—x(l+u2+v2)+u: =0 FFAR o |

12. {sin(x +iy)i=1 (x,y JEY) T 99 FFA (4 cosh 2y-cos 2x = 2

3.13 Swaaet
(@) 0+e’i, (b)e'[cos30+isin30]

2 (ii)sinz = %[e:“‘ —e'l’*] = %[(e“ -e“’) (e“ +e'“‘)]

= i,[Zisin A ZCosz]
21
=2sinzcosz

l+cos2z=1+ l [eliz +c-‘.’|z]
2
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= l+%[{e” re) -2]

N

= l+%{e" +e"z}' -1

=%[e""+e"“]: :gx%[ |z+e_‘,]:

2
=2cos 2z

3.3 4 3.
3 Log = logl——-—1
> S T s TS

+1

: (4 3.} :
+iamp| —— -1 |+ 2mw
5 5
=-itan"[3)+2m’n

4
o]
=21|nT—tan —
3
1

Ll ; T .. T T .. T .
4. (a) e*'v?a'“ﬂ:", f{zn"'z]“s xﬁ:(cos—iﬂsmgj =cosz+1sm-4— 43!

-

(b) A= e-":-'u:idg: FqEa7 AfTTAH e-n: Wﬁﬁ@t’i %logZ
S.a=rcosg, b=rsing 43 AIe FFA|

7. (a) cosh z = cos iz 93X sinh z = —i sin(iz) F=>Fal A T

3% cos(z, *z,)=cosz, cosz. Fsinz, sinz,, 74 A HEe |

(b) TAII T sin(z, +2,) = sinz, cosz, +cosz, sinz, J& WA T |

sin{x+1y) _ 2sin(x+iy)cos(x -iy) _ sin2x+isinh2y
cos(x+1y) 2cos(x+iy)cos{x—iy) cos2x+cosh2y

8. tan(x+iy) =

sin(u+iv) = sin u cosh v + icos u sinh v
9, ¥, cosh™ (x+iy) =u+iv=> cosh™ (x =iy) = u—1iv

= cosh™ {x+iy)+cosh™ (x~1iy) = 2u = cosh™ &
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92 cosh2u = o = cosh’ u+sinh?u =
AR cosh’ u~sinh’u=1

\ o+ 1 . g a o-1
- cosh” u=——§—— sinh" u=——

3

A cosh™ (x+iy) = u+iv=> cosh{u+iv) = x+iy

u -u u L

U+ —u-n : € 2 < e :
{e +e }=x+1y=>cosv—*£———+lsmv—2——=x+ly

The !
2

= x +iy = coshucosv+isinhusinvy = x =coshucosv, y=sinhusinv

= x’ + _y, =l=m = d =
cosh’u sinh"u a+l o-1
2 2

10. 4@ a* =r{cos®+1sinB) = re"
OIRE re =a* = e
= gtV )ogateosy sisiny )
- e(u+1\-;{ls\gu+w+52nnj
— e{ua-iv){lagﬁﬂwﬂﬁnm}
= UIOEO-V (V42nm) 41 (Viega+u( v +2n%)
TSt Welam ok WA e ANl (9 AR
r= ROV qF B = viogo +u (y +2nm)
=y +2nr=(0-viogc}/u

uiloga— Y (B-vlage)
Y E=g u

. 1
D u+

ce T gnatneiige 00| @39 (TR SR FoRR GRIE THIA

(polar equation) T 1 = ge™ | WIEA......
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aFF 4 O Izom A, T20W ANTa9-97 IS 3 LI

s1o
4,1 FRA
4.2 TG
4.3 T2 e wce g Fmenfafes aftrm
4.4  F2°W FAMII 19 ALPIG WG
441 I8 apremaifvy
4.4.2  SI5TE By
4.4.3  FCARA Sof ARG
4.4.4  TIRTIHS SIHT AT
4.4.5 (BT Toloim)
4.5 FZom AR 6T 4.5.1—4.5 4 TorAwa g R 1oy wwesan
4.6 SEPAE
4.7 T2OW AR
48 Amefirs Ghifers Boromy a3 AR S (4.8 1—4 8 6)
4.9 NNTA-aT 72 AR A2 T 7IE
4.10 afonm worFEs
411 FIAS FEF STt
4.12  ATFITE FAGA
4.13 TATAd OR A
4.14 A
4,15  FETTH SEET
4.16 TSI
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4.1 =I=A

x-93f o ¢ n 9B eI Tve WA A ax"+ax"" 4o +an_,x+aum
aral 93 Feem AR (polynomial) A i ay, a, ... a, 9of x-FtorF Wia,, a, ... a,
AAMefEE & Feom MR AZH A | x-93 RIST N7 79 BoRAE emA#a Tme AR
ffea T2 1 x-97 (7 TR T F2em AR T T e & weevarfiE 93 B (root) A
W7 (zero) I | 9B Izem AR WFiET Ave RS M e IR A FioA TPe e
AITA | (FIRE IR NTeFR T o T2 Feaa JFHs T adam | 0% 9F2irs

3 e TATRE WG T % WA I g x"+a,x" +---+a,_x+8, =0

FoEBTE W ANFAY I | x~-99 (T AT I B8 AT T+ BALRANG 7o Fres <2 o= &
ARwzofba Az 31 7 ) ~ABYL (@ TR ¢ TR Feom AR feef 972

4.2 S

4% 93 TR s e
o Fesfnen A Boam [ aro Aw+fifes TRFaE e 93 e (IR A
zefas) ae | Tresfdrea 3fSn owa avae w90e A

® Fwsriofes wliemm A e sixror g T-Fala Reifices [fea cvog IRDT T
1A |

¢ Jwstfafer At e e Ada e e
¢ Feidfes Alieaceh fifea Hafore mmym = ToofE TH 3@ FACS AR |

AR Oy Wt 21wy, Al (architecture) A1 SRR M 2R ST 0w i
1 ARFA AT TR TR TSR | 4% 3T M g AR AR AR Af5T W3 T
A2 QA AT 2 TACS AYTS IR | TS A3 AN TN NG (e B g3 e
TR A WAZMA =4S T 38T IR |

4.3 Jem A

4.3.1 7T 3

ax" +axt ! +axt 24 +a  x+a WITAEn WS- AT T TN G I a,
3.3, ... 2 IIALITa, 20 9 &R ATH x-9% TS 4T Y|

R (AF ™Y (8, *F SR I A 92D 35

Feom AR 77 TR 4 A Ui, =a, = ... =3 = 0 TA ReW AR
eI N T3 |
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7w e 2f et Agst ey TE T=om IPIDCE 77 I@Aw (compiete polynomial)
T TR, W S o it @5 A |
x* + | el Tern N SR x-TG AT LI W |
3xF+ 2 + x + 1 a@fl Aoy e
s Feem Ay —
ax"+ax" l4ax"ti+ L +a

4q¢ bx® +bx™ L +bx™ 2+ +b

FNNEIATM (i) n=m

EER (i) a =b,i=0,1,2, ..,n T
TR AP (i @ R ¢
A AFax" +ax" T+ +a GRbx"+bx™ 4 L +b b 3RoW AP R m < 0

o JIM w9 (5T A n-Nre 9T 2T I TE 43k 2o D,

ax"+axt t4 a0 " I+ (8, Thg) X"+ +(a, +b,).
SFZ SR qib 3277 MR Femsren @b Ietw b
F27m JT3 oo @ e ¢

f(x)=ax"+ax" "+ ta a,#20 ... (1)
K g(x) = bx"+bx™ "+ +b_, b, #0 ..., (2)

72io F@om et
4% e At o e wq T 3l T At Aaa T3 91 Z@ m + n,
YA AFE m<n 1999 (1)-F (2) TS 327 7 SR (Uniquely) T2 T q(x) 43

r(x) =eHd AT II0g

f{x)= g(x). q(x) + r{x)

QG q(x) 99 9€ n — m 92K 1(x) -43 9 m-92 (& (0 LA ! q(x) 93¢ r(x) TLTFR
TR 498 TR 90 | g(x) = x — h &, q(x) 998 ¢(x) %02 AT n — | 938 57 918 farfer?
o A4 | &4 WE r(x) = R

fix)=(x-h) qx)+R
4% FWF. x = h FACH, R = f(h) wdie o047 = £(h)
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4.4 IT2oW T Y AFG ATEHA

4.4.1 oo ayrereanifaws (Division Algorithm) :
Toiatwg ¢

e f(x)=aﬁx"+a!x““ +..ta, a,#0

g(x)=bx™ +bx™ !+ +b_ b, #0
4 msn
447 47 RiaFH 927 M q(x) 9K r(x) #ANET T AT,

f(x) = g(x). q(x) + 1(x)

Q@A q(x)~9 T8 1 — m O r(x), 4% S m-&F (56 1 r{n) #7201 A0 T f{x), g(x)
7 e |

ZRet
fix)=ax"+ax* '+ +a a, #0
gx)=bx™ +bx™ -1+ . +b,, by#0

7 T, =ﬂ(x)=f(x)—~:ix“"“ -g(x)

=f(x)—c,x"""-g(x) . (A) B, ¢, =—

A, fx) = cx™ M g(x) + 1 (%),
4, (1) £,(x) T X7 T A0 A A (x)9F S < TG (1) (x)~ TS 2 m,
fL(x) X7 T2 MM A £, (x)-4F TS <m T,
f(x) = q(x) g(x) + r(x)
@AM, q(x) = ¢,x" ™™ IR r(x) = f, (x)
4373, 491 TE, £ (x) TS 0, > m.

A3, AFIF (A) AF-E7 IR TR £,(x), £(x), £, (X), ... TSR sheq T IR
O FF: FACE A 9K TR £, (x) ANGW AW, IFA@ 0, <m DAL, _,(x) 49
] T2AMANE 23S 27 |
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49, f( x).-:.ct,x""“ ' g(x)+fl(x)
fL(x) =, x™ ™ g(x)+f,(x)

f,(x)=c,x" ™™ - g(x)+f,(x)

fi(x)=c - x™ " -g(x)+1,,(x)
f(x) ::.((:UX"_m 'f‘CIXn"m L SEEEE +Ckx'nk—m)'g(x)+fk+;(x)

=q(x)-g(x)+1,,,(x)=q(x)-g(x)+r(x) ... i

Cﬂz”f.“, q(:()zcnx“‘m +c1xn|‘-m+ ..... +Can“_m
AT £ r{x) = fk . 1(")-

849 B} (A % q(x) 9% r(x) WREH | T TSI T @R AT g(x) 93¢ r(x) WTF7 78, Wi
q(x) 3% r(x) fer wrme ot Feam 21 g (x) 9K (x) TAPE n—m AT < m GATLE, A
ara AwR TG f(x) = q,(x). g{x)} +ry(x) ... {i1)

(iy 93 (i) (4T,
[90%) - 0,(0] . 80) + [r(x) — 1, ()] =0
A, 1(x) - (%) = [900) = 4, (0. BX) ....... G

(iii)-43 ANHET T2 AT Mo < m o THMEFT T > m. T WA HITAR (1)
THG AE] 5 T,

7(x)=r(x)
43 q,(x) = q{x)
. r(x) 93k q{x) S |
4.4.2 oI5 T2 (Remainder Theorem) :

(ERIC Ju2iw A f{x)-(F T2 QMR x — h ST S5 FICA SN T3 f{h).
Rt &

411 AT g(x) = x — h QKR f{x)~97 IS n. G4 4.4.1 PN 7o 29 P q(x) 9% 1(x)
TEAH TMHR IS T 1 — 1 93¢ ) 9% f{x) = q(x). (x - h) + 1(x).
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9% AW x = h FANA,

rih) = f{h)
r(x) < TrefaiG Izem 21
i(x) = &IF)

. T = f{h).
BARAA S x* + x5 v x + | -(Fx + | A C5 FAE ST ZA
DY+ D+ (D10,
Tdfis, x + 1 @@ x3 + %2+ x + 1 2 e |
4.4.3 WREEA S (Synthetic Division) :
fix)=a,x"+a x"" +a,x"" +-----+a_ (a,=0) S5 n O 329 PE x ~ h I €l
T 7o %A [ q(x) (n - 1 TTER) 93 R (4 Q0SK) ACH AT TS,

fix)=(x-h) q(x)+R
TATAE q(x) 4K R LT €l AGFSCE (SR e 08 91 A GG &

h a, a, By a, | a,
b,h bh b, ,h b, |h
4, {(=by) a +bh a,+bh ... a,_,tb, ,h a, +b, h
(=b,)  (=by) (=b, ) (=R)
- - SIITAE
ST A=
Lgix)=bx tebx 24 +b, |

#9R=a +b i h
TAIZRY § 19 ATHTY ARRSTE x5 + 5x + x> + 5x2 + 2% + 1 1-(F x + 2 QRS9 W7 SireFn
4T TOTAE Refy e |

AqH 3 AT

h=-2 [ 5 1 5 2 11
-2 -6 10 ~-30 56
| 3 -5 S -28 67
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glRFA = xd - 3xt - 5xF - 15x - 28

ST = 67

TMER 7+ X k-2 X - 3 G S E SIS 433 Seeg fRef ww

4.4.4 AT ©vAF A

x) = a " +ax® P+ +a,a, #0 -Fx - h-95 T 250 |

TR TR f(x)-F x - h @IS FAE AT T £
fix)=E(x) (X-h)+R, ... (1

AYTA A (x), n - 1 T CIET L3R, W

AL I"](x)-f?ﬁ X — | =4 e 40 Aled -
Foag=6(xHx-h)y+R, ... (11)

AL £ {x), n ~ 2 WIS S QAR R, SN

4% ofFaE AT A5 FIE ANECH I
() = f()(x - h) + R,
fi{x) =f.(x)(x-h)+ R,

f . l(\) ;_f"(x)(x .
@AM, f (x) 47 AT SIFR 9% KB R | S )
AT Ax) = fi(x}x - W)+ R,

=100 - h) + Ry} (x~h) + R,

= L(x)(x - hy + R,(x-h}+ R,

...... +R, (x-h)+R,
Tarzad s

fix) = x? —4x} +3x% + 3x + 7 (F x - 1-49 UCHR 2 TFA |
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1 1 —4 3 3 7

[ -3 0 3

! -3 0 3 10
1 -2 ~2

1 -2 -2 1
i -1

1 -1 -3
1

1 0

fix) =1 (x-1)*+0(x—1) -3(x-172+1(x-1)+ 10
=(x~ 1) =3 (x~1)* +(x~ 1)+ 10.
TAERD 2. f(x) =x* —x* + 2x? + 6x — 2 T flx + 2) Pfa zww )
TR 3
AU fix) = x* —x* +2x2 +6x -2

O TN ARRETS AU fx)-(F (x — 2)-97 USEH 2B FICS WA 63 b 7=
S

+2 1 ~1 2 6 -2

2 2 8 28

1 ] 4 14 26
2 6 20

1 3 10 34
2 10

1 5 20
2

1 7
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s fix) = (x = 2) 4 T(x - 2+ 20(x - 2)F + 34(x - 2) + 26
a6 x = x + 2 I,
fix + 23 =xt + 7x} + 20x + 34x + 26
ST 8
(1) x* =3%° + 10x? -(F x + 399 IO LT T |
(2) fix)=3x%*+4x? - 5x + 6 TF fix + 1) 97 T
4.4.5 (G oy (Taylor's theorem)

FTATRE! TIAR AT £{x)-(F FSIA x — h 97 TS o= FJ1 T (AYT | 49 G
frera 4 amh FafReE™ O (R T3 |

(BATA-97 B 22W]

W fix), n e 920 T T ©E@, @ @EHE h-93 T

f(x)=f(h)+f'(h){x—h)+%(."_‘l(x-hf+-----+—ff:|—h)(x-h)“

g 2
FRAF f(x)=a,x"+a,x"" +a,x" 2 +--4a,, 2,70

AR f(x)=A_+A_ (x=h)+A__,(x-h)’ +--+A,(x—h)"

9%, f(hy=A_, f'(h)=A__, An_3=£2(—:ﬂ
_ £ (h) _f(h)
k (ﬂ".‘k)' 3 triraseasnes s 0 |
s, £ (x) = 1)
dx’
. f(x)=f(h)+f"(h).(x~ h)+%(:2(x—h)2 oot fn(:‘)( —h)°
! n



g s
A¥A, 4.4.4 934 4.5 (ITF G IHE, FCEFY OIS ARG TS

R zf""(ih)= [
(n=-N! (n-Drdx™"

f(x)

h

4.5 I2om AT (Zeros of a polynomial) :
o (& Tt I f{x )49 3 (root) I %P (zero) Tl L T (o) =0 T, AL {x — 00),
f(x)-47 93 936 Beoimar 23

oL -(F TR I Rx )4 ¢ T [ a1 == G @ W (x - o), Rx)-93 T <x fe
(x —o) !, fix)-a7 B 1 T |

P ET G

flxy=x-xt+xt-xt-x+1

x = |, fix)~93 a&f W5 F,
fll)y=1-1+1-1-1+1=0
4.5.1 Ty 3
x = 0o R f(x)~aq -0 X TR 3 9% 9@ T
flay=Ffe)y=...f"" Ya)=..0 aKf{o) =0 FI
o269 § WS x = o, f (x)-99 - ¥ 4
o (X = 0, f(x)-93 9T BeAm g (x - o) ¢! TeAME FR)
v f(x) = (x - o). q(x),
@AM q(or) # 0 SR (x — 00), g(x)~F JSIK f(x)~9% 4T BaAWE A
A%, £(x) = (x ~ o) q'(x)+ o(x — o) " . q(x)
=(x— o) (x - o). q'(x) + 1. g(x)]
=(x-a) ! Wx) @I,
W(x) = (x - o) ¢'(x) + r.q(x)
yo) =r. q(o) 0
f{o)=0
£70x) = (x = 0 2[(x— 0). wx)+(r—1) y(x)]
=(x - 0t)"" 2. ¥x)
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AT X)) = (X - o). Wix)+(r— 1).y(x)
2R Yoy = 0.
~ flay=0
£ Hx) = (x ~ o). g(x)~T glo) 20
AT Nay=0
A X)) = (x = @), g’ (%) + g(x)
s oy=g(o)y=0.
fardre 7% a3 AR
oy = foy= ... =fr =0
SaUtli) # 0
o BHIAE TAAM] (WTE A

f(x):f(u)+f'(a)(x—a)+£—§r2(x o) + ---+£—l:-?—q(x o)
. f‘(?{_):-!‘-——(&l(x—u)l+——---+f (a](x_a)“
r! n!

=(x-af |:f' (a)+ @ (x—u)-;----—-+m(x—a)“-r]

r} {r+1) n!
=(x-a) -q(x)
Gy M) L ) e
L A= T ey T (x-a)
q(ozj:F (u)ﬂ}
rl

oo, f1X)-43 -2 &)
TR 3

x = o, f{x) = x* + px? + gx + r -3 B FEH FHRE ¥ (zero of 3rd order) A
21 A,

8p* +27q* =09 p? +12r=0
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Y= 2
fix)=x*+px? +qx+r

WS, x = o, f{x)-a8 &5 o= 5,
flo)=f{a)=f"(ax)=0.

99, £7(x) = 4x} + 2px + q
f7(x) = 12x? + 2p.
flo)=0, f' () =093 f’(a) =0 (HF,
o +pal+qo+r=0 ... (i)
qot +2pa+q=0............ (i)
1208 +2p=0 ... (iii)
p=-6a’ q=-4c' +12a' = 8ct*
r=—o'+oo' -8’ = -3¢

294, p = - 60 9% q = + 80 TTE,

oYY ol
(_6) (8] an, 8p* +27q2 =0

QR p = 602 835 r = - 30t W,

('%) =3 qpF+12r=0

4.5.2 TANw)

n-YIE & I AR 17 FLTE, 193 (@A x-92 FEmITTR T 270 TS A0 71
2 3 4 TS f{x), TS G2 Fw AP @K x = a1, 0, O,

flx)~89 AW P, COA, o # ¢, 0, § = 1,2, 3,

o, o, | 99
At liw) @REo,i=1,2 ...,

N+ 1, f{x) 9350 TR TE AR, x - @, i =1, 2, ..., 0 + 1, f{x)~97 90 TeARE
SR~ X = Oy) o (X~ 00 ), %) 0T GBI Beoiwre Rvafire o | Reg, afb w4t

FEA T A3 f{x) 43 UE T n T f{x )07 B AW AT (@Me AT a7 M n+ 1 UL

A3 |
o n VIEYE Jom AR THNE n-97 @ ) ™S g 1)
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TriEad 2 x* — 4x% + 7x2 + 34x - 24 IO AR el 1, 2, 4 @2 -3,
4.5.3 Toisiiwg

MAMAF () =agx"+a,x" '+ +a,_ ,x+a",a0¢0&17q'\lxl> |+1WI3I i=1,
2, ooy 1 GR CE 1 )97 S SIS, 4 [agx®| > Ja X"~ ! 42,02 4 ... + 2
A QN Jax® L 4+ ax" 2+ +ag] < lafx[P= !+ JaglixP -2+ ......... +a,|
<fad{Ixi" = + X2 + . + 1}
Lolal <al.i=1,2, ... , nj
Slalll <lk|I| T x > 1
x| -1 x| -1

G, [ax" b+ agx? T % L+ a, | < fagx?)

%" .
<, Ia"Ilpill_l <laox"| = faolx]" @z x > 1
wefie W |a,] < lag (x| = 1) @8 x > 1

wfie 7t x| >

%:TIH @ TS (AETE WE|

W Ja,x" 4 apxt T2 + L+ af < Jagx”|
TRIZAD ¢ 431 UF f(x) = 5x* — 4x3 + Tx? ~ 2x + 1
ST, oy = 7, fagh = 5, n =4

Al 1221224
ip 5
¥ S x = 3,

B, |agx™ = |5x4 =I5 x (3)Y] = 405

e I A S +a) =43 + 7x2 - 2x + 1} = M43 + 73 - 2(3)
+ 1} = 51

I5x% > |-4x3 +7x2 - 2x + 1]

o 5x*> 14x% - Tx? + 2x - 1
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4.5.4 Tootiwg

AT f(x) = agx"+ ax"~ ' + ... +a, ag# 0

an . Fd
T, IXIslan"‘akl GRE o) @7 TE Jajf, i = 1, 2, . , N — 1 49T g FE,
T (ayt > [agx™ + a;x"~ U+ L+ oa, - x|
o 3

ToA 4.5.3 (GiF T QR (F q2omaiF,
anyn +a, yn_l + ..+ Y + e iy

lagy™ > la, ¥y~ a, oy i+ L+ oayy + ag)

a
Y, |y|2' k|+1, lae| = b 1o {la, _ - Ian_gl, ........ s Jagl, [agl}

Ian'

GR y > 1.

%, y:%aﬂmm R,

-i—'ﬁ- %‘f}—+-i-’;—__—§-+ ..... +ag
I [l +aa]
—r A} L
WS Tl
A, fagl > lap )X + ay %2+ e + ax" L+ 2px?|
Ianl
< el
A M R

U, Ja,) > lagx™ + a;x" L+ ... + dy _ X

lanl
Q4 |X| ETTT17
W< e
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THIZEY ¢ qF WD f(x) = 5% - 4x3 + Tx¥ - 2x + L.
G, gy = 7, lal = 1, n = 4.

a24q, |5x4 - 4x3 + 7x2 -2x|
=15 x (0.1 =4 x (0.1 +7 x (0.1 = 2 x (0.1)]
=0.1335< 1 = |a|

4.6 AT

L x*+3x2+ X — 5-(F 2x + 5 %191 SI% A SlFA G3IR SINTHT a3
2. ©ld GRS, 9F FECH x° - 2x* + Tx — 6 (F x* — 3x + 2 TR S5 FFA |

3. 2xt+4ax - 12x + 10x —5b+a, x - 1 ot [ASt&) A a @R b €F WY
AAE QI FA |

4. X} + 3px + g9 O3B VAP (x — o ReAR *$ fady w4 |

5. 3x3 — 4x*+ 5x + 6 T30 AMBE (x - 1)-a7 G T2 A APITI 2AM F250 |
NFOAE Sad=l ¢

I x*+3x2+ % — 5 @ 2x + 5 T3 o 321 WA 2(x+§]ﬁ‘mfﬂﬂ?ﬁﬂ

5
AATT ACHT HAOTE x5 + 3x2 + X — 5-(F X+~2~ e =is )

5 .
-5 1 0 3 | 5
_5 25 185 885

2 4 8 16

\ -5 3 _im | sos

2 4 8 16
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5
X4 34 x = 5 % X+ iea ool 3 St x3—%x2+%x—% TR SIS

805
16
G2 SleFeTS 2 T ©tst 9re AT Sistea #eT! T G2 ST Sfaafés Qe

3
§ x5, 37 177
Ao SRt = Y P e

805
16

gL SN =
2. oyE=x*+ 1, OMCIT = -2x2 + 10x - 8
(q(x)) (r(x))
3. a=h
4, 4p'+q*=0

5. 3(x = 1P+ 5(x =1y +6(x — 1) + 10.

4.7 2o ANFAS

ax"+ax !4 ... +a,a#0nSS 9 ILW M WA, n TSI IeAT AT I
ax"+ax" '+ .. +a =00 (1)

n

a,, a,.......a, el ATl S 2 (1)-3 T wilierd SmaE e wiwae
T 2R

X0+ 6X5 + 4% + 2X° + X2+ X + 7 = 0 96 6 o [FE 1o W |
X'+ | =0 93 391 RS Spreef 7¥eaq |
axt +ax"" '+ .+ a, a0 IR AR felie (1) AR Aw @t 2=
o, (1)-97 IS ==,

a 0"+ a0t L +a =0
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4.8 dEafarss (Hfe Tototwy (Fundamental Theorem of
Algebra)

fEtmie st Awfiaren (@i SAdm Tt AR
Al Twom ANTArR wEe 920 AT (A9 J FElE) U
TAAMIGA 2T ENGA SRITR €% TER Sees] s arfera

4.8.1 Botoiwy 3 2SS n T fAAY o HRAA NG G @FIANA 0-FRYF A (AT
T FIFEF) @)

R : GRNAE fi(x) =a,x" +a,x" +a,x"7 +.. .. +a, x+a, =0 ... A @I a,#0

455 n-are faf*8 Feom FUE9 |

997 Jeefires @fAE ToAm (0T, (A) 93 458 S AL €@ T=F o, (A)-9F

5 T, wdis f(o,)=0

o {x=o,) 9 fix)- 97 9F 6 TeAw |

T 1 AENTRR~IT N 9F6 (n-1)-are [T w@em [ £, (x) TR ACE,
f(x) = (x~ 0, } £,{X) s (A

oA, £,(x) = 0 9% (n-1) qre [ A7

CfErE Goioi T f(x) = 0 97 9 TS o, AT T |

IF TN AR £ (x) = (x = 0 ), FoX) oo (Ay)

@A, f,(x), (n-2) e R weom arf

43, (A), (A)) 9K (A,) TE,
f(x)=(x-o }x-o,) f.(x)

SR, QT FA n 4AT ST S AR

FOx)=(x—ot,)(x=0)...... (x—o }£(x).....(A,)

@AW £ (x), 0-Wre AR qeotwm wft
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udis f (x) 990 &<

43R, (A )09 TSRATHET  x" -4 S TAA TACF ANST T  (x) = a,

- f(x)=a, (x- a}) (x- (I.:) ______ e (x- un) SO ( - )

(B) € 1 AR, flo)=0, i=12,.....0.

g

s f(x)=0 93 o I o, 0,0,
F 2 FW TR f(x) =0 93 @ nHGT AT WO TR @WE S [ 2|

I T W @ IR, X=0, f(x)=0 937 7 wfeole A5, @O o, o,,...o, TS
femi

Sf(a)=0
44A (B) Te 7R,
aj(o-o)(e~a,).. (o-a,)=fla)=0

voay#0, o oo—o, 00, ., -0, 93 WH @G T (T G5 TeAWF
TR for W e, IR o, 0., ..o, oD fon &g a e, SR wEM
AW BeAMCE (@11 T |

o n-qrE g ofefl q2em AR n-1AE JT P 9K 199 @A IT YRTT AT
Ay

4.8.2 ToAm : T f(x) = 0 9T T AN T 4R x @ 9 R o, f-49F T
flo) f(B) <0 W IW@ o IR P93 WY f(x) = 097 WIS I A=t A

o (R f(x) ALY, £(x), f0) I f(B) 97 Mg wZo Aol T7 WIS G313
CTA| @R f(o). Py <0, fo)e f(P)Tm ¥ita @3 ¥ € WA s 3 wdie
0, f(a) 9% f(B) 93 Wy WIS | .., o, 97 IYFS @ T (T x 9 A f(x) = 0
TR U, f(x) = 0 93 o, f-97 W WS 9B Fer wiez)

AR : f(x)=x2-6x+8=0

£(1) = 1-6+8 >0 9% f(3) = 9-18+8 < 0

o 18R 3 03 W f(x) = 0 97 30 et wr | =B, £(2) = 0 6K 1 <2 <3
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4.8.3 Jrera ow HTrE s -« famw {Descarte’s Rule of Sign)

f(x) = O FFIT AT TS 70 KA f(x) T2 AR TR % Afaermm Ama
HH AN TR MY T (99T (ERRATE W %49 |

f(x) = 0 TN el Aot T KA f{-x) o FMs 071 bz Aféredrma A
A 209 WA O (ATF (FC FUE T LA |

4% s e Qe agfe @t i)
Tt xt-xP Fx+3=0
o9 ey agfe fadfa aea)
YW 9T, f(x) = %6+ xP - x7 +x + 3
f(x)-a7 w0/ ores Rl @

+ + + + +
fix)-43 205/ forza @me wAfiata gaf)
L F(x) = 0 49 @Iy e (@2
f‘(-—x)=x“+x4+x3—x+3u‘l§ﬂq9ﬁfﬁ'@ﬁﬁﬁ,

1 2

+ + + - +
947, B gt Wm ofFREa k)

f (x) = 0 97 LD INMGE AT et 2. adie, fix) = 0 FAwafGd ITE AEFI

AN ZE 2 A0t AP f (x) = 0 49T (W6 T Wk 6, o A6 FHWE e 7K T8
41

% o TN (1), f(x) = 0 TR 9 N wyewm a+Vb TH, T3 A
T wa a—vb, f(x) = 0 9% G0 @3 I g

(2) £ (x) = O TSR 450 AF a + ib, @NE, i=+/~1 T, a—ib, { (x) = 0 97 G*>
975 AT A

(3) GITETA B2A2W (Rolle’s theorem) : I £ (x) = 0 FIFAI-9F #1797 16 e area &
o.B(a<B) T, C@ £ (x)=0 TR TS 9F0 Jer IWI TI ¢ (o, f) 93 T4
YR |

(@mer@ T EMT-01 9%41)
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4.9 T A AGF AT ATH

0 IFE a4 x"+ax"+....4a, =0 (1)

n
a, =0
=G n-wre "R T |
Totomi 4.82 (LTF W4 AW (1)-99 n-b T wwm) @@ e Peral, o), 0,
coagx"+ax" '+ a,
=a,(x—0, ) (x— 0, ) (X —-t,)
n ] n—1 a'n
q X +—x" 4+ +—
al': al'l
=(x-a)(x-a,). . (x-a,)
n a n— n=2 n-=
x" 42 gty Lty I P
dl au an an
=x"=Y ax""+ Y o oLx" 4
(1) Y 00O X

So-t *

Y oo, e, = (=) ) (A)

a
U0y o, =(-1)"2

an J
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(A} 251 1-99 I 493 AZLoMG W AOAF |

TATER TR (TE (R, T (e AR BT el AnE SRt dRiaadfs fady aa
73 |

W AF, 4 ANFR JWCH o, 0, A, i FEH T

s Oy o O, AT FRFRAT A

X" = Y oX" Y o X (1) Y oot o X
o H-D"o 0, o, =

4.10 =ffes wToPF% (Symmetric Function)

aifaE s srome eferm e g ¥ worsER @ (eme q s g
faferra Fam et wefEafes o=

A, x4y 423, xy+yz+zx SO 2OHN WS

4.11 F=dS® (Multiple roots)

x=0-GF f(x) = 0-49 r TR IR 30 TR A’ (x—0)", f(x)-97 975 FeoAwas 2
adfis £ (x)=(x—o0)" ,0(x), FLE $(e) =0

4@, f(x) = (x—0) " {r. o(x)+(x—a). ¢'(x)}

A f(x)=0-97 x =0, TR TR A £ (x) 9K 7(x) 43 TGRS TEER GeoAres w0

(x—o)™

4.12 ANTACE FNED (Transformation of Equations)

61 I 47 ANFR (FEF T, e 97 ForefA o (21 999 @ @FEe aF s T
e T 79 IR el ave TRRArR ITai| W 9T FEE WAR @ AHfLCe T
FEHfs (@9 T A ONIT ANGAUII TS 1 TR

THEET 1 49 TE

f(x) = x"+px" " +p,x" 2. +p, =0..(1)

HAewred TSR o0, 0, 9% 979 gefb T 99 e T TeeH wa
“10‘{‘ ‘“U.-: ............ 1N

n
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F%, (1)—a A 2,
n n-1
(,_y__) +p1[l) Frereenns +pn_1(i)+pn =0
m m m
A,y +mpy '+ mipy e +mtlp y+mp =0.... (2)
()7 Az Foolt T mo, ma, .o , mo, |
4.13 TrRadEet

BAETd 1 x* — 2x° + 6x2 + 22x + 13 = 0 @9 935 T 2 + i3 = S Awal T
PP |

TR+ BT x4 — 2x3 + 6x2 + 22x + 13 = 0 FRACR Aeoean 4

TRAE 2 + 31 926 A% W 2 — 31 AT 6 NS )
(x-2-3)(x-2+3)=(x-2P+9=x2-4x + 13

x4 — 2x7 4 6x2 + 22X + 13 = 0 97 TeoiwS A |

_ X4 - 2X7 + 6X2 + 22x% + 13-(F x2 — 4x + 13 a7 w9t 3r wdle Roteq afdFag smmm
#jg :

1 -2 6 22 13 1 -4 13
1 -4 13 1 2 1
2 -7 22
2 -8 26

1 —4 13
1 —4 13

P2+ 2x+ 3=+ 2x+ 1) (P -4x + 13)
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*e AN A Nomy 2@ x2 + 2x + 1 = 0 Hoaq |
x? + 2% + 1 = 0-99 Jefd -1, ~1.
o ox4 - 2x3 4 6x2 + 22x + 13 = 0 9g el 7eE 2 + 31, 2 - 3i, -1, 1.

TAlREe 2. x* — 3x* - 5x? + 9x -2 = 0 &F <3 V& 74./3 T, IN Twef K
T |

AL ¢ SR @ 0, /3 9 T 7E o _ g3 Ok @3 T =)
o(x =2 +43)(x-2-43)=(x-2)* -3

=x2—4x + 1
X2~ 4% + 1, x* = 3x% — 5x2 + 9x — 2 97 <6 TeAWT 2|

1 -3 -5 9 -2 1 4 I
1 —4 1 1 i -2
I -6 9
1 -4 1
-2 8 -2
-2 8 2
- Reem ofEFnm (S aemaEm-ag) T

XV -3 =524+ X -2 =(x2-4x+ D) (X2 +x-2)
Loxt = 3x% = 5x2 4 9x - 2 = 0 @7 > Fwefe,

X! —x — 2 =0 Iw A

xX—x-2=049, x+2)(x~-DH=0dW x=1, -2
soxt - 3%~ 52 + 9x — 2 = 0 9T ATeH X,
2443, 2-43, 1, -2

Trizadt 3« A &,

FANeRdia @A, a, b, ¢, ........ , ¢ AW 43R ufew, @ T s 7R
Ty % S 5T 49 IE o + i TNefd sl T
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TOGT o ~ iB-8 ANIABT woig 93 T 4|
A’ B’ C? 5

°-°a+iB~a+a+iB—b+a+iB—c '''' o+if—¢
=0+ i ~m

................... (1)
A? B? C? L’

TR a<iPp-a o—iPp-b a-ip-c Ta-ip-z
=g-if-m

................... (2)

(1) 93¢ (2) =T,

Al B? _ C? 1?
[(a-a)-’- +j? +(a'-b)2 +p? * (ce—c)? + 2 e +(0L—£’)2 +p?
3% AT I W@ B = 0.

A B? L?
. +
Xx—a x-b Xx-F

A TS TR A 73|
Tatact 4 ¢ oIS T WP X + 2x2 + 3x - | = 0 97 Jwelm ofs fcfa
>3 |

A
47T f(x) = x* + 2x2 + 3x - ]
f(x)-43 7zraa forzs w1,

+ o+ o+ -

f(x)-a3 5zrea Brze aofb wia s =)

o ISR T fi(x) = 0-99 I 4RI TS LR G, TACH (SIS AL FAC |
5% G (@T AT I TSR (12, IR G f(x) = 0-97 GFB WG LA e K|

fl(—x) = x* + 2x* - 3x - 1

f(—x)-9 R Bz AR,

+ + - -

QARG Bz «iffada M 9|

o f(x) = 0-97 3 e A JA 9T |

f(x) = 0-99 WG Jemean 4.

<. Pl ee@ PAou AR =4 - (1 + 1) =2
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Ttz 5. x* +px® + qx¥+ 1x + s = 0 97 AT op,y,6 T I [y T4
) Ya?, (i) ¥ a?p, (i) ¥ a2py, (iv) T 2B,
V) Tapy?,  (vi) Zé, (vii) ZO%B, (viif) Zﬁ,
YA @EP a, B, 7, 8, x* + px? + qx? + X + 5 = 0 AAUDF oG e
S Ya=-p, XYop=q, YoPy=-r, ofyd=s.

M To’=(Ta)' -2Faf=p’-2q

(i) To’p=Y o -YaB-3F opy=-pq+3r
(i) ¥ o’By =T o T ofy-4ofys = pr—4s

(iv) 302’ =(Top)’ - 23 a’py—60Byd

= q? - 2pr — 4s) — 65 = q% — 2pr + 2s
V) TolBy? =(3 afy)’ - 23 0By
= (T oBy)* - 208 0B =1” - 2gs

Logl_Zopy_ r
(vi) Za_ offyd s
oy _XoB g
Vi 2(1]3 of.yé s
1 12 1 r 2q
= — | 2y — = _ 2
(viii) Zaz [Za) ZGB 2
_r2—2qs
SZ
TRZAA 6. X" + pX*" + DX e, +p_ = 091 ez
Oy Oy Ohpernrnrnnns , o & W ot w5,
e O o, + o>
O T, (i) T—2-, (i) T(a, —op)a 0.0,
(1(22 (110'52 Z( | 2) 3 Y4
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3 1
W Ty =Y LTy

oy oy’

=(ZO¢3-ZG[-E&12%){(ZGLJ -2 ! }—Zal

1 0‘10‘2

B [{(Zal)z "‘220‘10‘2}'2051 -(Zoy- Xoye, —32%0&2&3)]

i

2
[(P12 -—2P2)'(—P1)—(‘P1 P2 +3P3)]X[ppn;| “2E§ij|+p‘

_ ;1_2[3;@2 =P’ =303 )(Ph-1 ~ 2PaPno2 ) + Py

n

(ii)Z—m'2 oy’ _ E[ﬁ+ﬁ]

=30 -y-—-n
1
_Sa, 2Oy Oy n
0y o,
= (—Pi)(iu] n
Pn
_ PiPny n
Py
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(i) Y(o, —a,)? alald. ... ol

2
2.2 v (0 —0y)
={o 0, ...... o R
( 2 n )Z o207
2
1 1
_L2v b
Pa Z(a[ U—z)
2 n—1 1
= ._2 e
Pn [Z o Zalaj

(oo, (o, — o) SRICE (n — 1) IR AP )

) 2
2 Pn-g Pa-2 Pn-2
=pt (n-—l)-{ -2 }4 }
[ Pa Pa Pa
=(n_1)pi-—l _znpnpn—2‘
TWERs 7 : %2 — gx + r = 0-93 =l o, B, v

O T T O T T
toaT ot TR

— .o :
C(.z BZ ,YZ [_)’2 ,Y oy (12 BZ

-4 Alead Rfy 77 g2 AN ([T

1 1 1 1 1 1 1 1 1
& g g e e
AN
@Eg o, B,y x*-agx+r=0.... (1) THTgafoe A5
o Yo=0, Yap=—q R afy=



132 1 2
= — _2 —_
(Za) ZaB v?

of ? Yo 2
2)-5

oy offy v
9> 2
2y
i_ﬂi _qz—rzy
. Yz 2 y o2

2 2['2
¥ =, )

q> -1’y

Y (1)-43 F&

S —-qr+r=0

A P -q) =4, %2 - q)P =1

2r? [ 2r? q}z_rz
g -r’ylq* -rly

A 2{2r* —q(q® - rzy)}2 =(q°- rzy]3

ql, 2{4r‘t - 4r2q(q2 - rzy) + q:"(q4 -2q%r%y + r4y2)} = {q6 -3q*r?y +3q%r'y? - r6y3}
A, oy + gt - 3g7Yy? + (8r'q - 4g*? + 3¢y
+ (8 -8¢* + 2> °-q¢®) =0
[, oy - gty + Briq-q')y + (g - 8r%¢* + 8r') = O

o — '+ (Bl - q'x + (g° - 8% + 8r)Y = 0O
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im el sleaa a1g Sioafm

| | | | 1 1

__+_—“-‘-__—_ a7 _—lr_-_T'l T 2

]
o By By o Yook f

s
(X: B: ,YE ﬁ] f_,YE' a: ,YZ a? B'J

_8r°q’-8r* -g°
- I3

T

THIZRAD 8. M 4 4 4% g 4+ k = 099 BT WEM AR T ATF, ©@ GEA
0<k<3
AL
A9 T f(x)=x* +4x° -8x* +k
£(x) = 4x* ~12x* - 16x = 4x(x* + 3x - 4)

= 4x(x+4)(x-1)
L f(x) = 0 AN Jweli 4, 0, 1,
497, f (x) = 0 o9 fom 97 Tweld o, B,y,5 26, @F-9T TANTGT G 0 AW
—xe << —4<PcO<yY<l< <o

R @ fx) = 0 9% TwoR o, B,y,8 97 IEH IMFW (- =,—4), (=4, 0), (0, 1)
4 (1,ec) -7 T4 |

X —oc —4 0 1 o
f(x) + k-128 k k-3 +
o k-128 <0, k>0, k-3 <0 A

wdle, k < 128, k > 0, k < 3 T

- 0<k <3
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TR 9, x' = 3x+2= 0 FAFIR TR fiefn =
AN
A qE F(x) = x-3x + 2
s P (x)=3x*-3
&4, £ (x) L3 7 (x) a2 Ny Ay e Beaws A fdn = —

X' —3X+2-(F 3x" -3 @ we i —

| 0 3 2 3 0 -3
3 fE v w@ 3

1
3 0 -9 6
3 0 -3
-6 6
-6 e =1st == 1 ~1
3x2 - 3 (& x-} @G e —
3 0 -3 1 ~1
3 -3 3 3
3 -3
3 -3

m F(X) 9% F(x) I3 T ST AR BeoAws x - 1,
- f(x) = 099 | T2T @I FW 2,

SR 10, A xt + px™l o+ px™ + L+ p x + p, = 0 AR Al
[0 0« SO Lo, W SE, M @&

(o + (o +1). o, +1)
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FANYR
(TRE Oy, o,y o, ove NS ez

TERR "+ p X" +p,x" Pk p x+p, =(x-o ) (x—0, ). (x-0,)
a@ x = | 4% - D (i=V=1) oten W

(i-o ) (i-a.).... (i-a,)

=" (I=patpy—. J—i(p,—ps+ps—... ]] ,,,,,,,, (1)
(—t—a){-1~0)........ (-1—~a,)
= ()" [(i_p:+p4_ ''''''' )+i(P,-’P;+p;--,.-.j] -------- (2)

(1) 432 (2) &9 40 %

I ox? + 2% = 5x2 + 6x + 2 = 0 @7 9B [w -2 + V3. ATTIB AT el fdy
AT

(FVFS : 413 THEIA 3-97 MO VG : 2 +/3, 1+4/-1)

1 2 3 4 5 _
2. (WA, + + + + = 6 WA (@FHe THEE e FHE
x-1 x-2 x-3 %x-4 x-5

(FITFE : 4.13 THIZAY 3-93 el 1)
3 REIET TR, x4+ 15x2 + Tx— 11 = 0 FRACE Ao aghs el Fa)
(RGPS : 4,13 THIZRY 4-99 (o] | TER 2 W —1 WG -1, FEWE -2)
4. xt-pxt v + x + s = 097 ol o,B,y,5.
W et a=mm,
o

o 2 2
0 Yo'p, @) Do, i) Z&E (iv) E%‘ ) 2 g

TG $ (i) p°q - 29° - pr + 4s, (i) p* - 4p2q + 2q° + 4pr - 4s,

.. qr’ —2q’s~prs+4s’ : r'-2qs
i X.—24 Zz S W) %5-4, W) (p°-2q) = £ -4
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S A% . By, 8, x1+pl+ql +rx+s5=0 a3 AE TF, Py + o, yo + B8, oaf +8
I g9 ANEd [T T4 @R G QS
(o + ) +y)(o +8)(B +Y)B+8)(y+0)
&7 A fadfg 3w
[ ARCFD 40, A =fBy+od, u=yox+B3, y=af+7d

AEEReG ¢« - qx’ +(pr—4s)x =1 —4gs+p’s)= 0
(+BRo+y)=A+p, Tof|
s (o PO+ Yok B)P+YIB+E)(y+8) = (A + I + VIV HR)

6. x*— 3%+ 4x? - 5x + 6 = 0 FEeAEF ATeH o,f.v.5 T
(o +3) (57 +3)(v +3)(87 +3) a3 W Fefa =211
(YT : 4,13 TR 10-99 W01 x99 T3 | 99 ~.f3 ] P TG : 57 )

7. @ faare e 1 AF 1, 34241, OF AR ey )
(TE@sxi- 7% + 19% - 13 = 0)

8 @MW x? — 14x% + 24x - k = 0 AR JoelH TN, AT €@, ©OF@ ¢RF 3@
8 <k <1l

(ATFD : 4.13 Twrzae 8-47 W)
9 x* - 2t - 2% + X2 + Ax + 4 = 0 AR IS fAf T |
(AUES : 413 THZAY 9-9F o1 TR : 2)
10.x7 + px* + g2 + rx + 5 = 0 AN ST N4 NER 7 TSR A€ fef7 a1
(1) Fref@ wrired A4RETE WNR |
(i) @ @FWe T T 7w ¢ s Bege |
(iii) el sterea asfers @ |
(T -
(i) p's = 17
(i) pgr - p°s — =0
(i11) (36q-11p~) (4q+p?)= 1600s
AR p’-4pq+8r=0)
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4.14 e

qesim e @ 2 ax + ax™! 4 a,x"Z+ |+ a WREGE n-9Ie-q 2o Zif =
A AW Ay, A, a, I HTT, a,#0 @a\af%ﬁ?ﬂmx«ﬂawmaﬂﬁmr

2 {Sowm af@Fm (Division Algorithm)

f (x) 43 g(x) 46 I2A% A, T TNFE 1 9K m, m<n. 9w 7 v w@ow
e g(x) 93 1 (x) “ET X, IS

f{x) = g(x) . q(x) + r(x)

GIX)E9 9O n - m IR r(x)49 € < m
.Sl BATWg ¢ Tem F £ (x)-(F x-h 91F T FIE ST A f ()
4 (BEE TUAAW 2 AW f(x), n 9CSA oW AW TW O@, @ @RE h-9F T

L

F(x) = £ (h) + f(h)(x~h) + ——< f”(h) (x~h)* +

_________ L) PR
n!

h

oW [ AT ¢

o ~(F T2 I F (x) 93 % 37 Fie qe 7 AW f (o) = 0 =W

6. TR : x = IR AR f (x)-9F  r-OF %y I I 9R 9F W T
floy=1f{a)=............. =" () =0 9% ()0 I

7. TAAWT : n-TS TE I2oW TR M AR 143 (@ x93 FEawITTs &) ) 209 it
ol

8. VAN 1 f(x) = ax" +a,x""+....+a_,a, # 0 T, ’XP a |+1 (R, |a, |47 F14

[+

la |, 1=1,2, ... , n 47 W A, LA

9. TRty : £ (x) = a,x"+a,x" "'+ _+a_,a,#0

a, P
a9a | x| < 1 o TG (a8 T a1 =1, 2, e, el 08 S0 T,
T4
la, [> 1%X" +ax "+ +an_,x‘



10, T35 FRFA4
a,x"+a,x""'+. ... 4+a_ =0
n-YTCY ILAF AAFIE I W

1. Fwafarsz (e Teotawg -
afet FTafifes Fiwrig ave I N (IeY I FHWS) I |

12 ooty : 2B n-are RS T2er FIRemen T YR @RENE nORYT AT AL

13, Botetmy « £ (x) = 0 oW SRR, A £ (oe), F(B) < 0 T O £ (x) = 0-47 TBT 4D

AT o 9K P-99 WK LA

14 f (x) = 0~47 <35 F@arpH o, Ao wpm e f(x) = 003 &3H I
A

15, £(x) = 0 93 930 7 a + ib T, 2 - ib Ve £ (x) = 0 97 AT LI (AIMA a, b AL

a, # 0-(F

G 1=4-1)
16. F1zs & RrEd A€
o, Oy, o, anx“+alx"l _________ +a =044
n
=, - al - a:
B, o, =-—, Z(IICI.J - e
1=1 4, [ ar;

17. 32A% : x = 0 f(x) = 0 9% r FHREY AT I 7@ W x-a ), £ (x)-97 4T
TeAwE T

4.15 g opier

1 GRIF @ x4+ ], x + 1 a9 Reey 73 399 0 S g9

2. %%+ 5%% + 3x T2AT TNE x—1 9T MY AIPT A |

fd

Sl EfE-aT TR x3-23+7x-6-(F x3-3x+2 TG G T |
4. & I axHbx+e, x2+ px + | 9 oren 7@ af, a?—c? = ab.
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AR @e FEae Fe T8
6. C(‘B,‘\", x‘;+qx+r=0 FﬁW‘H %1

B
Y
7 xY - 6x3+ 12x2 - 10x + 3 = 0 ANTH T2 ey = |

o

+—, =+

59z ANF fAefa =1

W1
(4 4

Q |=
< |8
Q|=

e

8. x* +pxt + g+ x + s = 093 T o,B,7,8

W fdfa o

Q) Y o’B, (i) Y, By, (i) Z%E

9 oM @A x* +x3 22+ x—2 =0 FNTACIT TEOATH GTFT! WS AT AN

10, ORI QR 27x7 ~ 48x% — 12x + 13 = 0 4% 40 4196 IF (0,1) @R (1,2) 4% MY
TART 49 (ITHE THWE G TR

4.16 TERA

b2

(=19 5(x=1)% + 15(¢-1)3 + 25(x~1)2 + 23 (x-1) + 9

3. Owd = x2 + |, ST = ~2x2 + [0x - 8

&

Py’ + 30y + 3P + @)y + (P +2¢Y) = 0

7 1 430 |WAT @R FN 3. GG (B 3

3ps—qe

o

. (i) 3r - pq, (ii) pr — 4s, (iii)
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@Fs 5 U faare ¢ vodie AT

oo
51 2@t
52 SrRdT
53 fawre wliwad

54 e wfiead e wRiE HASd
5.4.1  wwAd ey aa Soofs ey swliteacm Jnom wwwm 2of
55 I e
56  YBIGTE SHIZAY T SR SR
57 ooHe W
58  bodio Fume FRTANTE 2 WAFTE FOMGI
59 oy TRTAR T Rl
59.1 SHANAR oGS
59.2 TSR 1R
593 cwafdg e
510 VRIGIE SHrgAd MR G SRR
511  FRre
512  FE0eR eprS
513 Tewat

5.1 #FHE
WA 9113 A 4R ARzt e 0% SNTETo 20T | Rre FEeaeR STy Aafee
AT GRS | @2, FIRS ok e IRy wuiyR o5 arbe 3|

STRYT 8 LIS I i) g a3 Fafem sifliaer s @i 3% e oy faere ¢
Fedie s Fvan ewrgel| @2 s @ wfiwacaRE TaaEs iy Rew )
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5.2 Tty

G2 9T o113 At WA (@ Rael ware e orels =,
® (@ (T faure ARMTANT FGIHY ~%lers Tym g Ioralz o Tare o)
e @ (FFe ST AT TIANIT, (FATST, (TAMIR ~afore Sanam &3 A

TR QTS TR LA |
5.3 faare afisad
fomare & quem ASRTE faars #3eae 3 23 | f9are FEaeR AR wE
ax' +3ax*+3ax+2a,=0.2,20 ... Q)

frere AR foalb Ao wirm) ARy WM Gk IS AT @O (HIOR WS, T
el faare srifaarr <3 AR Jom e Az | fadre AR 93l I3 S T
g faetee ofaar o3 favre Ieom 3 ohew AR, IR TeEr IR TR Al JETE
ST WIE |

Tea cFasfre (1)-a9 Twrel @@ w1 Tmw s—

(i) Ioref Py gafere AE,

(iy el wreren esfers o,

(iii) el Rofe aafors ww,

(iv) 7% A @ g g,

(v) % I vree g9 T,

(vi) *iG Ve SIS T AR, B |
TR AR Reig crasfare Se i #efs wifes g
() ol e 2 e s
TR ¢

4x* - 24x? + 23x + 18 = 0 TR0 Avrafd TET weifere AeE Aoz fada 3e |
TR @ IS AT a -, o, o+ B

AT € TSR TAF (T,

(@Bt @B mans
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5 5 19
2-2 2 242 q,-—. 2 —
p 2ty Ty

5
SEK B=—5 €= e

5 5 9 1
2+—-,2,2--49,+,2, ——.
2 2 4 2

iy ImelH o oo A ¢
Tz
275 + 42x? - 28x — 8 = 0 NN Aol arere AT AT Erafdt Fefa 3= (
UL 3

&1 s el E, o, ap

B
T & S TAF (T,
o 8 8 2
d = 3_ % a=2
BaaB 27 T, o = [, o=
433 E+(:z+cx[3 -8
B 27

1+8+p ) 42 _ 1+B+p° 21 [ _2
Eﬂ’o{ A ]' 7 B 9 * ]

164



A, 982 +9B+9+21B=0 7, 3p*+108+3=0
W EBNE+3)=0 B3 e et

2 2
T, f=-3 o3 e, 53 2

T4, B:~1 o AwalE, 2, 2 , 2
3 3 9

(iii) A e avfire g @
TwrERst

" 81x* — 18x? — 36x + 8 = 0 ANFA Izaf ReFre 2ofere UE v@ FefA fd
T |

FATHR &
81x - 18x* - 36x+8=0 ... (1)
1
(-4 x=— P,
y
8y' - 36y’ — 18y +81=0 ... (2)

a9, (1)-93 Freraf@ fedre asifere IR (2)-97 Jvald Tawa ofere AR
I, (22 e o-Poa, a+f

36 12 3
30 = — m,a=_=u
8 g 2
. .y 81 3(9 81
&% ofo’ —pF)=—— 7, =| =P |=——
< ofo’~p?) 8 2[4 B] 8
9 ., 27 . 27 9 36 6
A —P=- A, a2 et
4 P 4 p 4 4 2
=%3
T4 B =3 37 (2) 97 Mol
3_3 2‘14..3 m, _.3_,.1,2
2 22 2272



arera, (1) 95 Fwefn -2 22

3'3°'9
T, f§ = -3 e (2) 99 FwelH

3., 33 9 3 3
T43,2,2-3 q o, 2, -2
2 T2

2 272

x} + 6 — 3x — 18 = 0 NNFA Aol G @ @ 70 @ 19 F erafd e
e |

HATHH 3

& a, B,y ¥+ 6xE - 3x— 18 =0 TR IGAq, @A +F=0 ... (1)

444, o+ f+y=-6 LY=—6 . (2)
off +ay+ fy=-3 A of+(o+B)y=-3
A, ol =-3 (ca+P=0)...... (3)

(TR, offy=18 A, af=~-3 (- y=-6))
(1) 93 (3) FLH TP,

=143 S P=-0 =F3
- dwdmEm, V3, -3 ,-67gq, -3, V3 6.

(v) 9% e iR 1T 2
TwZAd ¢

X} + 5x2 + 7x + 2 = 0 AR 6 SR eawE o3 = Awafa Pdw e
AL

@AF, P +5x2+ Tx+2=0 93w a, B,y @, o f=1
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a4, afy=-2 Ay=-2.... (2)

AR g+ P+ry=-5 Moa+rP=-3 .. . (3)
(1) @ (3) FNYW T,
=314
2
JU a_—3+\/§ ﬁz 2 =2(-3_J§) =’3—J§
T 7 —3+45 9-5 2
-3-45 2 2(3+45) 345
W, o= . ﬂ:: = =
2 —3-45  9-5 2

(vi) w15 e ST 595

TR 3

24x} - 14x? - 63x + 45 = 0 Fheeda ¢ Acera o 2 7o Aerafr faefa e
NI 2

AR AE 24x° — 14x% - 63x + 45 =0 A TTSF o, B,y |

SN %=2 A o=2 .. (1)
14 7
O+ = — = — —
B+y YRT 3, 3P+ D )
. ) , 21
afp+oy+fly =—=— ==— 9@ 2" +3Py=—— ... 3
B+oy+fBy v o B* +3fy 2 (3)
]
(2) % () (T, 567 - 14p-21=0 = p=> €% 7
B=2 wm, 0= aw o y=r-2222
4 7 TR T 4 3
Bt T, =t RO, Yot D=
2 T T2 2 T2



Wﬁ, UB‘Y-_-'iS" .......... (4)

24

25 .
a=-1, B=——, V=15 @ < o I

3 3 5
xX=— = — = z A
5 B=7. =7 R FEws,

R S - —%

2

o w

bW

5.3.1 93-a7 T (e ¢
QAT i =x
axt=laxt-1=0. . 4))
aft 4= faare o=
aforE Termrs fafrs @ 22
x-1D>+x+1)=0

x=1399 x}+x+1=0

—]i1}1—4 ~1+i1v3
WA, 2+ x + 1 =0 (AT 242 x= - = V3

2 2
@A = -1
~1+143 ~1-i3
(1) 93 Ferafa, | +i3 prrgal W3
2 2
£ % Al 1-97 T |
'&W?Iﬁ?coz_l-;‘ﬁ 4R,
\av,m:=1—3—42|\6 =—l—21J§

o 1 g3 feals e ama TRes 1 1, o, of TH, @ + 0+ 1 =0 9R @' = |
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54 faare A q(Faes e SR F1€T (Transformation
of a cubic equation to the standard form)
T AR AR TP T —

agx’ +3a,x? +3a,x+a,=0 ... (1) a,# 0 9 G FAFHHTE S G G HFT

wﬁﬁcmmﬁﬁﬂwﬁﬁ(wgﬁax 76 *f5) TaAfRe URE | (adis x? g% HIS 4
)|

AFF[ YA AFy=x - h AP, x=y+h
sa(y+hy +3a (y+h)y +3a,(y+h)+a,=0
A, ap( ¥ + 3hy? +3hZy + W )+ 3a, (y? +2hy +h2 ) +3a, (y+h)+a, =0

A, agy’ +3agh+a,) y2 +3 (ah? + 2ha, +a,)y+(a,h’ +3ah? +3a,h+a,)=0...(2)
G, B-(F AN 40 R MY, agh+a, =0

A, h=-2t
an
=3 AR, h=— 2L a7,
a
azﬂ a’ aa’ _a° _aa
a,y’+34a, —=-2-—Lta, py +4-—1 43131245 1 =0
a, 4y ' A, a, a,

2 2 3 1
a a —-a a Ja.a,
41, a"y3+3 —‘~——2—‘-—-+-a2 y+ ——!,—+3~—'7—«—‘—-+a3 =0
aﬂ a4y au- an.. a{l

2 3
a, y3+3 a.a, 1a-| }"l"a” a, 3anajla2+2a1 =0 .. (3)
afl all

()99 Fafd o, By T (3) 93 el g 0t+ I3+ +=L

(DTS, 0t+B+~(=—3;a‘— ), ﬂ=—%(¢:}:+B+1r)

a(l 1]

- (3)-97 qwreld o3
3(2=B-y), S(2B-7-a), (2v-a-p)
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44 % ATGEE 2, T @9 T T Tl Ml T,
z' + 3(aua: - asj) z+ (an:aa -3a,aa, +2a13)= 0

A, 22 +3HZ+G=0 .....o..... (4)
@A, Z=a,y, H=a,a,-a’

. , ;
4R G=a,a,-3a,a,a, +2a,

(4) a3 el gw

S (2a-B-v). % (2p-y-0). % (27~ -P)

-~ (4) A TR TF faare ANRRe W% SR (Standard form) |
5.4.1 =t faare Rearm Area TwEa TME wiead s
a,x’+3a,x’ +3a,x+a,=0 ... (1)
4% 439 qwef a, B,y

il e Fonefas T e T

. 3H G, _
Y +a”:>’+;-0 ....... 2)

= 2 _ 2 3
4N H=aa,-a,", G=a,’a,—3a,2,a,-2a,

a | a
% T Aol g o, =0k 20, b=t n=yHE

a, 0 "

AT, 0"1"61 =C(--B, B; ”'Y|=B_'Y Yoy =EY-a
G477 TR, (1)-75 93 (A (Fie 76 543 T (2) 93 G2 G AT T8F 93 HIH |
2)-47 Izl o, B, .7,

49 T 2=(B| —T|)3=(B| +'Y|): "4B171



a0, +4 (-G—_;J—-a]z=0 .......... (3)
a,

- a,, (293 o=f T

;s 3H G
a +—y o +—=0 (4)
3 3
A9 (3) B (4) (UTE AE, (-ﬂﬁz}a, = —G
ﬁu a,
3 3G
A, o, = G = ;
3{3I—[ ) a{,(3H+a[,'z)
a, "3 +z
g
3
(4) 74 1, =—=~——(3—¢-u o g,
a,.(3H+a.,’z)
27G* 3H 3G G
— +—=0

a,,"(3H+a,,lz) a ao[3H,+a:Z) ag

A, G3H+a/'z) +9GH(3H+a,’z) +27G =0

T a2 +3a,'2 - 3H+3-a,°29H +27H" +9H(a, 2" +6Ha, z+9H ) +27G =0

3, a,'z’+18a,'Hz’ +81a,’"H 'z +108H’ +27G* =0

T Z 1
a, a, a,

6% sl wifeger

24180 . 8IH + 21 (GF +aRY)=0 . (5)

82 (o= ) (B-1) (1-0)' == 2H(G° +a)

K (a-BY +(B-7) +(y-0) =~ 101

a'II
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4 (R = faore wiezdfe vl ogfe o w1 @am—
(i) G*+4H® > 0 A (1)-493 76 s AT YR |

(i) G?+4H' <0 93 H < 0 77, (s oz e (5)-93 e 3eieRe e L1
1 ST (1)-97 AT BT 932 W

(i) G'+4H' =0feg H#0 % (1) 93 @ @e 4o & AR 24}

(iv) G* +4H' =093 H = 0 TA, (1) 99 I fonfo smm 3

Tarzae s faure w12 + 62 + 9x + 4 = 0 ¥ I ol fady =4
Wﬁﬂzﬂw,a(}:],a, =2,a,=3,a,=4

2
2 T8

YA, H=2a, a
493G ~ a,%a, — Jaja,a, + 2a°
Hx13-4=-1<0
G=14-3123+28=20-18=2
G*+4H' =4 + 4 (1)
=0
A, G +4HP =09k H=0

Tea x* + 6xF + 9x + 4 = 0-a3 AeraH A 43¢ G AT )

5.5 <IOF *&f® (Cardan’s Method)

faare srReer Marme s fiare Fearr Rien afon s srowg ~mfe wremn
41 T fare e ax* +3a,x? + 3a,x +a, = 0,2, %0 ... (1)
(1)~4 z =3 x + a, TIC foure silimafb Mvz AR o Fomefre a1
22 +3Hz+G=0. .. . )
QU H=a,a, - a,*
9K G = a’a, - 3agaa, + 2a,°
S99 431 TR,
z=u+Vy

2 -3uvz- i+ v)=0... . (3)



4

(2) 9% (3) T ITH AR,

uwwv=-HaR vy +v=-G

v -y =\/(u3 + \/3)2 -4u’y’ = m
" =-;~(—G+1/G3 +al)

a3 v’ (—Gw Gz+4H“)

1
2
|

1 : 3
a3, o -G +4/G° W g9 € 9 1 OF, u-a3 NSl
‘EFWF{{Z( G++G° +4H )} (@ (FINE GFD W T u

AT o, o, ey (AT 0 Z5 109 T oo |
o uy = —H, . u~9% W S
U-aF WAGfH ZT INE

1

H —o™H —oH (~o’=1)

o o - o
H - . OH
T -9 el TR, o-—, um—i‘lﬁ 432 0 ———
(4 o o
EFE x-I% TS Z(R,
) H 1 o’H
Ju———-b) —[ WO - ~b
al  « * a o

l( . oH )
8 —|woa-——-b
a o

W G2 + 4H' < 0, ¥ T, G2 + 4} = - k?

T4, U’ =%(—G+ik)‘ v? =%(—G—ik]

k .
431 T, -§=rc059 UER E=rsm9 (FH, - x<B <

“ u'=r(cos@+isin@) 4K r?=-H?
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433, f&-NTE[@ (De-Moivre's)-F BAYAW (A, u-a7 foalt = “rear Im—

+8 .. 4n+8
i/?(cos%-fisin%)ﬁ/?(coszns-i'g+isinzn;e],i/;[cos‘msB+lsm 3 )

97, uv = - H (473, v-97 MAGH TUETE,

R 0 .. 8Y), 2r+0 . . 2m+0) , 4n+0 . 4n+9
VI COSE"-ISIHE NI | COS 3 = 18In 3 ,;\[l’_ COSs 3 = 151N n

3

r. 2~93 MG R IGHE,

24t cos% 24/r cos 27:;9 ; 2{/?0054E3+ 8

3, 2+J-H cos%‘ 24-H coszm-e‘ 24-H cos4n+e

3 3

X~43 WAGHE TR AT,

l[ 2J-H cos-gv—- bJ 1(24-}1 cos 2“;9 - b) l[2\/-—H cos 4“;’9 - b)
a ‘a a

Turgad s x + 15x% - 33x — 847 = 0 faure A T0HLm I |
TMEE kP + 15x2-33x-847=0 ... ()

(1)1 (3 A% W FAEIRE T x = z — 5 A NeT YT—
s (Z-5) +15(2-5)2-33(z-5)-847=0

Az - 1082-432=0.......... (2)

LA, H = - 36 992 G = — 432

RIF, z=u+ v, YT IJGA MEeT ML

s GG +4H’  +4324/(432)° +4(=36)’
2 - 2 :

u

=216.
u=6. 60, 60, A @, | -9 T |
O, uv = - H (I (FEGA %S (L)
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36 36 , 36
V= 2

66 6
a1, 6, 60r 6.
- (1)-9% e T,
6+6-5, 60+ 667 -5, 60 +6W~5
A, 7,-11,-11 (-~ 1 +o+w?=0)
THEA9 ¢ x' — 3x — 1 = 0 AN KR T4 |
HNLR $ x* ~ 3x — 1 = 0 a6 g e =g
AYPH,. H=-1,G=-1

HIE, x=u+ v

u3=1+,h—4 _1+43i
2 2

T, .. =X
=cos—+18in—
3 3

1
T .. ®Y

. u=| cos—+1sin—
( 3 3]

( n..n:)( ‘Hc..?n][ 1371t .,13nJ
. u=|cos=+isin—{, | cos——+isin— |, | cos——+isin—
9 9 9 9 9 Q

YRR, uv=~H=1 (A=

( n..n]( '?n..?r:)[ 131:..131:)
V=| ¢cos——151h— |, | COS——151N— |, CO§~———=— 181 —
9 9 9 9 9 g

e ome SRR Ferafa 13,

Zcosﬁ, ZCOSIE, anasl—JE
9 9
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5.6 VBEETd Tnigdd WR

BREA 1. agx’ + 3a,x? + 3a,x + &' = 0 FNEACH Awef e aafers arm o€ fdfy
FEA |

WSWW,an-‘+3a1x2+3a2x+a3=0 .......... () FesF o~ B, o, o+
3a
3g=— 20 &
. Taseo 2)
@, (163 935 e,
a,0" +3a,0° +3a,00+2,=0 ..o (3)
£, (2) 9K (3) (AT
kS 2
-4, -5‘74-3&, -a%—3a3ﬁ—+a,=0
an. al: a, ’

3 2
A, -a’+3a’-3aaa,+3,’2,=0

A, 2a’-~-3a,a,a,+a,’a, =0
afbE Frefa =S |

TAZAN 2. a,x + 32 x? + 3ax + a, = 0 ANFIR el wreen 25fers arwea S e
T

o
A 2 4 A 2, x} + 32,0 +3a,x+a, =0 (1)~a7 erafe g o op

0{1+1+|3]=— 33' (2)

B a,
u:(i'f'l'l'ﬁJ-_—i (3 T (‘13—_13. 4
5 _— ) o (4)
(2) §3¢ (3) (a,
a=_}ix_fa_”_=_2_§.
a, 3a, a,

o9 9% N (4) -2 IBE,

ki

4. __3& 3 3
5 -~ Waa’=a a,

a13 an
AR foefn =)
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BARRA 3. a,x* +3a,x? + 3a,x + a, = 0 97 TwefH Rade asfers e <& fda s

T ¢ TR T axt + 3a,%7 + 3a,x e, =0 (1)~a% Frzaf R asfers
AW AW a,x* + 3a,x? +3a,x +2, =0 ... (2)—97 Twaf wrgs adfere 9=

wrt e (TARA | 780 a,x* + 32,x7 + 3a,x + a, = 0-99 AT FEF Yofere ArE
g

2a," —3aja a, +a,%a, = 0 ¥\

(297 el e asfere A o
2(3a,)' -3 .a,.3a,.3a +2,.a,=0

A, 54a," - 27a,a,a, +a,a,t =0 451 frfa =8 |

Az 4. 3w x! - 3x ~ 1 = 0 ug Yo o, B, v =W, @ @ AT FTelE (o - P
(o =), (B=7B ~ ), (Y- o)y - B) Tl el zpet

MY & (TS x' - 3x + 1 =0 93 Awaf# o, B, 7 F99%

AR, y = (- P)a—7)

afy

=a’ -oy-of+By=0’ —a(B+7)+T

=00 —— =20 ——
o O
200 —oy ~1=0......... (4)
o, % =3k + 1 =0 93 9T AT
o' -3o+k1=0.... (5

(4) €% (5) (I,

(-~y+6)a-3=0 .. P
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(5) 7=

27
3.3 _4i=0
{o-y}  6-y

-y -9(6-y) ! +27=0
(6-y-9)(36-12y+y)+27=0
(y+3)(y* - 12y+36)-27=0
, Y -9y?+81=0
ST forsfn e |
TArmaa 5. 7x? - 12x? - 6x - § = 0 FiwAeR Terefam ol fdy =
TR S A, 2y~ 7,2, =-4,a,=-2,a,=-35.
H =a,-2?=7(2)-(-4P=-14-16=-30
G =a,%a,-3a,a, +2a’

=49 (=5) - 3(T}—4) (-2) + 2 (-4}

=-245 - 168 — 128 = 541
G* + 4H* = (-541)? + 4(-30)°

= 184681 > 0

<. fagre ssiwarm 10 swfe T 93 0o e e ki
YA 6. FEA-9A 2GRS x° + 6x2 — 12x + 32 = 0 FAWAR Aorasfa fnefa w1
TANMLRE ¢ +6x2 - 12x+32=0............ ()

= - S |

GTA, aozl,a|=2,az=+4,a_‘=32.

(172 & 78 TIIa ForeTRa o7 (1)<4 x = y — 2 3 Wt o4,
(y-2) +6(y-2)* - 12(y-2)+32=0

A, oyt -6y? + 12y -8+ 6y? - 24y +24 - 12y +24+32=0

A, oy 24y +T72=0 ... (2)

YA, H=-8,G=72

FA, y=u+v

(2y9y=u+ v,

uv =8 A%} + vi=.72.
178



u"=-;—(—G+J(?T4!-F)

4% v-‘:l(—G— G:+4H")
24

u-‘=%(—72+\/5134-2043)

=l(-?2+56) L
2 2

u=-2 -2, -2¢¢, GRIE, l+0+w' =0
uv =8 (YE v-43 Tmal= 73,
v=-4, -40’, - 4w,
(2)~437 ATefH gnwm,
-6, 20— 4 | 20 — 4@
(1)-93 el gerEFm
-8, 20 -4 -2, 20 - 4 - 2
q, -8, 207, - 20
TArg@e 7. TR e, x - 3x+ 1= 0

FALE LA -3+ 1 =0 (H
RWMATFEx=u+V... ... (2)
x'=3uvx-ut+vH=0._.. . (3)

(1) €% (3) TE M7,

uy =1 Lulvi=
Syt v =
S @R Temm ot v R el

P+t +1=0

. t=~;(—li\f§i)
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-
WO PR PN N e

¥

2 2
g -_-_l.;-ﬁi =cosy£+isin2—n
2 2 3

2n . . 2:m 8t . . 8¢ 4n . . H4mr)
cos—+i1sin— |,/ cos——+i1sin— | .43z cos—-l-lsm——mJ
9 S 9 9 9 9

uv=1]%w,

2r .. 2m 8r .. 8=n 147 . . l4n
V=C08——- 18In—  cos—~—isin— 4% COS—— ~—isin—
9 9" 9 q 9

(2)-93 T, (1)-9F el

2
2005—(::5‘ 2cos§—E, ZCOS%E

A

o x? - 6%t +3x + 10 =0 @3 NeafE fefy v | Freel smree asfore e
[T=q: -1, 2 5]
C 2% =21 +42x - 16 = 0 97 welA fada 3w | oely wren asfee s
[%@:%,2,8]
- 3xt - 2257 + 48x - 32 = 0 99 Fwel Ffa e | JwelH Radie asifers s |
[E@M,z.%]
. %' = 5x% - 16x + 80 = 0 97 el A w7 | TRz 75 Sem @m0
[B@3s4, 4, 5]
. G TR @R —1 A, 2% + x? ~ 5x + 2 = 0 R orefE fFefm 7w )
[W%%,—z,l]
- ax? = 3bx? + 3cx + d = 0 93 76 TS TR T @A @, (be — ad)? = 4(b? - ac)
(c? -bd)

) x*-3x2+12x+16=0 [®es-1, 2(1£43i)]
(i) x'+12x+65=0 [Tex: 2{/5—{/2'2%/5(9-{/50}2,2%@3_{/20)]
(ii)) 28x*-9x* +28 =0 [Tene -%,%(Ziﬁi) ]

(iv) X' +3x?+6x+4=0 [Twas -1, —1243i]
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5.7 vgdte sltead
BEUTE FANTACR LR WL GoT—

anx-i+4a;x3+6a2x2+4a3x+a4=01 acio ......... (1)

A (FNE TEHIe TANEANF W (990 FANTAER @owe TFF @ FgI—IE THF 47
fra 7€ (Descarte’s) 5EHIE FERzslz 14l #afs SERW AT | (rwea faqre TRezewtl
Reral= fadfy e vade ¥Reae ol dw o g T

AT SRAR, (FRIS € WEE WA e Miiead Fas fora faper oafe Sgram
AN | ST AU W@ 7D Hmfeds wstinal s3E |

5.8 AEANFT (YT AN HFE (Standard form) FAFL

GATA a,x*" +da,x’ + 6axt +dax+a, =0 ... (1)
% AMFA x =y + h B A3,
a,(y +h)* +4a,(y + h)’ + 6a,(y + h)* + 4a,(y +hy +a, =0
A, a,(y* + 4hy* + 6h?y? + 4h’y + h') + 4a (y° + 3hy? + 3h?y + b')
+6a,(y’ + 2hy + h%) + da,(y + h) + 2, = 0
2y’ + Aagh +.a)y’ +6(ah? +2ah +a,)y? + d(a,h’ + 3307 + 3ah + ay)y
+(ayh* + 4a,h? + 6a,h? +4ah+a)=0

@4, h=—2L e y-ag s = |

-a{}

2 2 3 2
a a s a a 2
RRUE EQU T a‘,y4+6{a,-,--'7—2#+a3]y‘ +4[-—a(,--—'T+3a,--1-5-—3a:-—'+a3]y

an al! ao ar.] al}
4 3 2
a a a a
+|a,-—--4a,-—++6a, - —~-4a,-—+a, [=0 2
3 13 27T 3 |FY -(2)
an al': au a(]
z
G4 y=— R AR

n
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2+ 6 (aga, —a,%) 22 +4(a %a, - 3ajaa, + 22,%) z
+(a,’a, - 4a,%a a, + 6aja,%a, - 33,%) =0
A,z +6(ag, - a,2) 22 + 4 (ala, - 3a,8,a, +2a,%) 2
+8,%(a,3, — 43,3, +38,%) - 3(a3, - 2,})* =0
T, 2+ 6Hz? +4Gz +al1-3H =0 ... (3)
@A, H =.a0a2 -a,?,G=a,%, - 325 a, + 23}
I=aja, —4a,a, +3a’
&% (3) 7 FRNFIBIIE I (1)-97 FIFS S0 1 92 2 € x 97 Teg TED e
z=a;x+a 9, x=*!—(z—at)
TwrEAd ¢
x! - 3xY + 5x? ~ 5x + 2 = 0 5EdwrE M T Feneae 34 |
TR x* — 33 +5x2 - 5x+2=0......... (i) 0% x=y+hAE 27,
(y +h)'-3(y + h)* +5(y + h)* - 5(y +h) +2=0
A, (v +4hy + 6h%y? + 4y + b¥) - 3y + 3y%h + 3yh? + bd)
| +5(7 +2hy +h?) - 5y + h) +2=0
4, y*+(4h-3)y* + (6h? — 9h + 5)y? + (4h? — 9h? + 10h - S)y
- +(h*-3K + 5K -5h+2)=0

4h-3=0 q, h=

&

y*+[6.1—9-3+5)y2+[4-£-9-2+1o-3~5)y

16 4 64 16 4
+[—f-;—]——§—]-+5—-3—5-§+2)=0
256 64 16 4

£, 2 5 1429

y ]6)’ }6Y 25 e (ii)
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. z :
43, (ii)-a y = 2w e T,

¢ 267 14z 29

256 16 16 16 4 256

A, 2 +2625—562+29=0 ... (iif)
5% gdTe (i)-93 g wreg
(iii) 2K (i) T W TAE

5.9 vo¥e ANFAER TN i

5.9.1 IR (Euler)-a3 AL &l 2
ayx! +4ax* + 6a,x> +4ax +a,=0....... (1) TEHITeT S WHT—
z +6Hz2 + 4Gz +a - 3H? =0 ... ) |

CRAA, x=—-l—(z——a,)

H=aj,-~a?,G=a, - 3a,,a, + 2a,°

1=aja, -4aa, +3a,

34f 3,
ZAp+q+tr)= Z(Jﬁ+,[q_r+ﬁ)
AR 5] 72, '

z'-2(p+q+1)- 2 +(P+q+r) =4{pq+qr+rp+2,f§q7(ﬁ+ﬁ+ﬂ)}

2

A, z'-2(p+a+r)-2’~8pqr.z+(p+q+r) —4(pgraqr+rp)=0 ... 4)

(2) 4R (4) (A=
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G
p+q+r=-3H yPq =T

(p+q+r): —4(_pq+qr+rp):a{-,31—3H3

p+q+r=-~3H, pq+qr+rp=3H’ —%l .

4

s p. q, 1 -9 faars HRiwaais,

74 3HLt 4{3H2 —aL:l]t—G—:-:
4 4
§% iR Br wnAnEE fawre @)
(5) 7 ANFINEF R T
4(t + H)! - a *1(t + H) - (G2 + 4H* ~ a )IH) = 0
RAF t+ H=a 0 @R G* + 4H* - a,’[H = -a’]
o (5) T (T,
42,°0° —a 10+J=0 .. . .. (6)
(6)-(F <=1 T{ﬂ g e fa9re (Reducing cubic)
(6)~43 Fwrafet 9, 0,. 9, T (5)-93 el 1R,
p=a,8 -H q=2a70,~H,r=a,%,-H
- (297 el R avew

£4/a,’8, —H £ \Ja,’0,—H /2,°6, - H
(2)-92 TN 37 4
A p, q, r-aE 3=

Jpar=-2

2

G

e F903 7R p, q, r-49 W o & Frea (2)-47 4 B I e A

184



_ .G G
M:-_ J;:-—-—
2 '2@
-, P Ja a7 fafer AmR T (2)-97 ok o

N R R LRI RS Ry~ TR s

. SR, x=—]—(z—a,)—é1§‘§1?ﬂ(l)ﬁ§%‘&%m,

i{_ﬁ+ﬁ+2\/%—a.}.i{—ﬁ—ﬁ“fﬁ'at]

a,

THIZRY ¢ TEFINHR A0S x* — 3x7 + 5% - 5x + 2 = 0 AAFATHR T T+ |
Y & AT x! -3t + 5xP ~Sx +2=0 ... (1)
1
x=(2+3) A (1)-a7 FiY I TR
2V +2622 -562+29=0 ... (2)
I, z= p+ﬁ+«ﬁ

z' -2p+q+1)-2° =8fpar - z+(p+q+1)° ~4(pq+qr+1p)=0 .. (3)

(2) 93 (3) (4TS,

prqt+r=-13 pqr = 49 (M=7)
pq+qr+rp =35

p. q. r ALTF AT,

1302 +35t-49=0 ... (4)

(497 AveFH 1, - 7, -7
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RS p=1,q=—7,r-=—?
© Pl Ja=tiVT, Sr=tifT
a3, Jpar=7 97T
z=— 14T +iVT == 1+i 247
z=-1-i7-i7 ==1-i247
z=1+iV7 ~iv7 =1
z=1- T +i7 =1
(1)~93 FAwsia,

i—(~1+i2ﬁ+3}, %(—1—i2ﬁ+3), %(1+'3), %(1+3)

1 . | P
., E(Hlﬁ)’ -2—.(1-—1-\5},1, I
TRIZA 3 THARIS AGRTE x* - 2% + 8x — 3 = 0 ANAMHA TN 54 |

TR x* - 2x? +8x ~3=0......_.. (1)
5] FEATET eRvet WIS @WET TNE |

AT, x=4/p +4Jq +r
. x'=2(p+q+r)x’ -8 pqr—x+(p+q+r):—4(pq+qr+rp)=0 -------------
(1) 93 (2) oI TR0 7R |

pra+r=1, Jpar=-1. (P+q+r?-4(pq+qr+rp)=-3
X prqrr=1.pgr=1 AR pg+qr+rp=1
p, ¢, r -9z =gt '
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Jp=t1 Jog=% (1+1 r=i—l—(1—i)
Jrar =~1 93 =T,

x=-1+71_2~(1+i)+-\/1_2—(1—i)=—1+\/5

x=— -%(1“)_315(1-;):-1-\/5
x=l+-J—5('1+i)—~\;—2_—(l—i)=1+J§i
X= ]-~—(1+1)+J_(1 i)=1-42i

so(1) 93 ISR 1142, 14421

5.9.2. m3$ (Descartes) OF AY AGS 3
(HFICEA ATSTS (X (FINE FYHTST ANFANS 2z FiHS weg monefas &30 73|
929 HgHices fWive iR gEn—
x* + 6Hx? + 4Gx + + a1~ 3H2=0 ... (1)
WA, % + 6Hx? + 4Gx + 2,21 - 3H? = (x? + Ax + 1) (X - Ax + V)
Ton ats, x-7 e Tre-ag %5 gorel AT AR

H+V—A=+6H .......... )

Oz uv=a,I-3H" .. .. (i)
(i) A% (i) (=,

p+v=A"+6H. Hov=—r

2u= 6H+x‘—%, 2v= 6H+k‘+%§

187



16G*
l!

4uv=(6H +?L3)2 -

16G'

a, 4(a,1-3H)=(6H+*) - —

A, A +12HR +4{12H —a 1)\ - 16G* =0

G2 A2 = ¢ A, i s Shafie favre Aiiear woreie w@
&+ 12H? +4 (12H? - a21) 1 - 16G* = 0
% faure eefba e T A3 W el 8 @R O L, v-6F @ WH AR IFAT |
AP,V mmﬁm@@aﬂwmmm(l)ﬁamﬁ%mmaml
BRI 8 (RIS SN AGE TP AW 318 x* + 32% - 60 =0,
I § 420 TR, xF + 32x - 60 = (x2 + Ax + §) (x? - Ax + V)
=xt (VAN F MV xF UV (i)
AHFV=R =0 (i), MV= ) =32 ... (i) uv=—60.... i)

(i) @R Gi) WCF gy = A, v—p:%

32 )
v = 1+T @Rg 2 =A° - 3;

32°

4puv =)~
H X

~240=}" - —35?* ((iit)~9% [IRER)

A, AT +2400° ~1024=0 ........ (iv)
Al =4 9l (iv) Fra =)
A=%2

T A =2, o

SNV =48R V- =16

H=-6,v=10
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SDTEx +32x - 60 = (x2 + 2x — 6) (6 —2x + 10)
x* +32x - 60 = 0 & 0, x2 + 2x - 6= 0 GK
x* - 2x + 10 = 0 43 & A\
x? +2x - 6= 0 9% x% — 2x + 10 = 0 F9re FANFER ool 1w —1+7 9K
1435

X +32x—60 =0 93 FwmefA 117, 123,

5.9.3 cFaifd (Ferrari)a #5fe 3

FEUTE AR, ax' +4ax +6a,x? +4ax +3,=0........ (1

&9, ag(apx! + 4a,x* + 6a,x” + da;x + a,)
= (g2 +2a,x + A)? - Cmx +n)? ... (2)
=a,x* + 42,22 + 3! + 4aa,%° + 23 A2 + 43, Ax + A2 - 4m’x? — 4mnx — n?
=a,2x* + daa,%> + (4a,% + 2a A - 4m?) x? + (4a, A — 4mn)x + (A2 —n?)
42,2 + 2a,A - 4m? = 6a,a,

s 1 2 o
m-=—12a° +aA-3a.a,f oo (i)
2[ i : "]
4a,h-4mn=4a,a; . mn=gl-aga, ... (ii)
A -t =aga, Lnt=Al-aga, (iii)

(3). (i) 2K (i) (TR,
(ah-a,a,) =-§-(2a,3 +ah=3a,2,)(X -a58,) ... 3)

aft Az mﬁﬁwﬂﬁa@m
A7 =2l g9 w8 (2)-¢% Fre F93 |

O3 (3)-67 4% G N AT m2, n? @R mn WWI@Wm 93 WX mn-
% =R, 13 m, nﬂ'ﬁﬂTﬂ‘@ﬁ(Z}-ﬂW

ax? +(2a, +2m) x + (A +n) GR ax? +2 (a, —m)x + (A~ n) T ZrS Bestire shem
T |
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4%, ax? + 2a, +m)x+(7L+n)=0tﬂﬂ?aax2+2(a,~m)x+(?~—ﬂ)=0ﬁ"m@
AR AR T3 (1) 99 AT | -, (1)-9% Avraf,

—(a, + m) + \/(a, + m)l -a,(A+n) —(a,-m)t J(al - m]3 - a,(A-n)

kl

ah . a'l‘l

TRIZAY ¢ (FAIR AGSTS TR F%+1 §

x'—4x +5x+2=0

AN 2 x? 45 + 5x+2=0
Hitta, = 1,2 =-1,2,=0,a, = % 8=
BT AR TRETHR S0 Tl R AR,
SESEIC S x4w4x~‘+5>€+2=(x2-2x+1)2_(mx+n)2
= x?+4x? + A7 - 4P + 2Ax? - 4hx - m¥x? - 2mnx - n?

= x'—dx + (4 + 20 —mP) x? - 2021 + mn)x + (A2 - n?)

S 442h-m’ =0 M =A42A (i)
5
-2(22 +mn)=5 mﬂ=_—27b*—2'
s 2mn=—-4A-5 ... (ii)
A-nt=2 nP=A-2 (iii)

(), i), (i) (e
4(4+20)( - 2) = 16" +25+404
| A(4)7 ~8+20 - 4)=16)7 +25+40A

8A} ~56A-57=0 ... ©)

- x=—§ a1 P

(2) 97 {5 e —%

190



o ), (i), (i) T m2=4-3=1

I I8 B P |
272 4 "4

5 m 8K n 972 BRYE T

_ 1
& 6% 4@, m =1, nr—g_

x4y +-5x+2=(x2 —ZX—E) 4(x+l)
2 2

=(x2-x-1)(x2-3x-2).
X2 —x — 1 =043 x? — 3x — 2 = 0 w7 el

1£45 3417

AT, ——— G2
2 A

- (1) 99 AwelH HI 3+j—

5.10 WBIEYers SHIZA TNZ

w1 16x4;64x3+56x2+16x—]5=0mﬁﬁwﬁfm§aﬁmwﬁw&
feefa et |
'W'wwfﬁwﬁa 3B, 0P+ B o3
c4a=4 La=1... Q]
(a—3B)(a-B)+(0t—3B)(on+B)+(a—3B)(a+3B)

- (0~ B) (ot B) + (- [5)(0t+3l3)+((1+|3) (0€+3B)‘ Te

- 2a(a*3ﬁ)+(a2—9l31)+(a2 B%) +(a+3f) 20= ¢

SR |

s 602 - 10R% =

(SR |
I

Lo )

|
N |~
p—

=

It

=

108 = 602 -
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2‘
g ol 135
? 2'2°2°2
1
B=—E'W,%Wﬁ‘1@
2 1es 1oL 323
2
o 5311
2022 2

VAR 2. T x* - 2x* + Ax? + 6x - 21 = 0 LT A Feww
e < |

TRYE ¢ 4 TS qeralE o, — o, B, Y

192
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(i) @2 (i) (AT, 02 =3 AW, =+3 -
(iv) (T By=7

B, ¥ o0z Wi+t 1

2+ f4-28

y-2y+7=0 A, y= 5
=1+i6
B=1+iv6, y=1-i6
XV - 2x} + 4x? + 6x - 21 = 0~97 ek,
3,-3, 1+i/6, 1-i6

T 3. T 3x* - 40x + 130x? — 120x + 27 = 0~ Azl arires asfers U, oty
Trerafs frefn ma |

(ii) (UF =+ /3,443
QU =+ 4/3 KA
(i) o 1%,

{0

A, 3(t3+t)=—l—3j—{2 @A, t=p +L_

917 +96-130=0



(229169 10 13

18 3 3
C?!'C?@t=[32+ﬁ]2 YA 20T AL <01 )
=10
...3 ,21@
10 1 4
PRl rO Y aal
B +— 3 [3+B ﬁ(ﬂ?ﬂw )
93K ﬁ—l=i(m’m)
B V3 '
p=3

HTAK 3x* — 40x3 + 1302 ~ 120x +27 = 0 «ﬂa%tw%im% 1,3,9

o =+4/3] 40 t 93 Jeref vmia 72 | ©F a7 & 15 ¥ @1y we e )
TRMZAS 4.  SHENRT 2GS Sprret x¥ — x¥ + 2% + x + 3 = 0 3¥R7efba Tnw = |
TS U x* — x> +2x2 +x+3=0...... (1) A
()9 x =y+h AW,
(y+h)'~(y+h} +2(y+hy2 +(y+h)+3=0
T, (y* +4hy® +6h%y? + 4h’y + h*) — (y* + 3hy? + 3h?y + 1)
+2(y? +2hy +h) + (y+h)+3=0
A,y +(dh-1) ¥ +(6h? = 3h +2) y? + (4h’ - 302 + 4h + 1)y
+h'-h'+2+h+3)=0

¥ <7 TR %[ R T 47, h=%

Hor TS AN W

44 26,.,30 861 4 )
167 "16° 256



WQHFEWﬁE

z' 206z° 30z 861
+ B -+ =
256 256 64 256

A, 242627 +1202+861=0 ..o (3)

2 ~2p+q+1)Z -8par .z+(p+q+1) —4{pa+qr+ep)=0 e (5)
(3) € (5) (A=
prq+r=—13_ (/pqr=—15 9L pqr =225
93, (p+q +r1)2 —4(pq+qr+rp) =86l
169 -4 (pq + qr +rp) = 861
aq, pqrqr+rp=-173.
8 p, g, r AR AR
2+ 132 ~173t~225=0 ... {6)
t =0 T (6) W TG -, (6) 9% 9FH
S oAM1-9,  t'+ 1321731225

G 9F0 Beofw
t=90 i 13 173 225
9 198 225
| 22 25 0
(6) 43 wog Ferald wew A,
2 + 22t + 25 = O TR (AT
—22+ /484100
(6)-9% 7 Ferafe, t= 22 5
=-11%46
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4F,p=9,q=-11+ 4J6, r=-11 - 4Jg
oo fp=t3, \/’E=ii\/(zﬁ):+(~/§)z—z-2\/5-\/§
=+i(242 -+3)

J;=¢i\/{zﬁ)3+(ﬁ)’+z.zﬁ.f ~ti(242+4)

- Jpar=-15 N

Pq
R N Y P e S g
Jp=3.a =i{2v2-+3), ¥ =i(2v2+3) .

JP=3, Y4 =—i{2V2-43) V7 =-i(2v2+3) . )
Jo=-3. ya =-i(2v2-3)  Jr =i(2V2+3) .. i)

Jp=-3, a4 =i{2v2-43), Jr=-i(242+43) ... (iv)
V2= 340442 . 3-id3 . —3+i243. —3-i23

. y-+Z

y=£(3ii4ﬁ)1 %(-—BiiZﬁ)

1
TR K=Y+

x=i~(3i-i4ﬁ+l) , i(-siizﬁu)

]

1+iy2, %(—liiﬁ)

L ()oa TeefE, 1+iy2 . %(—liiﬁ)

SRR 5. (ST R T4 e 2
x'-5x?-6x-5=0
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(1) @9 (1) 9 T, ' o 2y=A -5——

H+v-A=-5_... (i)

) 6
(i) (= (i) faons =23, 2p=l‘—5+;

(iii) 4% (iv) (2T,

(xhs-fj[r-—sﬂ):_zo
RN >

(A -5y —%5-_:—20

M 10 +25-28=_ 20
l_
A —108* +4502 - 36=0
N=t @@
- 10t2 445t -36=0...... )
t1=1,(v) @@= . (v)93 93 |

M =1 @’ A=+1

A=1 43, (iv) (U, p=1, v=-5

s (1) CUTE x-Sk —6x— 5 ={x2 +x + 1)(x} ~x-5) ... (2)
s xEHx+ 1= 0@k - x - 5 = 0 91 NESRE (1)-9% T
& (1)-<T Ferafa :

~1%i43 12421
2 2
A=—1 403, (iv) (U, N=-5 v=1

s (1)

X -5 —6x—-5=(x2-x-5)xP+x+1)

€01 (2)
- e Swafe

—i+id3 12421
2 ' 2
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THIREY 6. FFAIA-7 2afere sy o% ¢

x'—Ox' +28x? —38x+24=0
LR S x* - 9% +28x2 —38x +24=0........ 1))

G WE, ¢~ 9% +28x% — 38x + 24 = (x3 —%x '+3.) —(2mx+n)" . 2)
TEAATHA FZo] TT I AR,
2K+§—4m3 =28 3, 4m’ =2?L+—i—1-‘-28
el
4
A 31 .
5 18 ()
-OA~4mn=—38
q, mn=—-=—}% (i)
' li ~-n’=24
A, nP=AT24 (iif)
(i), (i), (iii) (7@,
'21 23 (4?5 - 96) =(38- 91): ____________ (iv)
4

A=7, (iv)-F a3
A =7 (i), (i) 92 (iii) c5 IPWA,

5 25
m=t— p=45 mn=-—
4" 13, 4

_%
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5
S, m=z ¥ n=-5%,

x? - 93 +28x2 -~ 38x + 24

[ . 9 ]2 5 2
=S| X" ~=—X+7| -] =x-
2 2

=(x’ —2x+2){x* = 7x+12} ... 3)

o (D)-97 ITafeid x2 - 2x + 2= 0 =g
X2~ Tx + 12'= 0-499 & |

. (1) 97 el 2¢2i2 .4, 3.

qA, 1 t1, 449383

5
m=-7 &K =5 A

x* —9x? + 28x?2 — 38x + 24

=(x2 D+ 7] —[—Ex-i-SJ '
2 2

=(x* - 7x +12){x* - 2x+2) B (3),
o (1)-93 ATef 1 +i, 4 99 3.

A - 1

1. 3 xt + 2x3 - 21x? - 22x + 40 = 0 W2 AEeFH WorET 2stfere e o, Aol
TE |

2. 7% x + 15x7 + 70x? + 120x + 64 = 0 @7 Twaf errex asfers i @ FwelH
Mg T

3. WA AT STLH T+ ¢
P -x*+ 2 +x+3=0

4, S FraTe AL 27w ¢
x*-6x2+16x-15=0

5. (wAifE-2 fat Anaw e g
x?—18x2 +32x-15=0
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3.1 A=

1. s ssiEaes AerRe e
a,x’ +3axt+3ax+a,=0;.... (A)a,#0
faqre wileares aue wFE
+3Hz+G=0
(@A, H = gja, —a,* 93 G = a ’a, - 32,3, + 2a,°
2. faure =iliwaeg A ogfe fadf
(i) G+4H >0, (A) 99 %G FFAWE AT UFF |
(i) G2 +4H® <093 H < 0 T, (A) 99 Jeel T 93¢ Qe
(i} G*+4H® =076 H = 02, (A) 97 @ e {10 0 301 72!
(iv) G+ 4H’ = 0 @938 H = 0 5, (A) 92 3% FoxlB 7 731
3. IEW et (2 farane siwac-ax Te fafa
4. SR FDIN-9T ATV WFF
ax' +4ax* +6a,xt +4ax +a,=0, ... (B)a, #0
Tedie AT 2 WA
2! +6Hz? + 4Gz +a1-3H? =0
(A, H=ay, —a,2, G=aa, - 3a,3,a, + 22}
[ =a,, -4aa, +3a,)°
5. GUANAA TREIS (SR SFR) AREANR ST A% |
6. (TEITE TN EfS |
AT AL S |

=~

5.12 F<eoT 2pEar

I x - 5x2 — 4x + 20 = 007 Tl fefy =, 2w 0 Jew @ 28|

2. 4 3%} - 22x? + 48x — 32 = 0 FNFRADT Aorel farde enfere e, v AwafH
oty o)

3, 1 3kt - 26x? + 52x ~ 24 = 097 ATeR v asfers 4T, Avole Mefm =
4, FCH A GTE TN T ¢

() x*-30x+133=0

(i) x*~3x?+12x+16=0
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5, xt + 253 - 21x? - 22x + 40 = 0493 e TNw asfere ww ) Twale fada e

6. 3x* - 40x3 + 130x% — 120x + 27 = 0 -7 Tereld arirey Asfore Ty | Awalm e
TP |

7. SREANER ARG A 6 2
(i) x*-3x+5x2-5x+2=0
(i) x*-4x?-3x+6=0
8 (RFITER Fraes s a9 ¢
@) x*-2*-9xr+6x+9=0
(i) x*-x'+2¢+x+3=0
9. CFAfa-3 Foram s e ¢
i) x*-18x?+32x-15=0
(i) x*-23-5x2+10x-3=0

5.13 TEasien
SRR - 1

(1) -5,-2,1,4 @) -1.-2,-4,-8 (3) mﬁ,_%ﬂ%\g
() ~1tJ6.1tiv2 (5) -51.1.3
TP eprdy

1) 2.-2,5 2) 4.2, 4 ) = .26

( ) 4 Ty ( ) v ey 3 ( ) 3 y Ly

@ ®-7, %i%ﬁi @) -1, 2(1£3i) (5) -5,-2, 1,4

! 1 A i :
(©) 3.1,3,9 M L1, E(lisﬁr) @1, 2, 5(-34;\/51)

@) G %(—liJﬁ), %(3i\/ﬁ) (i) %{—liﬁi), 1442
) ()1,1,3,-5 (i) —;-(-liJﬁ), %(31\/3)
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qFF 6 O e fReig JSliwad

Crr
6.1 TR
6.2 ST

6.3 U NG (Reciprocal Equadion)
6.3.1. WG] ARFAIT (AATSIEH (Classification)
6.3.2. G ANFAE W st (Standard Form)
6.3.3. SIGUIG ANTATIE TR
6.3.4. TwWIZAd
6.4 s #H= (Binomial Equation)
6.5 faotit wliwaria A Faem FESH Soretw
6.5.1. Twrzaq
6.6 ﬁ’fﬁﬁﬁmﬁmﬁ et (Special Roots)
6.6.1. TGttt wraearc ferrg frera 7t {Number of Special Roots)
6.7  TWIRAIEA
6.8  wArFIes
6.9  TETIE IR
6.10 TEE

6.1 =TIH

@€ (quadratic), f99€ (cubic) 4%% Sgrs (biquadratic) FEethin FEIEE (polyno-
mial/algebraic equation) %7 (root) FefT wara g AGfe HTH Wl AT ; (T—
- faare ARre CF0E FEIA (Cardan's) 250 93 SIS (G (FAIAA (Ferrari's) 21 |
TR A% A THGF UG I22E ANFAEN T4 g @iee R AR TE «ate
(% ) SIzgaTe b e ST Wiy, . (AUFGE 226w 31 Bhed TAe T e 90w R
TITAH FED | G REFI 916 AAIIA—(i) S ARSI € (ii) Faoidt A9 srq0w QWA
EFAGAT T 25 |
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6.2 Tweg

% wxprafte Eoen T

® ST ¢ Fasth TR AR (Redt )

® I e FRACR Rfen «0F SopEa

® 4%59 ol I AT TogE FNFIR AT Pl |

6.3 Sy e (Reciprocal Equation)

A ax"+axt ! daxt 4 +a, xta, =0...(1)(a,#0)

% Salleara @3 e o A T &—@ 2 TSR ST G35 S T R % HNANE

ST A4 (Reciprocal Equation) To1 3t
ST &, O 2] T AR FTA 0t 0,

& 1. 2 a =0, O3 7RI (1)-07 fire ey A R x BB SI=w
s Fa ax ' raxt 2+ +a =0 & 7wl few e o

1
TG 2. A ST AL y== 42 el arae 391 o1, O3 AR et A 6T

woAfaafee «irw, e TRTA (1)-97 n s A 7fi o, o, o, 0, T SR TR (1)

I

1 1
W@,m,mn-wwﬂmﬁa%a—,;, ........ o , (e FRFaq (1) TR
I 2 n

TwrERd 1. t5>c5+~}—2-5—x4 +3x° +3x° +%x+6=0

a, 6+gy+3y“+3y"+%y‘+6y5=0
s evre ARERAGE g #ii)
<6 @G |y AR |
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6.3.1 SR ARSI N IS

WWf(x)Eagx“+a|x“"+ ‘‘‘‘‘‘‘‘ +a, x+ta =0... (l)uﬂaﬁwmﬁwmwm

AT (1)-9 x-497 A0S & A Gfba T weAfrafs 4ra)

1 a a a .
43 f(—]:—:—'r:+~—;':]~+---~+ —va =0 ... (2)
X/ x" x X
n (I n-1
49K X f‘ —[=a,+ax++a__x" +ax
. X

g (1) ST 2T, fix) = 0 4% f(lJ=0
X

wdfie (1) €3z (2) TSR 9F TR |

kg, +ax+. . +a x"T+ax)sgx'+ax" '+ . +a ,x+a
(AANA k 4T 495 |

(3) =l Irew 2eANS, x-94 fAfen Tren Az TonAre W 1)

a,=ka ,a,=ka ,.... a =kay......... (4)
k=1
qu k=+l q’L k="“l .......... (S)

k= | T3 SR ANSIMDIE 97 7T 299 @T (first type) WAV FAFAT, 93 k = ~1
&0 et S it Sty TR (second type) |

WG4 AN QIR W] ARSI (T,

8, =2,,8, =8 |, . 2% ) TR (1) 9% TR S S, 9O T AR,

ax"+ax" L+ +ta,x+a,=0
die Ifire, oem € o3 T AT TR ool ARaekE IW TaE, gz Awaiifes
bFe 9% (same magnitude and sign) |

AT, AR (1) 3 Fam N wH @, SR k= -1, 9K 3y =-a ,a =-a
.......... 20 1 (1)-97 T9 QU T3,

m- i

n n-1} — - —
X" taxt i+ —ax—a, =0
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wdfie e awm ¢ R (T FRGITE AofeR FEneRR wW FaW e, B
P |

TR L. xP -6t 4 18P + 18%% — 6x + 1 =0, &N NI SN T2 |

BRERA 2. x5 - 6% — 18x3 + 18x2 + 6x — | = 0 e g W=y AR |

TAAD 3. x8 - 5x° +9x* — 9x? + 5x% — 1 = 0 TaOw AT STy T |

TBY (. =l RS @i WA TR WS A A, I n = 2p T, SW@ a4, = -2,
ax,ap=0mumﬁaxp (A% )-AT FZA * TR § (T AT VAR 3.

TEP 2. WA R a3 A% o 75, %-\e & NF2Ba o 1 Teaq, 7RNFA0"

1
e WYH o, 43I T et w3 @ Ficer R SIME (reciprocal) | S o=—

a\
Aqal=1, ¢ ==+
- G YT W) AR Weaq 93 3w 1 31 -1 TR
1
fix) = 0 9= n -9Te7 gen N TEUW TNFL A {(x) = x' (—;) TR, 43¢

1
X

fix) = 0 faSrm ¥z == f(x)=—x“f( J?EC"H
mqs(i)ﬂx)=aox“+alx"“'+ ...... +an=0&fﬁﬂ@%'{ﬁao=an,al =a, Euid

a d. a
- f(x)=x"! a, +~—l-+-—:--|-.....+_:
X X X

=x“{an+an_1%+ ..... +a0(;‘_)"}= f( %)

(i) fix)=apx*+ax" !+, . +a =0%EH @A
N L T TNt

a a, a . a
f(x)= :tc"(a,,+—l +—;—+-----+—u+—“)
X 2 =t

X X X
n a, a, . a
=x"| -a — ! S i ?‘
X X X
==xf{ 1] e
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fix) = 0 2% QA g gte S Wty see g e fix) = ax™ ! raxim
~a,, =0 A, MMM x =1 TR PRy, T -, +a, —a,~ ... +a, ,, =0IRT
ﬁﬂﬁﬁ@ﬂ@%wwﬁﬁm x= | G R Em, TR a, ta, Ayt by,
=0 ) FEIR, AN (TR G e B wmmre Aieaen o3 A -1 9=k a0 @R
SrgAare fafg s e 9w 6 @ -1 TR

6.3.2 SR AAXFG0eT e Tl

THAAWT 1. (3 @A (AT ST RS Aereld @W gUANiTed 99 ISR ST
AT AT AL S G

anne §

ST YN QN SRS ] T | S o,

xl"’”f(l] =f(x) |

L X

‘(;'aﬂzaZmalnaI:azm ....... ?r\@nﬁ,

TSR Ax) = a (x*™ "L+ 1) +Haxx™ 1+ 1)+ +a x"(x+1)
x+ 1), 3+ 1), L, T+, (k230 + 1) @R TifRtefee afelBR (x + 1) @i e
( )

faoren | wEaa f{x)-( @R T, f(x) = (x + 1) ¢ (x), T, O(X)= T

A (%), 2m ST T2 |

I+t l
x" —
lm I r( J
X ‘I{;): x) [t =0(x)

I+x I+x

O(x)=0 <3 S TNLA,
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TG P(x) = 07 ST AsafH, ¢[l)=0 VLRSS
X

A5 g9 @i 932 93 TS TW(2m) |

(6.3. 199 NF 2 TANR)

A f(x) =0 = (x + 1) §(x) = 0, ITIK f{x) = 0, 90 F& -1, Ty Teraf d(x) = 0 93
A% | BotowiG arwTa ennfe 24|

CFE 2. 47 4 & TN (1) fodhm ifiw @k 93w Wy

I x’m*'f[l]=—f(x), n=2m+ | A, 9, qEE a, = —8,,, . . 8, = —d,,
X
SR =a, M - D rax (M -1y +a x"(x—1).
HEAK,  f(x), (x - 1) B T4 Rrsren, @ @1 T

HX) _ p(x) I g(x), 2m rTwR Tt

x—-1

1 1
f[ ) sz“f("-]
—— xgmq{l]:x:m ] X/ 2 x) _=f() _f(x) =¢(x) (6.3.1 %€ 2)
X L 1~-x l-x  x-1

X
S Q(x)=0, ST AT N JAATST WEATHH TR |
fix) = 0 9 @S Iz +1 w3z W FwafH o(x)=0 T I T= @Fde @)
Twag arEEe Booml awifee 5@
7@ 3. TR, TR (0T @M S G S T (= 2m) GIOT! T

fx)ax?™ +ax2m -1+ ta,, =
X f(+]= - f(x) 9
X

a, =0 (WY, 3, =-a, ,a =-a,  TONW)
L) =a (M - D ax (M 2o+ Lt x™ (k2 -D)
Tk f(x), x? - 1 71 e |
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o AU 4T T, %=¢(x);¢(x) G 2m — 2 TS IR |

() =)
am-z AX X _—f(x)-_= f{x)

amenf 1
x. iy X“ - —|=X = v - - E
TR, q{x] T [ 1% 1% %=l

x*

=¢(x).
SR, P(x)= 0, JUINTT AN XA WA AR 1(6.3.1 799 2)
fix) = 0-92 4% Fw +1, -1 @ e e ¢(x) =0 e @ Fife =

TEAT Gl (e (8 AfelB o e fb S TR f{x) = 0, F (x— 1) AL (x + 1),
2, x* — 1 RS 9, O(x) = 0 0 2un dAF TS SIS AT AW |

g At Fare RS Ay AReeE @ weifre 26T T I HRITAe S 91
IR ST NI ST, I € @i Spdaor R sTieaea g $o) sl |

6.3.3. QI ANFAC AL

Toroiwy 2. 9F g (2m) WTER AN AR W AR JwefH o B m e [EE
R w1t fdifes 2

e T R A

4% 7 TS AT a2 (g WA AR, TR S 2m )

AfbrE x™ == o8 WA 4473,

ax™ +ax™l+ +a, x"™=0,(9UE 2, =a,,. 3, =8, |- Zeniit)
A, an(x +—m)+al(x + m_l]+ ----- +am_,(x+—-)+am= ........ (2)
X X X
(=G oremr i)

1 1
x+—=z 9% X' +—=u, fFE.
X X

208



>
+
| -
R
——
x—(
L
+
b
1 Pk
S
It
o~
xﬂ
+
x_||._.
L
+
e
T
-
+
b
:!:_
T

BN {X+l\ll =
 (xo o

czZu yFu tu o,

ST ~u o,
SELFE, 1= 3,4, ..., moRAT WA,
=z, -u = 22 -2)-z=2 -3z

u =au,-u, = 2 -4z2 42, e |
WEHA(2) - uy, ..., u,, 93 S Z~43 TR A (R 293 GF m-TSq TR AR |

G TR @ (@ 92 Aw 2 e 11, x+%=z, x~07 % fRare AT ST
R,

it 2Afefb 293 T, x-93 7S W= #1F)

AT (1)~93 2m-H45E Rei oy w31 a7 | ToaR BoA=mwS emtfre ==

T ¢ A (R, (1 (@€ ST TRAIR Tyl &0 S A TR STyt
7131 90T T (Tt 1), Siar S ol AR W16 2m TF 20 m TS R[S wfieeem
FALITAR STIEIA] T FNFATSE TG AT T3 |

6.3.4 SwigaYEL

THIEE 1, ST 3 |

xP -8 +17x2-8x+1=0
Ty | of 97l evm @fe wETE AR
A7F gTTE =141 I,

K+ D-8xT +x)+ 17X =0
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x? T ST I A,

(x?+ l,)-8(x+_l}+]7=0
X X
1Y l

A, | x4+~ -8 x+— |+15=0
X X

!
z=x+— o,
X

22 -8z+15=0
47 %6 I 24, z=3 @3S
1
AT, X+—=3 (AT A7,
X
x2-3x+1=0

3¢5
X = —

,
2

1
m‘wﬂ;xS (4TS A%,
x-5x+1=0

_5x21
2

,» X

+ +4/21
T2 OV AN R I 2, 3 2‘5 9% > ;‘/2—

TWIEAY 2, STEW T |
10x% + 25x* + 16x% + 16x% + 25x + 10 =0
<% N WErE) TR, SE 93 7wy | b aond B,
100> + 1)+ 25x (F + 1) + 16x3(x + 1) =0
A xHDI0E -+ —x+ 1)+ 25x (2 —x+ )+ 16x%] =0
(x + 1) BeoAwI 7F x =1 A= siem o6
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e -+ —x+ 1D+ 25x (X2 - x+ 1)+ 16x* =0
A, 10+ 15 + x4+ 15x+ 10=0
G S ANEERAS LW A0S TR | A wve TR
ATE EV WL, 100 + )+ 15x (2 + 1) +x2=0
x? gt <1s far,

10(x:+—]-;)+15(x+1)+1=0
X~ X
Y |
a1, 10(x+—) +15(x+—]—19=0
X X

1
X +—=2z A,
X

1022 + 152 - 19=0

A AN 27, 2= 3+J985
' < 4~ Y20

]
2-9% 8% 46 MR &, x+;=z—c¢mmm, x-0% 5IR0 TW AreT !

A5G G x =1 T e FRIFACEIF =91 F01e |

TWrZad 3. FNYE T4 |
X —6xt +16x  ~ 16x2+6x-1=0

TR | 46 fadly ISR ST AR | G0 9B @ AR,
=1 —6x(x* - 1)+ 16x3(x~ 1)=0

A, (x-DIxF+xP+xE+Hx+ D) -6x(x2+x+ 1)+ 16x%]=0

(x-1) BeAwa (M@ x = | A oArem T
xPrxt+x+x+1-6x(x+x+ 1)+ 16x2 =0

A x-S+ 11kt -5x+1=0

of6 avsr=dR TR W FERRe | (aef w4 RRR)
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x! 7 S F> A,

[x3+—13-)—5[x+l]+1 1=0
X X

1, [x+—]-) —S(x+l)+9=0
X X
1
X +—=z P,
X

22 -5z+9=0

- 1
Z-8A WO WA (2157 | z-9 2T AT Toly WA X+—=2 0% x93 9o AR A I x = |

e 7ATER MET (" |
THIZRD 4, ST T |
19 -3+ 5x% - Sxt +3x2-1=0
AN | oG FAFFNE 1,
" - =3 - +5xMxE=1) =0
x? - | G TSAACE O I AR, Frwo Frraie iea frara s,

1 -3 5 -5 3 -1
1 -2 3 ~2 )
-2 3 -2 1 0

x8 —2x8 + 3x} — 2x2 + 1 = 0, 9 AT ALY TR WEI )

T, [x" +L_‘)——2(x3 +—l,—]+3=0
X X"

x+l=zaa1-<mw,
X
7' -622+9=0
A, (22-3)P=0

q, 22 =3, A, z=%.3
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x+-1~=ﬁ 4 x+l=—«/§,

X X
ax xzﬁil ‘ -\ﬁil.
2 2
T O] oG AAFFY AeeH oo,
g B B -3 e
2 2 7 2 2
Bwrgas S,

I BET @a x| WA (x+ 1) = a(x? + 1) 36 ey AReRd, 695 a = -2-3 T
SR FAUW 3 |

b ic ]|
(x=1)y -ax'+1)=0
a=1 g1 AN dx? + 62 + 4x = 0 4TTA LW
A, x(4x2+ 6x+4)=0
3 93 FF x = 0)
T%92 b SR TR T )
TR x GLAWRD M fuea,
4x*+6x+4=0
42 SEey AR |
a1 TR, TR0 o R &2
fixysx+ 1) -ax+ 1)=0 &0

Ot e )
B % x* x* x? x*

of 1
X f(-;)=f(x)
fix) = 0, STIAITT AN AT WETA] TAFAS |
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a=-2 T, WA 7,

(x~ 1)} +2(x*+1)=0

3+ 4xt + 6 +4x+3=0
A, I DA+ 1) 6x2=0

A
Lnd

X X

(X+l) —2]+4(x+l]+6=0
X X

L

X"+ lz}+4(x+l)+6=0

A
tad

1
A, x+—=z PAH,
X

3z2+4z2=0.

4
WAz =0, 4 2=-3

z =0 %A, x2+1=0 A, x=*i
4 2145
z=- T 32 +4x+3=0 q x= ;J_

. —2+i
@rm‘r%ﬁ,ii.—-z-;'—‘g.

6.4 fasiit 7wa< (Binomial Equation)

far® SR FATA: A" +B =0 ... (1) 2o, sifie W gfb =7 wa 47T
A, B TN A GH G3R 1 QIS AR | TR (1)-CF TR A0,
%)
X"+ —{=0
A)
B
?Tﬁz qaTgE =12 7,

X" +r2=0, 9, ———_}g ~1=0
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(A @A ot ANTARAE TEhA 1" — | = 0, G2 T o 1 T1H, 93¢ Wi =iy svdfiweaat
LT 9% ANFIABIEE I |

1" —1 = 0 <& faoir TMFAHT n WY 50, OIS (Descates) BT Fm wepitg @< <=
R HqH LRI A% S T ~ |, W] AW 91 AeafH Sl a1 AT/ n 3R
7 e o frarara SR 38 A1 (@ «alh S I € Tl ey ARee AT AR W@
TR +1, 1 4% W) AT Twmias w5

nIPAEF X" - 1-Fx - | IR S5 F2 WA x" - | = 0 ANBFER & Jwrafa, x 1 +
X" 24+ ] = 0 O G SRR (S AR, n YA X - | @ xE -1 el 3,
Taxtd x4l = 0 92 GG ARiEard elFHE g xt — 1 = 0 ARSITIE FHow
A (x" - 1 = 0 TRAER TGGHUT 197 (49009) n-S 3F 9 19X @ 27 7|

fafen na3 T FEED e wilegy ¢ ove Beai H—
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o
7.1 RBEWt
7.2 TN
73 Fhe e «f

7.4 SRR 5% ¢ WiFdy =i afFm (Method of Induction and Euclidean
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7.3.1. oS @i ot (Infinite Continued Fraction)
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111 1
a:+a1+a4+ """" +au

F=a, +



(A a,, ay, 8y, 2y ....... el FIGT SRR, SRLE G TS TURHTE ATE T
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Ty 7S] T TR (ITS T (A TAAD 0 = m + 1 97 97071 6 79 ) G2 B *16 =301 A el
WIS A (@ WHRAIL s SRR T 7w wo g e n 9 & 79 |

7.4.2 TS et *5fS (Euclidean Division Algorithm)

3B P e oy @3f® 4P it TAE 9 S T e TW 9% 93 9
TR WD AT | 9% D19 ARELE TRTT R A I PR WS & fefy 7 |

236




BiFdm s efFm
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(Properties of Convergents of a simple harmonic
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2+‘ﬁ§_2 2+ ] 2+ !
2 6+2 4+(J€—2j
g P T
244+2+44+
=2+.—..1_
2‘+t_l
(i) ©: 2+L_l__.!__'_. (iii) B2 3+._!_ LRI
l_+l+1+§+ l:|-1+]+1+ §+

273



sarge DT ‘”3‘/7 a :2>2+3ﬁ>1
2447 2447 NE 6
=1 -1i= =1+
3 3 3(ﬁ+l)
=1+ ._2 =1+ ,_l =1+ l,u =1+ :
V7+1 VT 4] 24471 Hﬁ—l
2 2 2
=]+ 1 =1+ ! =14 1
T4+ — 6 1+ 3 1+ 1
2(7+1) VT +1 V7 +1
3
S VR S ! PPN
I T+, 3 S PREE
1 ¥7-2 37 +2) J7+2
C3
l 1 1 1 [0t
=14 — =4 =l+———
1+, 1 1+, 3 I+ 1+ 4+
4+(v7-2) J7+2
11
b+ a+ b+ a+ b+
i
S x=a+ ]
b+
X
U (UTE R QT X(x-a)=%
noE=l Ll Lo
M3+ 5+ T3 145+

1
FI —F2 sﬂ?ﬁlﬂﬁa I
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ps.. +3 ] l l l l

12. = — = IR A EF |
q3n+3 a+b+c+ P!F a+ . 1 "ﬂz
q)n b+. ﬁ.!___...
c+q“
P
14, —'=l.~p—==———l—]=3,-p—= l] = '2 =2 @@ w1 orem w1
% ¢ .. @ - 2 4% 1
2 _l 3
15, P _30
q, 43
By 4-47 2 ¢ (RT)

1 1
F:a‘ +.-..___..
a,+a,+

‘1

- l aa»"’]
ST Py =a,q = 1, £==al+.._='_1_._

q‘} a-. a:

» o PaTa.p+q, G =04, T,

(py = 1, q, =0 WA) -, n = 2.0% T 7Y |
TAHM=m BT, =2, p, | +Pu.2 €0 =0, G, + 4, 5 T

2T B DS I

1
! a,+a,+ a,+a,,

R

" and-l
9 Elﬂam«eaawm a,+ wuﬁmm%ﬁlm
q!‘ mel m+l

{ 1
lam + pm-l +pm-2
prm-l anwl

Qomsa a + 1 +
m ﬂ.,,,] qn—l QM-_Z
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am-rl 'ampm-1+ pm—! + am»l pm—l

awl a||1qtll-l+ qm—l + am'i'l qm-!

= am+l(ampm-l +prn-':)+pm-l
am&l (amq =t + qm-:)+ qm-'l

= ar|-|+l pm + pm—l
am-l-lqm +Qru—l

| TAR ERS |

Iz “Afaeia

Simpte Continued Fraction T Fi sm
Convergents FIASTALTD TR
Method of induction SIATZ G
Euclidean divjsion algorittem efErsh o ofFm
Rational number AR AN
Irrational number TATA ST
Real nuinber AFI AW
Sequence g™
Infinite Continued Fraction i T SR
Convergence afswas
Convergent Sequence e e
Recurrence formula AR T



aFF 8 O 9 AYreg (Number Theory)

8.1

8.2

83

8.4

8.5

8.6

8.7

3.8
8.9
8.10

8.11

5T

CAL T

AT

MffSs wra S (Method of Mathematical Induction)
faerenet @ st */&fS (Divisibility and Division algorithm)

I SIS @ TGN AYAe e (Common Divisor and Greatest Common
Divisor)

A4 ofT ¢ TS My ofdsF (Common multiple and Least Common
multiple)

clifere wiean @ +bmfarsa 37 afd®@I (Prime numbers and Fundamental theo-

rem of Arithmetic)

747! (Congruence)

WA (Residue) € TR (A (Residue class) TEET m (modulo m)
WY

A

8.1

e AR

A I (ATF 01 AT TR el a3, o, fowmib Zonf s ¥eard 31 @i =W
TYA (ATE CATK, TR]E FIOTMIF S (natural number) FFTE SRS it ) Aerer ugsifes
TR AR AT T € TEa T Angl e | o e 9% @36 s o Sresid e
I, WA (SRR | R &R 1, 2, 3, ... Teniw I s SR SN IR AR o FF0 77
T[T SBE (A (F TR AR A 4 w0 ) N mod T fagreR
AR (7 SIS AN R FNHA LBHINH Tl &7 1 R ufS Iw AU gada ¢
(AZA DI TS WNE (T e 1 92 g Sl oAt Ty o AEE Ao

9
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8.2 Trery

G2 AT A T WAl (@afE ware T gEw @il = —
® SRKATSTET AL FETE-HFE NS AT AW FATS AR-ER |
O T ToAoM] ZWIN FACT TFA 33 |

8.3 afdfss wmrar #mfe (Method of Mathematical

Induction)

2RATETE (Theory of Numbers) #4S: FIS{a< <N (Natural numbers) 1, 2,3, 4, ...
oz s 71 T AR A R SRR SR 7T TR | 936 iR 2w Afawmei
A FEH A/ :—

(1) 4T 2R Toefe RrTe 43 S S TS, @% (1) Foe e odhramE
47 6 S e & (76 W 9FHD Tl AL AN & GG WAy TR (AF (@B Fhie §
FBIGa 9 FTEA A (least element) W | G2 65t Well ordering principle 31 I
TS

TR I

(i) S={1,3,5.7,9, ...} S3FTst A% |

(i) $={2,6,10, 14, ..... } 97 HEEN W] 2

(i) S=1{5.9,3,7 25) 92 HAGA FESH A7 3

(2) st @ 3= gz g @ g e =1 27, o Toslh TN I IITS Q.
@ T walts 26T A= | 29t SNl 3 WD AAfeT IEE (mathematical state-
ment) A, B, C, ... ... a1 3o 33 i #fawiz ©a 39 | 3@ Beas e 5 93k
3 7 sTER @36 (@S AN, WA <45 @ 3 97 QT GFH ROSHS T 17 IR HFE S|
& 4l statement SR TR f 1 929 A € B A6 36 W G5 T (T A 7] %el B 79
TR B4 % ACHA A0S A G 70! B 97 FJONT 00 A" R T G 1 AW |
% 4R IS 3@ T4 equivalent statement-93 ARSI AT L0 7 | Tl
SEIRIIC

A 9 FRIE B x, y TSR (@S |

B 4 35 oA x, y-93 (@eeE &G |

AT AW A ] TR B A | WA B W] A A A He] AT | AR 2 oIy
TIGE TEAE TN A LRSI Tz Faf% | A, B 9fb 1% 771 frea srawof muds
(a) A, B-CF 6% 33 (A implies B)
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(b) % A 7% TR, S B 7 |

(c) A ) RCTR Tel} B9 HETS! AT |

{d) B 97 JSTOR W+l A-aF TSI WA =1 |

(e) &8 AR, A = B (Tdie A 79 I B 79)
(f) B FSi AT A 3 77

SR SR WA GRS S TS 8, b, ¢, ... m, n ... X, y, z 97 @ FFE 93 28
R T |

R NS 1 Y FEAT YR T 7S T | AT G2 ol 6 2 FAS T WS
TEIRS AR T I 1ff5q FeTe! THR F]31 WL 711 | (@1 SITH 43 SAW A T R
A | WSAT ) FFH CHGE IS AR G 93 45 I WE, Afwe ey 4l wiva
= OMRE AR T AGS! Ao I T | 4% ABFERy, AT g e a1 and
(Method of Mathematical Induction) I T

a% orgfefba fsa 3 @9t (rem ==
sfafes amaz R 1§ :—
/el /A S

T S 97 9w GI6 TR I TR oY WS WS P, 93¢ ol FioT 1T A
T e

(1) 1e §

R meSTWEm+leS A

1 7 2l 1T pAc S @3 AR |
il e

W S G = G T, I APTR o IS LI PR, w3k T frn e
&

(1) ke S, @I k 9= g offream

) k MEFI/BAPRKANMe S Wm+1leS AITAK (T IS T 4RGS0
QR 1

TG 43D Totoit) 3722 GANS oA T | (IR Sef] IR 27y 93D $TRrE
IR G S 4127 FICS A TR (A (1 S 64 SAAWRS 7 | 9o A A § W e T
(1) € (2) ST € oARi 3, ©1 T S NS TG LA oA A | Welie Borotraf v
MR SRR TR 7 QAN
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TITATZ AT TR e Totoimay et IR 34 € G2 NE 327 1 Tarezet fome w3
&b 0> Sorerm =)

VWL L U @ 142+ +n=-;—n(n+l)

2RI 3 097 (% TR 1ARIE SPPAANR T Goad SoAomifl ey (2 7121 n-a% WA e -8

1
16 4129 T T | 94 ST AZ(EE A& n = 1 S0 W = |, G oS =3.1.2_

TeaT | e S 9@ me S, FAEHM 14243+ +m=%m(m+l) LU R

1+2+43+. . +m+t(m+1)={1+2+ ... +mj+(m+1)
| !
= -_;m(_m+ +(m~1)= E(m+l)(m+2)

L4 TAAWG n = m + | -9 TAE AL | YTIR § T ANE A PR G

6 R RS, AUAN=4,5,6,...........

TR, (AR @ e

4
S 2 0 = 4 ITH T=24.W-_‘I?1@°1"|1Wlﬁ3 n=4 QAT A IR AT n=m > 4 AT

@ﬂﬂmﬁwam:ﬁﬁ%,ﬁmﬁ@w

AfEm(m-1)(m-2), 6 TN RESH i s n=m+ | T

lm-ﬁ-l
fm+1-3 =(m+1)mm-1)=m(m-1)(m-2+3)
=m{im-1}(m-2)+3m(m-1)

TR 2T QW <7 6 9T ISR, B8 o 6 oI feory woeIS (IB mefF@m+1e S
wefis Toronif fadim Mod IR o1afe woEd n 2 4 93 T Setomd w7y |

TWITAY. a. b, n WG *pfAzel LA
(a+ b)n = g" + ‘c,a" - lbl + + "c,a" B+ + nc“‘ | ab"" + 'C.b"

(faom fagfea Totermm)
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o4 ¢ T I @ I AN R e Beiongid A o @)

@¥F (a +b)' = a' + '¢, b' = n =1 4T G oA 7} 1 W9 | € 5. 94 TA
A m e s udie

(@a+b=am+"c a™'b+.. "ca™b+m"c am' b+ ..+
", ., ab™! + "¢ b*

a9 (a+b)™'=(a+b)"(a+b)

= a™ + ("c,a"d + a"b) + ("c,a™'b? + "¢ a™'b?) + ... +
("c,,,a™b"! + mca™b™) + L+ ("¢, , ab™ + ¢ _ab™) + "¢ _b™!

=AM, + Da"b+ (¢, +Rc)a™ b+ L+ (", + ", ) a™ bt + L+
(ncm-l + nlcm) abm + 1'u+l¢‘wl bmﬂ

- awl + mlclanb + rnﬂcz all'l-lb! + ...+ wlcﬁla(uﬂlHr-l)b(ﬁl) + ...+
+ m*lcmabm + llr*lcw‘bm"l

MM m+1es.

. TR o FIUT AR GO A S|

8.4 Rsieget ¢ ©iot &S (Divisibility and method of
Division algorithm)
Rengon At 3

@3 spfAieet b-cF @I AR a (I [T W) TN o I TR IR 9w 93
S{FIRAN x SINGT AR AT &Y b=ax. AOUFE AT AU @ W a/b(a T b Few))

Y 1.
I b, a T e [ W, o3 o8F ARy o B
a.tb

WY 2. 97 I b Rerw—a% ITYH TAONI I T “a, b-T TIF A", WA
‘a, b-97 GIM SHF (divisor)” WU, “b, a-97 43I0 ofITF (muitiple).”

oromey o,

(i) ajb TN a|bc, @A c 93 R

(i) albeb|cTA, a|c (D transitive property)
(i) albsalcTaf(bx+cy). RIGIx,y P
(iv) a|b €b|laga=bW@a=-b

28]



(v) (m=0)2Wa o3 RGN, S 4| b => ma | mb S ma | mb =» b
(vi) Wa|b, 9RXa>0,b>0 WeCRash,

oTe e

(i) a|b=>b=ax, (x %MK .. bc=axc=a(xc) .. albe.

(i) a|b=>b=ax

bc=>c=by (x, y A 7Fe))
c=by=axy =a(xy).
ale.

(i) ajb=>b=au,ajc=>c=av,u, v P HxY
. bx +cy = aux + avy = a(ux + vy)
~ al(bx +cy)
(iv) alb=>b=ax
blas>anby (x, y )
" a=by=axy
43 b = ax = bxy
2 a, b W0 REAW | = xy
TR x=y=1Ta=b
QR x=y=-1Ta=-b
) alb2Z b=xa
m fia o4 T 2bm=x(m):am|bm
(vi) a|b=>b=ax
(ARG a>0,b >0, WEHR x>0, CTRY x I3 FIWS PRI VT x 2 1. WSR
bza

TSI 1. (T R a| b TR a? | b2,
ATFE 3 b2 = alx? G oA T

BAEM 2. (A @a|bec|d T ac|bd
RO 2 bd = acxy T
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Tiizad 3. oM @alb8x>y2 1 TWHE 2 | b
A ¢ b = an, n = WA
Sbh=an=a@rn), = al b o atr "j\‘-‘f’ﬁﬂm (x>yz21)
Bototiay 2. (1ot 2AfE At Division algorithm) afit a, b 2% #hia @R a > 0 &ve
A, STI G W36 2R ¢ € 1 TSI sirel AW (T,
b=qga+r, AFO <1 < a.

e 3 e Ton s <P e PRpcEs Adw o9l 99 i
e b=3a, b—-2a,b-a,b,b+a b+ 2ab+3a, ....

% AR FRETa™-93 AT ST a @ @R el v TRl @ G sEdl x
7 Ty B T o495 16 YW sitew! T WE WY x AT FW x T Go ATE
FCH AN A L oG] a AT G2zt 2 AT 1S 203 | Sat @3 Arafe Ol 2R
wefie,. @ @I WA g TR @ (q TS WD 20O ANCE)

b-qaz0dxR }

b-(@+a<O
wfie 0 <b-qa<a
(QAFEDL>0 WA Q2 0, TR b <0 T q < 0FI)

AT BATTT BPTaesid «13sia 1fo At #idy a2, STOGT (T I 93 g SR TS T
(8.1) 7%, TCA

r=b-qaz20
G r < a.
sfleb=qa+r, @AAHO<r<a
IR S AN PR S 5—
I A W 4@ D q, q, KX 1, 1, A W ;S

b=qa+r D<r<«a ... (8.2)
b=gqa+r, 0<r<a ... (8.3)
Ol a(q-q,)=r1—7r1
o al(r, - 1)

% |1, - r} <a, oI039 (8.2) @ (8.3) MR SPIWS! (AT | TS a | (1, ~ 1) TS IS (FTANE
Far, ~r= 0 Ofer, = r TGV FUFE q = . I q 8 r TSI e T
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TG 2 TALIT oot Sl a > 0w &N AR

Tt a < 0 W, CLHTE Sist AT G2 ©Itg o1 TW—a, b 26 o§erna ove o=, =
WE oG q 8 r MW AR RO 1 < lal

dR b =q'a+r @IMA q' 8 r T
ltet 3 b, lal 9% %0 A Ty ot wifdr e 8 @3 fo s Rt g @ r Sy I T
b=qlal+1, ... (8.4) 0 <t < lal. (TATA q & r WA !
SEGT a < 0 WA lal = — a I (8.4) (AT A3
b=-qga+r
S, b =q'a + 1 (@A ¢’ = —q IR q 8 r S RETT, q, r A G TG #i1%
b=qa+r
. b= 100,2=9
GMWMR g =11 SR r=1
AT 100 =11 x9 + 1
TWl. b=-100,a=9
QAMAq=-12,r=8, MZZ-100=-12x9 + 8
Tt b=-100,a = -9
AT =12, r=8
@ —100 = 12 X (-9) + 8
T a = 70, b = 15 20 q 8 r O AfFT AR [ Fa)
I5=0x70+ 15
QA q=0,1= 15
B b = 2250, a = 321. q 8 1 2

32142250 f 7
) 2247 (
3
Todq 2250 =7 x 321 + 3
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AL b=-450,a=62 A q&r MATFA

62| 450 |-8
-496
46
WELL 450 = (-8) x 62 ~ 46
Lq=~8,r=46 <62
T, a=-253,b=-692. q&r T [Bsq=3.71=67]

8.5 YR OGS ¢ XN AU Si&F [Common divisor
and Greatest Common divisior] ¥ f&. . f&.
(G.C.D) 1 %L 91l ©.

RGOS (AR) e WM a|b€a|c TW(@AIMA a, b, ¢ FFHRYT 9% a#0),TRa, b €c
“F FEEd BT | '

TWaz0 @ a%Kab,, ab,, ... ab, T8, €@ a-(Fb,, b,, ...... b, ~I7 FLL EFE 371 LA |

AL $ J2ET ANRAY BI6F (Greatest Common Divisor)

b ¢ ¢ b 2R (v wee A0 TERS) (7 IR FIYR S Wi, SR WK ITEN
HEITE b & ¢ 93 TG YA SFE (Greatest Common Divisor) 1 &, . &, zem 1 san
(T ELTE T (U LG LR SrE LI 4rgE 7

b & c 47 JXEW AR SFIE (b, ¢) 4% a1F o ofre s

T 43 UfEE AGE APRGR b, by, ... b, 9% (R YL AR TRF " g (TR g
b, b, .. b, KA LA AR SEEIR W JIEH | ST FLIY JLE AL
STET g = (b, b,, ... b ) GRIA G TA | JTER MU ST WA e f. 7, fe,
(g ¢ d) *fmerenr Fw@)

TUL (i) 1.5 493 S AR TEE | 99 (1, 5) =1
(i} 0.3 9% ITEN ALY ©TE (0, 3) =3
(i) 9, 15 49 ITEA AR TIHE (9, 15) =3
(iv) 16, 36 9% JTCN MA@ E1TE (16, 36) = 4
(v) 24, 40 S7 JTTA FYRDA ST = ]
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(vi) 6, 12, 24, 36 93 TF AR ST = 6.
9% (12, 24) = 12, (24, 36) = 12, (6, 36) =6.

(vii) 12, 18, 36, 60 €% FRUIOFT YR SR F 1, 2, 6. W4T (12, 18, 36,
60) = 6

T 1. T (2, b)= 1 T, S 2, b 9T W | HET U (PR AR SITS G 1 4 O3 A
T a, b AR AN

WY 2. T ofb PR a, b 9T T G DY A %, y, NV TR T

ax, +by, = 1.
T (a,b)=1

FRVTEA. 3 EPACK {ax + by} FANET MY FASA A9 TR g = (a, b). I WY
| (RT3 TSR AN PR IR WS4 ax,, + by, = (2, b) = 1.

Tzt 2 5 (a, m) = (b, m) = 1 T S (ab, m)= 1

T $ €1 TE (ab, m) = x

(TR x G0 YT AR

HIAT  x|ab 4K x| m.

ab =xy 4R m=xz.

(a, m)=l=>(a,xz)=lWu‘lﬂ(a,x)=1,(a,z)=lnﬂﬁ@m(b,x)éltﬂﬁi(b.z)=l.

W4T (ab, xz) = 1. WS4F (ab, m) = | _

Boroy 3. 3 I PRI b e ¢ 93 T B . g T, W bR X, y, SR A T
g =(b, ¢) =bx, +cy,

AWMU S = {bx +cy . x, y o A} B BB crem I 3779 FIANE (Well-Ordering
Principle SR G G 93 LI o 21 T S-9F T LGS 00 T4 "FTEN | & 4wid
Wbxy +cy, =1 ...... (8.5) T (U x,, y, T 4FHRAN), SR AR 273 &1 F33 A b
wR e !

MWAR I RAT ¢ fb IR b6/ 97 TG B9 AR ARG 0 r LR 47 AT
@Ab=ql+r, UFO<r<]}

SR =b-ql=b-q(bx,+cy)

=b(1 - qx,) - qcy,
=b(l - qxy) +c(=qy,) ........ (8.6)

LT (8.6) (ITF CrT (91 ¢ FTHCR S (TOB | 1 r < /. R 1 (RORF S99 HHSW T ¥,
G AT B AT W 1 WELA / Y b T A7 | S/ | b. S /| c.
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URM g g b e c 9% . 1. f6. | ssaq b = gB, ¢ = gC 9/ =bx, + ¢y,
=g (Bx, + Cy,)

TEAAY ] TEAT g </ [FE b€ ¢ 47 JTCA AR SHE T g. TSI [, g T REA
T A w1y

TR 1. b = 150, ¢ = 225 @ws93 f& 3. f&. = (150, 225) = 75.
4AMA225 x 1+ (150)(~1) = 75
X =-1,y,= 1.

THRRD 2. b= 95, ¢ = 205 @wia 5. . &, ot e sz fefw 504 bx, + oy, Fefa
FFA |

(b.cy=5
<191 2Tl Bl
205 =2 x 95 + 15 (205, 95 € 4T) . ... 8.7
95 =6x15+5(95€ 15 AANA) ... (8.8)
1I5=3x5+0(15€59amTH) ... (8.9)
TqEAd, 5=95-6x15....(8.8) (A&
=05 — 6 x (205 — 2 X 95)
=-6x205+11x95
G4 T o, x, = 1y, = -0
Torsiy 4. [ B T8, g = (b, ¢) 97 el =7
(1) g% bx + cy ~93 T~ R T ANT WAT FHON LG A |
(i) g TR b € c~9F HINT AR ST Il G A4l Sres are e |
aEne e (i) TAAM 3 (UF AT TR

(il) W JATE 2AIA PR (@A A1 g = bx, + ¢y, TSI b G ¢ IF AR S&E b, +
cy, £96 TITE | WEAT b € ¢ 97 &F1T Al Troeef g 93¢ sEe |
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THAANWG 5. (A (W TR AHCAN m-a9 39 (ma, mb) = m(a, b)
e 8 TR 4 (TR U T
(ma, mb) = {max + mby <& T HAF AN T FTEN SoTrg 2R}
=m X {ax + by 4% & WA 2RIY ] FHEN RIS e )
=m(a, b)
TALNW 6, A wTGE A d 95 TN (W d- 4K dib ST A

R TAAM] § SR
(a,b)=(xd, yd)y=d (x,y)...... (8.11)

b ]
8.10), (8.11) T (3,—]= =

wﬁrﬁr@s(i,-{l)ﬂ A g = (a, b)
B g
EATIA TAH] Tepar
a b ]
-, —|=—(a.b)=1
[3:)-g

TASMH 7. AW (2, m) = (b.m) =1 ZF, ¥ % (ab, m) = 1

UMDV SHAE 3T (AT AT (T PNk, ¥, € x,,y, T AR @
l=ax, +my,, 1 =bx, +my,

TSR, (ax,)(bx,) = (1 - my X1 -my,)

=1 "m(Yn+y1 "‘m.‘/n)ﬂ)
288



THa]
ab(x,x ) +my,=1.. ... (8.12)
Ty, = Yo ¥ ¥y = MYy,
(8.12) (7% I AW (@ ab € m-a7 for. . f6. = 1, wefie (ab, m) = 1
To1om7 8. (a, b) =(a, -b) = (b. a) = (a, b + ax) (WA a, b, x 7R
e s g =(a b) I gla, gb. 4% g T a, b 9T TN AR OEF ) T (a, -b) = g.
THAIA JZEH AR SO F@EE a, b (13 TR ATT, (@FHE o= €1 | TSda (a. b) =
(b, a) WA g =(a.b) . a=gx,,b=gy,
AT X, ¥, APRY G (x ), y,) =
TER XX, Tyy, =1
TEAY (a. b +ax) = (gx,, gy, + gX,X)
=g(X. ¥y, FXX) {8.13)
fre
XXy TY Yy YKy XX Xy, =
C XXy —xy,) Ay, txx)y, =1
XLy Xy =1 (8.14) <49 (8.13) € (3.14) (A&F (a,b+ax)=g
TAAMT 9, clab Ak (b, c)=1 TFc|a
2 8 (ARG (b, ) = | TEII PR x,, y, G IA T by +cy, =1 ... (8.15)
(AEg clab, Wedqab=xc........ (8.16)
abx, = X,X¢
(8.15) A= a(l - cy,} = x,xc
T a = c(x,]x + ayn)
TEAE 2, ¢ 7191 faere, udiz e a.
w3 Al GRfE® WAL (relatively prime numbers) § 76 31 sreifa® AR
(TR N T | TN (T HIAR SIEE 71 QN LI ST A1 (Rfers 7 I 2 |
(27, 100), (5, 6), (4, 9, 17) WL (6, 9, 25) TR A AT @ {a, b} HF~ws A=
RETT AT € WA = 2 (a, b) = 1.
LW 3 ATAFT WoSR GRFE (relatively pairwise prime numbers) ¢ %-95 S
HARE AR FHT ORI @ (@ HS o e ot AAtgfz difere @ w4
GIER ARANSTE RS (oo (fHS T @ |
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@A 2 (5,9, 16} 476 taTena aifas @ifes, el {5, 91, {9, 16}, {5, 16} 4 &=
AEAfas GnfEs)

TEY 1. FTETOH ORI (FTETR AR (faw e, & 7branefa Aafas @fEE
TR, {a, b. c. d} 9T TawSR AAfTE (O GH T (a, b) =1, (b.c) = 1. (c,d) = ], (a.
=t d=1(ad=1 9Wa b, c d 99 | A (N STE YRS AN AL, @Feoer) T
k>1 936 T MF G (2, b) 2k TG (a, b)=1. T€9qa, b, ¢, d “Aifas (T

TEG 2, Fesf oA Arfae (e 1F oF tavera Gifers Aie W AR (@A
{6, 9, 16} % fupef® Az @i, fog taeera = 7w, @@ (6, 9) = 3,
(6. 16) = 2,

T 10. (T (5. fo. faefma 2EiECn o4 »afe)

A6 g 2l R b, c-a7 f&. . fe. fmefa @ T b, ¢ @7 Wy O orEfe A A
T 1) LI, 2R €€ 1) 49 T & S| GG WA TATS TR, TS A IR A
| CI0HE X T0F o7 efman ot @ . [ S,

A $ &7 TE b € ¢ Yo LG /AT | G TN Sre) el ermtel IE AD T el
q, €r, % QAE

@A <, <c.
r, # 0 X AW ¢ @ r, a7 W & afen onmet e oig
C=Qyf + 1y (8.18) @AMTAO <, <7,
r, # 0 &1 99 73 T, T, 4% & ele sfarat e IR I, =q;fp, try (8.19) @G
01, <1,
LT 9% AT T (TS A T 7 WA = 0 TH |
AEZO<r <, < ,<... <r < <r,

GTa? Afel 2AftFy SRpE SES | W I | WHAI ATS TS B i 2 TR k 99
(R MF @, | =0 T

e L= an .t
O WY (Y (R (1Lk+1)
B "ER R

TeaT (Lk+ 1), (1. k), ........ (1.1) 2% FRFRNH (U SRR AR
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(b.c)=(b-cqy, c)=(r, ©) = (r,, c - qyr,)

=(r.1,))=(r, - 1,q,, 1) = (1}, ).
T TS U T Bt AT A ]I AR, €)= (1, 1, )= QT =N
qeaA b ¢ ¢ 9 . B, &, @2 ofwms e 7=

Y . T fx B . i orafere 388 #1af® (Euclidean algorithm) ¥ 4
=1 A A2 2rwfed annel FA & R e oA 6. (H. C.F) Pt w0 3wy

TG 2. (ARG 9B Tiot ef T g€ r A, W @S oM (@ SR orafers . . e,
THATEITE 2ET T |

TEH 3. Borza TS ol (wE Al
=T 2=
TRy, SR FAEA
=M 2= 3-9 T )
TRt 3T Ny
=(1+qua ) - qf

IR, , AP GR(, -Fr, Cr, 99 TGN I TS AN 1 FEXT AT
S 1,-(F b € ¢ 97 TR 2T FATE 2173 1 Wefle

r, =xb+yc
AYTA x, y 2, aFof ofeT am)
TRrZACEIT 8
1 ETRETen el g 703 7, . 1. fefn o 3
(a) 7469 93% 2464
(b) 2689 € 400)
(¢} 1109 = 4999

2 2947 € 3997 93 f&. . fo. ¢ ficfn = @2 g -(3 2947x + 3997y R A @ (k. y
74 A=)

3. xyffiTFm @R (a) 243x+ 198y =9
(b) Tix-50y=1
{c) 43x+64y=1
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TNYF : (a) ST oG TP
243 = 198 + 45
198 =4 %45+~ 18
45=2x18+9
18=2x9+0
T4y,
9=45-2x 18 =45 -2 x (198 -4 x 45)
=9 x45-2 x 198
TT A3,
9 =9 x(243-198) -2 x 198
=9 x243 - 1 x 198
Tqeaq
x=9y=-11
3. R A 2R fealb e goer 6w frem

(TIATZ 7HETE IFA—n(n+ 1) (n +2) BFAIn =1, 2,3 ... 745 WA &) 6 7
o M FME I 1 A n=1 TR1.2,3=6 I TR o T RSN T=Fn=m
43 T IETG AL | Qe 6)m(m + 1)(m + 2).

g4 (m+ m+2)m+3)=mim+ 1)}m+2)+3(m+ DN(m+2) ... (8.20)

forg 22 TarE @ 6jm(m + 1)(m + 2)

TR 2[(m + 1)(m +2) TSA6[3(m + 1)(m + 2).

e 93 (8.20)-97 4EY ATFA 5 2ME 6 TR S | WS4 6)(m + 1)(m + 2) (m + 3).

NWRETAR= -m @AW m TGS
YITAR & 7FGE n(n + 1)(n +2)
=~ m(1 - m)(2-m)

g (~m). (1 - m). (2 - m) RS @A77 FrEfTE FANR Q1 | T G (A n=m +
97 TAE GG AL} | SS9 WA AHE WPAF ISAWO n = 1. 2, 3, ..... T §RS: AR AR
TN A |

BWrEAt 4. ac | be A @UH W ab, @AFE c 20 ... | [ Boaetm 1~92 (v) IIZR )
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Brrgae 5, x, y faere e e @ x? + vt (o feg 4w faete w0
[x=2k+ 1, y=2m+ 1, @ k, m 71 SWFE @01 T ]

8.5.1 ax + by =1 4% TNEALR 7T x, y-92 MY @ a, b SR AL HTF 24 Fean
Areifee @nfes wefis (a, b) = 1.

(AET a, b A (e wreaz oe i B 8 1 @3 B, 3 SogaAnd x, y oicam ave
qMF T

ax +by =1

43+ S Tt aforara Ry x ¢ y el < Fwe (791 3 (S 10)) 1S 4 a0
TRIZAC SITEICE] Q4T 44 |

TR a =241, b=536
AT (a, by = 1.
TE: T A SpE
536=2x241+54
241 =4 x 5425
54=2x%x25+4
25=6x4+1
TCAY (NF Lol (T [E FA
1 =25-6x4=25-6x{54-2x25)
=13 x25-6x54
=13x(241 -4 x534) -6 X54=13 x24]1 — 58 x 54
=13 X241 - 38 x(536-2x241)=-58 x 536 + 129 x 241
T x = 129, y = 58,
LSRN AT Q36 AN AE |

TR 1. TAT srafore el S5 Frer +iifox | S AL TR0 SNl 44q1q Reana
T LA, y, € Xy, y, G2 FANAW ax + by = 1 €31

T ax, +by, =1
ax, +by, =1

»ax) =Xy +b(y, ~y,)=0
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UTAT AZG (a, b) =1
X, =%, = bk
y, - v, = -ak { k 2BRa)
wdis (x,, y,) 9B AL S WA
R k 3 Gt ool 5
y; =y, +ak
AT AN ax + by = 1 O 3 AL (24 |
AL 1. 203x + 59y = 1 a9 e WA faefy e |
[ 3R ¢ catsg (203, 59) = | Treud TTRFET o9 fi wral 9ol T (ot i
203 =3 % 59 - 26

59=2x26+7
26=3x7T+5
T7=1x5+2
5=2x2+1
e a9
1 =5-2x2

=5-2%(7-1x5)

=3x5-2x7
=3 X(26-3x7)-2x7
=3%x26-11x7

=3 x20-11x{59-2 x26)
=25x26-11x%x59
=25 x(203 -3 x59)- 11 x 359
=25 x 203 -86 x 59
Te 97 & fh TG &5 x = 25,y = 86
A AN ZF x = 25+ k x 59
y=-86—k X203
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T 2. 203x - 59y = | 97 MYIRe T ef7 T 1 4% TARAT € W THIZAT! ST (7
~y ~O% Ay’ AT 203x + 59y = 1

WEAT  x=25+k x 59,y =86 k x 203
y =86+ k x 203
T3, 100x + 81y = 1 & Fwiaw faofa a0y [x =—17 + 81k, y = 21 — 100k]

8.6 e afdes (Common multiple)

RW 24, 4, ... a, TG G AT G ARG T, b -F AAqef g2 g oo
TN 4 | h.i=1,2.. nT| A @R HKAN B a,, a,. ... 297 TR ofios amwed
FETa,8,44, ...... a, &% efes|

wfs MU ofdes (Least Common multiple) :

FEGR 1 T 43 PRI Teeft TR Gftes WL SR N FHOA (RIS SfTew
Y A4 feres (Least Common multiple) T2 1a,, a,, ... a IFF AL Q-F T T
[4,. a8, ... -a ]

A 11, a3, ... a, 99 430 MYV &freF b A, {a,, 2y, ... a, b =i
aash=[a,,a,, ... a,] T m 96 Mere oftes e, © refmre ey s f

m=gh+r 0<r<h.

fog ajh i=1,2, ....n
4% ajm =12, ........n
ffgr=m- qh

ufead ar 1=1,2, ... n
T4 r ST HERY afawE)

% r < h 93 h 2 THoN LN ofeT, WO9R OB HEI LA, (RIS T r = 0 7, WO
r=0 99 m=gh ¥ hm.

TAAwg 12.

m > 0 T [ma, mb] = m[a, b)
2[4 8 FAH|PILE malfma, mb]
T[4 [ma, mb], m-947 430 ofie

W43 [ma, mb] = mh, @IF h, >0,
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€ alfa, b]. bi{a. b] .. am|m[a, b], bmim[a, b] TSET 11. F TA2W] AT A

[am, bm]jm{a, b] @i mh Im[a, b] @i h |[a, b] ....... (821N

TG am|[ma, mb], bm|{ma, mb]

s am|mh,, bmjmh,

W afh,, bih, = [a, b, ... (8.22)

(821) ¢ (8.22) Te “ix h, ={a, b]

TTCAT [ma, mb] = m[a, b]

Totonwg 13. {a. b] (a. b) =jab)

256 ¢ AYLH a, b 4ATTE WA FIEN

(a,b)=g THa=gx b= gy @G (x, y)= 1. TSOF 2FFRAI m, n WZ T T}
mx+ny=1 [T 3 TPINT ]

fa. bl =lex, gyl=glx, v]....... (8.23) (B, 12)

RAEE [x, y], x ~92 afres - [x, y]=px

R yi[x, y] - ylpx. 68 (v. x) = |. T2 yjp, Teaqy < p TSI xy <px ... (8.24) [Fg
Xy, X €y 97 WYY G{ReF TCT xy. .G px SWoH FECA 77 | TG4 (8.24) (47F xy =
px =[x, y] WEAT (8.23) € (8.24) (V7T (a. b)[a, b = g?[x, y] = g’xy = gx. gy = ab = fab|

A% a, b EINE 7 gTE TARE IGA TG IR WA T
(a, b)=(-a,b)=(-a, -b)}=(a, -b)> 0
4% {a, b] = [-a, b] =[a, -b] = [-a, ] > 0.
T LY a, b GANE AN ZEE IS o€ |
TR L. a, b(>0) 7N €3 (a, b) = [a, b] TR a=b.
4{a {a, b] = h, TS4T (a, b)=h TSI a = hm, b = hn. m, n LAEGF 2FT
&4 b = [a, b} = {hm, hn] = h [m, n)
LI [m, n]=1 I m=n=] WAELFa=b=h
THZAY 2. n 9% AT AR (n, n+ 1) € [n, n+ 1] a7 faefa w1
W &I FFI &, n,n+ 1]=n{n+1) €<% (n,n+1)=1.
=1 [, 2]=2,(1,2)=1

AE mm+{)=m(m+1)e€mm-=1)=1.
2%



R (m+ I, m+2)=xT m+1=xp
m+ 2 = xq

@A p, q 4 2P @2 (p, q) = L.
FEE xp+ 1 = xq WA x(q — p) = 1
g®{ix=1,q-p=1
g (m+ I, m+2) =1
Sotolw 13. SRR (m+ 1, m+ 2] = (m + 1)(m + 2)
SIS WIAE A S [{eEl e naq T aufes 2= )
TRZA. SR TN 8 x + y = 100

AR (x, y) = 5.

(GTH x, y 13
A 2 GQMH x = Sm, y = 5n
(TS m, n AES GNERs | 2449 ATFACL x, y 97 W IPCF #4iR)

m+n=20
@F FFCTT SN RS NG GLR T m, n AT ohifer
T, m=1,n=19 m=3n=17 m=7n=13
m=19,n=1 m=17,n0=3 m=13,n=7
m=9%n=11

m=11,n=9
HEE m= -1, n=21 m = -3, n=23
n=2ln=-l, m = 23, n = -3 2
THiEEd. O (T (n ~ 1) | (n* — 1), XA k G0 (ARRe o030 @32 n > 2.
g int - l=n-13fMk=t

—l=n-n-t4né- 1 op-24pk-2- .. +n-1
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TRIZAA. (T4 (T (n ~ 1)21 (0¥ - 1), (T n > 2 €32 k &0 speet, 7 @3 gz
% (n - 1) | k A
rca 1)
k- 1l=(n=-1)+1* -1
s[n-N+Cn-D "+ Cn- D24+ .+ Cn- 1)
+on+ ¥ n-1D+1]-1
=m-Dn-D"+5C 0-1D2+ o +K]
=(n-1D[n- Dt +kn- 12+ ... +k]
QHANL WY O+ T AR (n — 1) A% TeAWE WZ | 932 IR 2D TA k, TG
0~-1DNT B AT ARG (n - DI kTS I @R (n - D ¥ kTA (n - 1)?
Teowms 29 A

8.7 Gifer® 7Yt (Prime numbers)

4% PO (I SIS AL (natural number) ¥ 1 &R@WQWWW@W ﬁ‘ﬁ%"’m
fica R 3 25 O @ TR MRS CNfFre AN (prime number) &7 21 (@37 2, 3,
5,7, 11, 13, 17, 19, 23, 29 Tt |

I g GNfers A 20a O S (composite) T T 1 4, 6, 8, 9 T@giln (AR 1

TAA 14. | (IS IS @ @I R n-(F GRS A TL2F 01T [T &4h
A QS AN | -

astel 8 n GRS 20, n-8 G Bl | n G 71 20, TS G 7RY! n, > 1 G
WITZ (A n,In. SS4T n = n,n, FACA n, AF GG A1 | @A 1 <n, <n, 1 <n,<n.

n, e M 23 932 O n, = n,n, A 1 <n, <n, 1 <n, <n,TI| R 2fFW
n,-4% T8 ATASY .. n,=nn, A 1 <ng < n,, 1 <n <n, oS4 n =nn, = nn,nn,

@2 &M G317 n,, n,, ng, n, G G STS F(E GR TEWA TG TG G 7 2
SRCHCA SR n-& Foulel (N FRYE Besims AT siteai T, (@61 Rl Frws =i

n=p;"py.....Pr’

QA P,, Py vvveerr P, ACIHD CNETE FLA IR 01, Oy .ce.. 0, T TACE T
3 SR, p, b T ToxIM |

Totoliy 15. p QTR @R plab A, pla WA plb 2|

e S pyaTE (a, p) = | TSI 9. O STAA p | b. SFHA p ! b. SHRAGI p ' b
(A, pla WA | QATA STHATAT p 1 a TET p + b 2T #ALA A pA b TS ~ANTA|

BoAol 16. p TS A R plaa, ... a TA, p, a,, 4, ... a_ TS G SET!

gt 3 TS TANM AT p y a, TA, plaja, ....... a, TAL AR p v a, WA plaa,
..... a TR | GOIA (1 TR a,, 2, ..... 2, 97 TGS G SEF L p. (A AR %S
fites T IM) |
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s{iGistiored b #fést (Fundamental Theorem of Arithmetic)
I S BeAmRse 2w (Unique Factorization Theorem)

TorotRy 17. 43 ST ST I SPRYG n-F GNfE WA WpEd edw T
(PRESE, TSR i 7 78 | (N Sesivss e oy e oy wog 33) |

o ¢ <R TS G GIB LAIAT ALY n ST TS G0 SIS GNETE AIUPTYEd
TeAWMIT oTa N A4S T4 IR @ 7 Chifers Telad W0y TONW, Bt Wi wtst
T AR

Ml 49 plig; ... q, ;

@ q,, ....... q, 90 (N @38 p -8 CNferes ) wrewd «afb 799 TS 2 p, (NS, q,,
e QT WY AP AT | GOIR Dy, ... P, ETEINOL q, oo q, 99 WY AP YIS |
AL ) coveoee q, SCCTHG ANAF p,, ... p, 47 Y IR ACAGH | SO B} HE S A
AT 8 TAATT AT AP G AIFCS A | IO (FIH FANCE (TG WA SAR
CIfETE FeATe BeAMTETT NI (67 ASY |

Botolg 18. TN T Ghfers MGim g Witz (FBfFrea Soadiv)

erplat 3 I g CNFE™ MY AN FfT o7 @ TF r R N A =g | Bt
LA SN SR P,y Pyy -oeeee p, 71 e e

R AN <GB ez

=% 3 (Y p, > 1, p, | n. 9 CNAF F=IY1Y A&IFIRA n wigrs < Gk A<t
ﬁ%n>p.l,i=l,2, ..... n.

9% p,, P,y oo P, VOIS WG CMfeIT FeYl AR 1= 41 n Koy | Ton v or
e e 1 Afe YT WS A4 |

&Y 1. <R BAATE GIZS MY p p, ...... p, + 1 G TS #AC3 A (AfAH Z0S =4 |

@W, 23+1=7 o
235+ 1 =31 ”
2357 + 1 =211 ”

feg 2701 +1=155 s
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WY 2. CNfEs MAPTEI T AT IGT S 7 g2 k M 936 = 19e
R 2T A

K+DI+2, k+ D +3, . (k+ D!+ k + 1 G0R TSR0 @1 (DY ARG
2,3, ...k + | &3 Rerg | Soaq (74l (9 & TRl oed @ «iaa Gliem JA oS
WS k TH

GG 3. x G3H 7R o, O (S q7ed AN Wl Wit 67 Swon TRUyrerg

i lo
IR TR cwﬁxcwwaxswtﬂmcs‘nﬁasm%mmﬂnn(x),cwrmxl'_rfxn(x) fx=1

X

logx-cﬂﬂ fAesTef Ta|

R T R x [ OF (T DT T CHES SR WY (FITICFR SR YN FACS
oAifar |
T 4. G AL
BulReEEL ¢
TIPS e pf“,bzpf‘lpg2 ..... pEfQ‘CG"T(OtI, ...... o GARPB, B, 4RI ey,
GZR P, P, -.... P, AOIG GIeT® 2L
(i) (a, b) @ {a, b] T == |
(i) (a, b) = 1 T, a, B, 99 T 7S el v
(iii) = alb =W o, B, 99 TG TIE oot 2
2. (i) 297 <0 I AL Areq @S AN ?
(i) *F*1a I TILF AN AT @O AMF?
TR 8 AN Nyt 3 @3 AT RS 13 Iet 7 I MYWE Nl weE
ot fo1m, @9 CIfes YR 9 @3 @3 Q&AM =t 231
@ 3 TS TR ¢ G IRAT I[E R @ TR W RGides e My
TeAME 4G, (@9 GNEE AL 9% 2 @7 &0 =1 1)

wiefle (x), x TS IG (A

1. a=p

@‘TT-&W*%‘@%@ﬁmﬂnamwma,m:1aaa(c,d)=1mg%+%wﬁ;

AT 27, SCI W CF ibl = Id.
W 4. (i) x, y 9> RUsie st 2t e (@ x? + y? a8 sl 0o #Aica =
(i) a, b ¥ FITF AL 92X (a, b) = 1. ab {35 203 (TAH (T 28 b ATERT
Aefa|
(iit) (a, b) = 1 93 ab I 936 R k- TS T, BT (U X 2, b ATHLS
@I A k-OF TS|
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T 5. (a, b,c)[a b, cl=abcTA IR @ (a,b)=(b,c)=(c, a) =1
TW. 6. (AW (X {a, b, c] (ab, be, ca) = label
Bl 7. ApT ISTTE AorS! A SPET! #fS e |
(318 T @A TFeA, e A 2 Brma )
(i) (a, b) =(a, c) A [a, b} = | a, ]
Gi) (2 b) = (a, ©) T (@, ) = (@, &)
(i) (a, b) = (a, ) TA (a, b) = (a, b, ©)
(iv) p 93 CGNFE MY @R pla, pi(a? + b?) T pb.
(v) p I N WY1 @ pla® T pla.
(vi) a%c® = ale
(vii) a’lc? = ale
(viii) a%c® ZA ale
(ix) b(a® + 1) 0 ba* + 1)
(x) b(a?~ 1) T b(a* — 1)
(xi) (a, b, ¢) = ({(a, b), (a, ¢))
Swl. 8. el IS 2t n-aR &0
imln! %4 ?

m=l

Twl. 9. 1,2, 3, ... n dfE WY GBS @ WY 2 O Toow SegE Al 2K,
(A (T 2, CTGA OFF (I A SIS 717 |

B, 10. CTAW G¥, < £ PR n W 2+ G A, G G ST G LA 2o
-m, kSt @

| m+m+ D+ +(m+k)=n

Tt 11, 2" - 1 <6 G AP 20, ORI (@ n TE 2-63 (T S|

T, 12, 7 20 + 1 @9 GARW Tl 2, AWt TR (T a G G A

Tl 13, g ¢ / ¥ 4 oAl W&k g /WIS ARt wW x, yIW oW 2@ @
(X, ¥) = g O [, y} = / ST &9t S RUIT0TI WA 29 2% | @AW k
g €7 TSF GTeE TeoAa ALyt
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Bl 14, (AR (A (A (AR SRS
2o 4 21 4 . + 2m

BRSPS S A W, AT

THl. 15. (A (T (.
B TS ARG 2-F
a=3"+b__3"'4+b 3" 24 ..+Db
@3 A SN A T A @A b, = 0, 1 FLA -1
TW. 16. (T4 @ (@I a, b, n > | G FHRYEA S0
(@ —b% 1 (@ + b7
T 17. I m > n W@ @I A

(¥ +1){a”" -1)
8.8 W{et (Congruence)

LS 3 7 TN @5 2R m 7R IW (a - b), (T AW a, b 97 Remeiww) Rerem
W Of Z0E 6 T a A b MG m 97 0w 56 | 4O AR I W a=b (Vg
m) &S AR O FIANS FAFDB F T a = b (G m)

TG 1. a - b T m 217 [T 24, T —m 6 a - b [T | TS TR oY FHS
m 3 Y WA 3K

Tostng 19. a, b, ¢, d, x,y’]ﬂ’l{’mm
(i) a=b(Tg m)b =a (IS m),
b - a = 0 (¥Y m) A IS
(i) a = a (Tg m) &S a € I (JPRJIT &6)
(i) W a=b(T® m),b=c (T m) S TET a=c (TG m)
(iv) I a=b (@ m), c =d (I8 m) W, O ax + cy = (bx + dy) (F¢ m)
(v) W a=b (I8 m), 93 ¢ = d (TS m), B ac = bd (F& n
(vi) M a=b (TWm) R dm 4R d>0, T a=b (G d)
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;MA S (i) TR (AT ANCT AT

(i) @Tgm|(a-b) 9% m|(b-c), TG4 m |((a-b)+(b-c))
Wit m | (a - ¢) TEET 2 = ¢ (VG m)

(i) -- mjfa-b), mic—d), 9 ax+cy—bx—dy=x(a-b)+y(c-d)
4T ax + ¢y = bx + dy (VG m)

(v} ac-bd=(a-b)c+b{c-d) - ml{ac-bd).
WG4 a¢ = bd (T m)

{v} mi{a-b), djm ¥S4q d|(a — b).
TEIT a = b (TS m)

T 20, 43T T2om A @2 TR Awafarm wzar gz 2Rt ) I a = b (TC m), I fla)
= f{b) (T m).

o4 8 (ARG a = b (TG m) WO 22 = b? (FT m), a* =b* (G m) ToN | WS4 fix) = a,
TaxX+ +akx"'€(ﬁ!’

fla) - fib) = a,(a—b) + a,(a’ - b?) + ... + a (a* - bY)
4T fla) - fib) = OFC (a - b))
% ml(a - b) 9 (a — b) = 6T (m)
W94 f{a) - fib) = O[T (m))
WO fla) = f{b) (VT m)

A 21, ax=ay (Wm),?ffﬁ\ﬂa&@?ﬁmﬂﬁxay(w m )

(am)

M2 (a. m)y=g Wi a=gp, m=gq

@A p, q 2R~ GRfa )
Wu‘}ﬁ -—-ri& :El_ :q

(a,m) g

mi(a(x—y)) e gqla(x-y) & glp(x - y) 2 q|(x~¥)
OIS |
¥ 22, Wax=ay (W m) 9K (a, m)=1, TWx =y (T m)
o1 ¢ m|(ax - ay) e m|a{x - y) = m|(x~y) (- (a,m)=1)
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9. 23. x =y (© m)i=5H2 ...r
Fre R Afix=y [T [m,m,, ... m]
I § AR m(x —y), JOLA(x ~y), my, m,, ... m 43
435 M ofreT 1 7% [m), m,, ... m ] TR ofreT
- WER® [m,m,, ... m][(x-y)
fer s o [m,, m,. ... m ]| (x-y) &,

@ m | [m,m,, ... m] TSR@m|(x-y) TELIx=y (TS m)

8.9 QT TAGEE m G TR (MW TGE m
(Residue modulo m and Residue class modulo m)

AN TG m (Residue modulo m)
AR $ T x =y (TS m) DG y -F I 37 AESE m AATE x 43 T4 |

TGY 1. y. x~93 SR T, Gefie mi(x - y). TSI mi(y — x) TS x T TfETEN m
HTATE y-A9 SR |

TEY 2 x=y (T8 m) TA ml(x —y) Ffe x - y = pm, GEATH p QFB 7t |
JSOX=Epmty

Bl 3Wm=5 qemz

CTR6=1(TES5),7T=2(T65),8=3(TT5)
9=4(TTS5),10=0(TC5), 5=0(IC 5) 4 =4 (T m)

TM.2. IWm=6 WA, 1=1(7S6)
2=2(TC6),3=3(TT6),4=4(TT6),
5=5(F%6),6=0(NG6),50=2(TT6)

@’f24 A x=y (FSm) T, T (x, m) = (y,m)

A4 ¢ m(x — y). WEa I 191 2fFm e

|IW x=qm+r,, 0<r,<m

y=g,m+r,, 0<r,<m
TR x~y=(q, -q,)m+r -1,

ARG mi(x ~ y), TSI mi(r, - 1,).
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& Ir, ~ r,] <m W4T 1) =1, WL I
TEAT (x. m) = (qm +r, m)=(r,, m)=(y m
8.9.1 wAeE (& WS m (Residue class modulo m)

T (ATl & AP T m (>0) IR Tiel 391 23 S0F (7 eI S €1 0,1, 2. 3.
4, . (m-1) a7 930 L 01 2FE ATF NG AT m-93 AT TSI ST
m HAE @I e FI0C G | 9T TN TReE 0 AETET m-9F F ¢ |

I 3 (I FGSE AT -7 FIATE 9B m Fe2iE Hege 4fna o6 S A ame
W @ @R AR x-93 T 4T 93¢ (FIF 4F0 4P re S ARI A

X =1 (¥ m)

TR E ABTRHR 50 T4 WarEeH (Complete residue system modulo m) IEEET
m

AR (A (residue class modulo m) IEE m
@i GG A m-97 T A APRLNE m A @A-s [ w37 »ife am
TIA (@ 9FG MATE (@ (FW 76 AN x. y ALPR— x =y (6 m) TA|
9% 2R MASS T, 1 G m+ 1, 2m+ 1, 3m+ 1 Tokm+ 1 (k= 0, 1. 2, ....)
HaE AN 976 NS ARKA |
ey e T km k=0, 1,42, ..)
km+2 (k=0.21,%£2 ...)
km+3 (k=0.£1%2 ..)
km+m-1(k =0,+1,+2......)

ST e AFRNE MR AT Z1ow 91 T 1N m-SKdis (39 Cefk & 1 &torail
@& (E 4F0 9 A 97 ey e @3l o6 § (ol e ()R o6 § 66 3oy
SRR T 3 | R @S INFR 0, 1.2, 3, ... m - 1 G Aol T 74w (T
m) 2PRATE & @S reT TR

Bl (Fermat : 1601—-1665)-3 A0 SCRATTISY W0 WG | G4 76 771 200% | 2B
425 ©1% e 43 O st F¢s s s Bootwg (Fermat's last Theorem). 13
o9l faet WerRE (AF SR I AT

L. O Sovimg ¢
p 420 Gl S v T AR 24 o o 73 1 orgm
a’ =1 (3T p)
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oM ¢ a 97 AUN (p — 1) LIS FAGEH TF
m]=a,m2=2a,m3=3a, ..... m, , =(p-Ta

4% Wpefa Cﬁmﬁﬁ?imrsm‘,(Wp)i&“"ﬂ@m;m‘i@?{'ﬁmr—m\=(r—s)a
Fies p faca faeren zre 2 wdfte ©1 2 pl(r - 5) o 20| frg @Bt OE3 @ET 1 < r<s
S(p-1) 4K p, a 93 TeoAE R I TAR m, m, .. m, webR @R p @w Rere e
AT TEAA m, m, .o m TS GG AR I A0S S IS | (38 p)
2(¥Sp) . (p- 1) (TTp) T

Sommyoemg =123 (p-Dat '=123 . (p-1)(WEp)
wdfick(a® '~ 1)=0(T6p) @IAK=1,2,3, ... (p-1)

fag k, p ol e @ iwsaq ap |- 1, p @ e

TEAg 2P ! = ) (3T€ p) (eWifére)

PramstmE Eotomg Resfafes wrerm aom Fam o0 a? + b? = ¢ @A 4. b, ¢ 9B
TR fagrers Twams 7, ((FN ¢ = SiegiEd ) |

st I TW a=3,b=4,¢c=5

a=12,b=5¢c=13

I ST 2T ATl g |
HAERNETE a= (v —u?)r, b=(2uv)r,

c=(ul+v)r
@A 0, v, 1, 7R 96 2% + b? = ¢ 47 YR AT T |
BT 18 B919M) (Fermat's Last Theorem)
YAIGRE 24 n > 2 A
a"t+b"=¢"

% TMIAER ARG (a, b, ¢)~99 T (I TA =2 |

(TF 2 T TAATG ooy et o R | 2w GBI 217 TS G2 Betehw 31w AE eI
TAZ 1)
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¥4.25. Wk @ =@ 4FD FIGE ARG R 4R, =b (Wm)i=12, . kT

€ ia,sih (T m)

1= )=t

i'x
| =

ﬂa: T, (Y\E m)

-

|

=t =

HqAMA 8 XL a, ta,=b, + I;;2 (TE m)

4% a,a, =bb, (€ m)

S ITATE FOH 20T AL (R A Q@ ( (P A T A a, ay, ... 8, 44
oA 3T |

9. 26. S 936 7 AAE GB 97 @
(i) S-97 m FAT 24 QITZ)
(1) T!fﬁs‘te S 9T @Ws=t (T m) TEFSs=t
ToAra =SS AFEEI! (6 S 9715 TGEN m 497 TATF G0 774 =047 TF |
(TATR WETy S~ 37 TRPITTE TETR Tolj AT € WLT)

oM ¢ A m R @ AHAME SN FIE A0, 1,2, ... m— | 4% m I (T
AMR AR AEG AN (@ 462 (W8 m) T TIE 7%, TEIA m AT 2% S-a A
ACATEZ & ALRF | A 38 Z{FRANE m 7oA s s w47 2N frra foram Sepima—
(1 R T AL SR TG B AT G 432, (RS LA |

(ii) @0 (2T WA AR (@ SRSy 4% 96 @ (Ars 9316 ¢ @ 93 7 S 9
T TR | T SROITSED 774 |

Twr. o9 @ {4, 17, -2, 100, 61)
AT 5-497 FAATE 9 77 SReIEST |
;M3 9 ST AT ST 93 @G 17~ 4.4 +2, 1004, 61 -4, 17+2, 100 + 2,
61+2,17+100, 17+2, 100 - 17, 61 - 17, 100 - 61
AR (FT 5 Q1A S 79 W9 FDR Foop wareE (G m)
QTS P& G (AT IR | @,
4 = 4(IES)
17 = 2(3©3)
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-2 = 3(¥C5)
100 = 0(@5)
6f = 1(3E35)

o4 (721 (A Ay 516 Aol fifen it (o (em AR | Wed s (i a3l Aot
YT TF |

AT ST TRl

SR 25 7K GAATH (AL T 2, a,, ... a, T FOU AFRA T W IWHFF@ L b,
b, 7 I I (W m) TR TS %= 2,2, .....a, =b,b, ... b, (F6 m) LI

X BAAITATY LTS Fx ST TRCFGE SIC5¥8 WR fvefy Face A ) (@9 g 319 22 -
7 Tz B9 FA0E SRS T IR 7 IRE SR IR 2 = 1 (TS T)

e 20 23, L 2} (WG =18 (T 7) =] (VT 7)
fe 2H = 1 (3G 7)
SRR 2=2 (T8 7)
TCAI2H 2212 (W& 7)
Tefis 225 = 2 (WE 7)
Srewd (Y (o (225 — 2), 7w e |
TELAT 25513 7 B ©I9 T 2 AT LI |
LA WA G TR FET T £ 390 (F 23 IR T T TE WY AR ¢
NI 3% = 27 = 4 (3T 23)
Tead (3 =417 (sw23) .. )
fre 4’ =64 =18 (vu 23)
P =3 (W@ 23)
412 = 3% (T 23) =4 (TG 23)
43 =16 (TT23) ... (2)
TEAT (1) € (2) (W AL 3% =16 (W@ 23)
390 = 48 (W@ 23) =2 (T 23)
Wo 43 3M-(= 23 T ©1 T 2 WRHE AT
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Twreemren

)

6.

JIGE FTHEST TIE (residue) 7ef0 2 |
(i) 2990 (€ 15) (ii) 16} (3G 17) (iii) ~41260 (T 1000)
FHEH AN AR n ey = oW 20 = 1 (W@ 17)

MW @ 2% 4, 641 7 faerem )

@AW @213 1440 + 1 11 5= e
AR (T @ ISRN 0 WA ) (TS 4) 97 F0K FL
@R G X2 + y? = 1839 % AN L™ x, y TN 7B |

8.10 =iy

LEERR G|

|3

1 I, %, — 1 3,
(1) a=p"... pr. b=ph . . p’
Teaz e 1. fo =(a,b) =pi® ppnieeb) | prnti b

AAL S =[a,b]=p} pi>.....pY (YA §, 2 0 4R §, = max (o, B)

(i) (& b)=1Ap,p,.... p, &fEls wefzfe
TET min (o, B)=0 Wit o B =0,i=1,2,3, ..r.

(i) ab. weIIB 20 20.01=1,2, ... r.

(i) (ACES AT (T (s Feun 77 2, Wewd Ffmaneag oo 51t W 9T i
4 T fasren wefis 22 03 TeAwT IR (TB9T #4043 [ewfba @ 3siqe A
ey

(i) =9 =9 woge W 7168 @ gie oA e gy 2° = § #13+ia i A e
9% 2} wr= faersn 3@

a ¢ ad+bc

P TR = n (431 &)

TS43 bdj(ad + be) 7€ (b, 2) =1, (c, d) =}
WEAT (WX bibe, .. blad = b|d
AR dad, L dfb (- (c, d)=1)

bid @R dbreTAb =21 d
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4. (1) x=2k+ 1, y=2m+ 1 (m, k 7=
X2ty =4k +4m° + 4k +4m + 2
x?+yl =4k +md +k+m)y+2
=202k +m?+k+m)+ 1]
=2 x [rETE FHem
TG x? + y2 47 2 BAWE WITE A 27 TS (R
Tead x? + y? FAE I Z(E AN AT

(ii) CTEE (a, b) = 1 43¢ ab 7efasf

LA a=plpy . plt IR b=qlqh gl T
(p-q)=1, 1=1,2.. . k
=12 ... m
CAR (), ... q,, O p, L p, (UF T
47 ab 025 208 T3 2, i=1.2..k
28, ji=1.2..m

udls a € b AEHG ‘j‘fﬂ?f

(iii) afba Ffe (ii)-wa =gzl

5. (abc)=xTHa=ux.b=vy, c=wz (@4 (u, v, w) =1

x[a, b, c] = uvwx? (oreT wte ) e [ux. vx, wx] = x[u, v. W]

UCIg [a, b, ¢] =xuvw=x[u. v, w]

AR xuvw = [u, v, w]

TEE [u, v, W] = uvw (J0E o] T0E 2NE o, Soed x = | wefig
[a,b,c]=1

TeCAHT [a, b, ¢] = abe

YTaq a. b, ¢ @G FHGH (N

"dic (2, b)=(b,c)=(c. a) =1
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6.

a=p® . p.b=phph . ph, c=plpl .pl IWF, B, Y, 208Kp,, .p.
cfers A (0= “ibtseren afew wwp) )

[a,b,c]=p, py by pr

max(a,By.y,)  max{az, B, v2) max(a,, B, v,)

(ab,be, ca) = pr‘iﬂ{“l"'ﬂhﬂl*?!'ﬁ*ﬂl} pmin{a,+B,.B,+Y.,Yr+ﬂr}

T

W43 [a, b, ¢} (ab + be + ca) 93 GTTTA p,~97 I T

max(al,ﬂ,,y,)+min{a, +B,.B, +¥,,7, +o, } =0, +B, +7,

WTH9 [a. b, c] (ab + be + ca)

()

()

{1ii)

vy

0|+|3|“’Y|I pgz‘*ﬂz*’!:

=Py
A Ta=10,b=15,¢c=25 T(a.by=(a,¢c)=5
e [10, 15} =30 [10,25] =50 .. [a,b] #[ a,c]
FTifa, by=(a.c)=x T, a=ux, b= vx, c= WX
TSGT (u, v} = 1 =(u, w)
Tead (a?, b?) = (x*ul, vix?) = x¥(u?, v?)
= x?
(a%, ¢t) = x?
T : (P (a,b)=(a,c) . a=ux,b=vx, c=wx
(uv) =1{uw=t
s (a, b, ¢) = (ux, vx, wx)
=x{u, v, w)
=x AP (u,v.w)=1
pia - a=px<{p AF=)
p(a’+b’) -'.}2+b2=p'y
s ophd+bi=py
b? = py - p’x? = p (y - px?)

. b? 9% 9 € et p TR | 7 p GRS 26T p, b-(T AT WS pid.

(v)

USAY A |

A (@A pla’ 2ETM € p (ANFERET 2-C3 p 7 AIF 27 IS A 7 1 TTHR
pa.
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(V)

(vii)

(viii)
(ix)
{x)
(xi)

2}, TSR ¢ = xad W afc @A,

<&

a=py'py ...p}"

c;q_ m, p:u qsp, q.m, (¢ pr‘:a ____ Py’ I AR, W) TeAwPe
ARE AT )

T alc.
a=pp..py S al=ptop >0
a'le?, . AW pi | pi

TTAT ¢ -G A" p’“-"- ..... pf‘”’

TR @1, T N, 93K (FF o, RIS T2 ¢ (% p) Y IRTE T TS
c-@p]ﬁﬁ“@malc |
a’la’ XA alc TTe X0 AN | (W T a =2°, c =22 W SR a¥jc? , W afc!
A,FRY2=2,b=5 Wb+ ) RBbLJ(a* + 1)
fre @rEg a4t - 1 =(a? - 1)@ + 1)
AL i(a, b.c)=xXFR @@ a=xp,b=xgq, c=xr
RATA (p, q, 1} = 1. (a,b) = (xp, xq) = x (p. q)
(b.c) =(xq,xr)=x1(q, r).
(@, 5).(b.c))=(x(p.q), x(q,7))}=x((p.q).(q,7))
T ((p.q)(q, r))=y R (p, q)=my
(q, ) =ny
ULy i p, q e r
WY AT SEE  WCAT (p, q, 1) =y. E (p, g, ) = 1 TSR y=1.

T4 ((p.q).(q.1)) = 1

T4 (a, b, ) = ((a,b),(b,c))

o™ = @ "("2”)[@ fem e

TefRERn+ 1 (T TR TRA
n+1 MFETNTFn+1=xy (nH)“ﬂ

2

e

lglﬂn—l 2T A |
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10.

11.

2% T GWE TV (T 2F < n < 2K+ 11 WA 2%, S-9F TP (I RGIF SEd |

k+D@m+k
(k+ )(2m+ )=nmzzc<1

m+(m+D+,...+(m+k)=

n-1

nﬁt@@fﬁk:l,m=—2—

n (TG b9 1 = 2P Al TW OL9 n @F WRIG BesAmE Jihewl AR TR @I Rrwrg;

k
n = pq (I q R=w | (k“‘l)(m“"'iJ:Pq

k
q=k+1 (k@t?),m+5=p-

24 ] (NI n I/ 2GR AR T WS n-Fm+ (m+ 1) + ... + (m + k)

(Bt 10) e (AL AW, @A m, k AT PRAT | HEGT 0-(F p.g T GTY I @LMA
q 9% fRrets s

12.

13.

o= (2F)94 1 =ad+ | @UMA a = 2P
={fa+ "' -arr+..—-q+1)
2' — | G| n GXIfE Al T n = pq (WA p &6 G | S
2% -
=(@)-1
=2 - 1)
= (M0 4+ 1)
=[xyl g=1(x1Y)
g =p{pSt . ¥ (P Py v P, TR

I x = gp

@A p T g (AT @S 15, 251, ... k TeAWE | SiNEl kTP BeoAmS (AT
@ G fAre «ifd T Jie Fire «ifd ) eoiT Arasies §-99 e i

TG4 G3FA (FeWF WA
=22 .. k AP = 2%
WHAY 25 HLAD (X, y) SE|
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3‘21|1n-1 267! AT |
14. (T I AN 7oA x = 25203 | 24~ 1< x < 24 @@ 0y A |
faom (W@ x = 2% 1+ y forita
y =X - 2k-1
<2k k-8
= 2k-1
Ly < 2% SERAENT y-G
fraE e ey < 2" @A M <k ~ 1
GO TRT y-F 20! + z Tojift T oftedl 43
@ #ERSTS k, m Tojifvg MW Srend “ieT 17 |

8.11 A=

a3 @t AT TR afs, Reme! @ st «fs, e ees ¢ 3789 AR
e, A efies ¢ Afs A oftes Ton R R 791 TAR|

Chife A3n, Alafarss o1 afes, So=sl, ST (Residue) 8 SR 9 gl
m Residue class modulo m) &l Rarn Trigad /1 Sfeltg SNTEGA T CNCR!

i Saeinglt ReiTeia g T4
i St ¢
p 9 G Y T T AFRA 2 Rereg 77 o =3,

@ '=1 (@ p)
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a3F 09 O wEwe (GT5)

9.1
2.2
9.3

2.4
9.5
9.6

9.7

5
&g
T

NI

9.3.1 AWt (Set)

9.3.2 AW LBIATER

9.3.3 WNT WAl

9.3.4 ¥ AwAY (Universal set)
9.3.5 WUUTIN TREINEY (Subset)
9.3.6 AW A

93,7 oPT TRERY

9.3.8 wfimend ol (Power set)
9.3.9 cofoa

9.3.10 AYTw Tom RS afien
9.3.11 %3 nwWd

9.3.12 wwIrorR Fromifow, Wew @
9.3.13 FRAOER aAR4

9.3.14 AWATA I

9.3.15 i TFy

9.3.16 FE&w o, offs o1

AR
w&{ore omrad
g

9.6:1 R e
9.6.2 wfen emrlin S

argfofsi
9.7.1 ofs Bw
9.7.2 ‘Txafer sferat

315



9.1 a9

SIS A A ARITIR FIDSIEA ATl (Rl AR | T S9re i SweFd (Set
Theory) @35 T awmemn @2 Eete a2 | Tafed =@ cofites wnfa smerafv
f&. FMBA (G. Cantor) 9% ALY 0GR TYIIA ¢ Txfemigm W | Rifow 390 werem I 9%
CTaTmE 9% 430 RS uas RETT I 330 2 ALTER AL er@en)

G2 ASrs 240 ARTT YA, TR 97 ALTIF TE WD TN AR AR
HfH AT Boax ¥fea oo aferar Sray, amaewein SRR, fEewE au,
(SHfod 9% (SADGER YW AFTSTIR PG F0 TR

2 o S RERiE IoHiEm @ RS M A5 43 2T |

9.2 Trwey

% a2 PR AR SIG3 K AR T Srre FIiRS Tanm | O3 @3l (9
Tioifd AR REnet Tt oRiEs = — _

® AT 4R

O N AT <1afS — ST forzz e, Femen il B I ok ofoeR
AT |

® FETTH Tl I, (H, A1 LI AR et

® STt M, Hearet o, R v, 3%+ 9pag gwie o goats 31 R-sepe sjaive
20111 '@ ST

® T 1 GFUST AT BT v (Cartesian product) AT

9.3 %SG
93.1 (353

WAL WIS SPREBIS 32 ¥ TGHZI 53R (Collection) A B STfBra A (set)
(A | TN AU 0 FArEe s Trmg — I TTREES 93 woRl wey | pree wd
TN (T (FINE IT0 T TIPS Wt wgefs zrare 6 e of wie sffwrren s 1%

@ TR wesfe aepney ol 3@ @ ¢ car%mwasﬁﬁﬁ(pmm)mﬂw (mem-
ber) A1 BoWM (element) |

@We R @3 @R 71 a2l ey 936 o6 e 3 | 9 s W wa
7 ) T 9 e @Rt s 3 o @Re @ He 1 wal 3 9at & G e
4T 1 917 1, O ARSITSTA 3 TOFSIE 71 7S (FhieFv e a1t (ofrme 02 1 wdfie 9rwiE
% B A B G657 3w 95 15 00 w1 O PSR T HEd | Wew afb «3fG (T6a

LETEE
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e e =T I DA ST 7o G HLR TS AT 1 | FAY (FHE G TF 3 791
s & gfas 77 © FOFSITA F&T TR 9 | T IA WS I A A e s A
T AT I T, S GHIATE e AR AT | W (FRE T A 9G] 9B FEGre
EYE T3 & TR T wdie €2 WAL e [ weT) /O SIS 1 (5 91 ) sl 92
FIFAAD AFo G5 o4 |

FLIF0 FHFEF (Set) TAZR ¢

(%) b a7IoIaT T3-9F WAZ

(%) FHIAAR T =T

(1) SrETATHY WMPTIER G |

(9) 727w Sifee Rmmieg (iR

(8) %2fE adfamrg Wy AnD w9l maEw )

Ayraee: 2AF 3R 70 wowg ¥ wdie A, B, C, D ... @36 3fam @ime @he
A T W W @ @T AR a, b, ¢, d, e 9% TA (FE GBI oW 3 7WoR TR 73
SR ARGTHIE T IFAGE ¢ )77 A CHHE 2 =3 T |

THEEA 11 A T 2 @ 20 93 WIS Rrene MapeER 3 5 ¢ =W o1

A= {3,5,7,9,11,13,15,17,19}

TwrERe 2 1 %At 3R b zareR 3efafa (2615) e TR (18 A T il s ifa
A={ab,c,d e f. ..., X, ¥, 2}

SEMA ([FRE GO 4FM TR AGfed TN L9 3 i A4S |

FAe ' A Y/ oz ILR T T | (T G0 (56 B-93 A0 o9 x T P(x) ¥ = 50,
©7 B 00 ASIA e 91 5 £

B ={x: P(x)}
T B = {x/P(x)}

AR (FRE CHIFE L% IAT Aahed AN (e e | § 3 5 a@ ey «Hon @
T(A AHA GIHIF @I A < §= {x ; x P @3k 5 T e )

WA {x/x AN T 5w fasrer)
@FWE (FTHA AF0 S W T x ; I3 MO x € A {% BT AT o T30 57 4938
xe A <3 forza =45 x, A 72403 TAMA (element) A1 F%F (member) W7 |

P af# 34 G A<yl (prime numbers) 71731 oo 93 (R 2 @A 3€P 2e P o 4¢P,
Segp
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A fog epfre w3 eI (TBA AT AfAfbe (4 | (RSTA! FIFEIE #idA-A3T TR
AR T | (WA 2

(F) FreifaE 1 AMA AL89 : N= {1,234, ... }

(V) R TR ALTT . P ={23,57,11,13,17,......)

(o) o4 a1 TR A AETA 2 Z={...,—2,-1,0,1,2,3, ...}
(9) 4719 o /e SR AT 1 Z- = {1,23.4,.......}

() g A FRpAATTT :E= (.. 2,0 2 4,6, 8, }

(5) T 1 farene opforam@ seead :0={..., -1, 1,3,5,7,....}
(%) o YR FLW : Q

() T FRIAJE T |

() LTI AW ALY AL : Q

(%) MFTRTEIS oW P TS : Q°

() T8 ST AT : R

(Z) #TIE AT AT ABTY < R

(%) MFATEIS AEY TP FHTD : R°

(G) &6 aif=g weemd : C

(1) % 7SS Toa T Fwsmet - C

g |

o 1. s SfEfe Faenehngd Wi @R o 9dy @Eh o W
(=) It biw fines S v

(W) 3T GNTeTRE IR FYLZR IR |

(o) @R Fi=itaa 342 SIE G (TEIemd w8 |

(V) T0Fa 78 A WISTHFABTENT T |

(&) SRTALHA a1 MY THIALER AT |

ot 2, s TR g W Al

()03 €N
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(4) 5 g N
(1) 2 €Q
(W) J-1 R

9.3.2 ARIYEL YFIILSW (Types of Sets)

AT FUETA 3 (T GIHA (FINE 217 T 0] (72 A @FAE 27 LA CR G004 6 (Null
set) T fF€ GG (empty set) A |

Sraear W agAform ¢ 93l < Cba Swizse, P 43R A (e TSN

WRE (R, x° + 3 = 0 4% sEeeiba agAeranE fia o sl Fead A 98 e @ A
oBoe 9FB G (76 2@, 9 1 + 3 = 0 FAFIBI (Fe eI Fw 2@ )

W7 7 A fie ooz B ¢ (F1R) B% 2@ 2a o2 |

QF BB 3 (T (5 4 (TG B o7 LN ST et 335 (Singleton Set) I |

A = {0}, of5 fom 9oy 6 | afb AR o151 4% 7593 = fowia ow wirz @l 559 00 |

T = {x/x+2 = 0} WA GFo7 5 |

FE9 x + 2 = 0 Sy «Fioe JT g @b -2’ adie T @5-Hre afbz - g ; sres
45 9D aEln GIHe Twead |

GTE ST (1753 ST AMaraa S SeEhe 2 T%T | 2 39 436 I Y | WoLI I
AT ATA (1 G FAT FLF G5 T OF0 @7 &0; % GG 9ING oMo 251 2 |

FRT B ¢ ( GTET TR AN C0F 730 G0 I 1A = {x - x (G 244 (R
0 < x < 100} 4% Q3% TR FHT TR | F2Y QA 0 (T TG 43 100 (AT (BHT TR
=T 2Rt i AT @3 G swrcan Five widis 9m |

w1 (16 41 o @76 faal w16 373 (15 |
TEH (76 $ (U GRHR APRIT TS SItE WA @16 0+ |
G AN SoAfRTee s fempata fre afde o6 6 wafo wimm o6 | w3, «afo e
Stz woale o e |
N, Q, R (774 Tfafxs) oo 9 «ft wAw ¢ibe g |
42 4 W7 (A emfGTama (o% o | |
P 2
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(¥) G E

(¥) &% ¢

() 2x+3 = 9 sNalBa 57 Awar faa e o6

(%) AEYTER R Ww fm sfde oh 1

(&) 0432 | 93 V4RS! T e fwa R o)

9.3.3 (64 NS I FHT WFAHE AT

ool 7 GISR RS ¥ G Ml (Cardinality) 1 o154 rars steant (Cardi-
nal number) I |

n(A) G377 BT M A- GElha Tl A =S A Fot = )

A T A ER @I G0 T R 3 G699 At A WEIB M Wi n(A) = 26
(TR TS 3T (=5 26-6 3 =mw)

ﬂﬁr‘V:{a,e,i, o,u} WTE@Wn(v)=5

7 41 FIE @16 25 4Tf6 TN G 9K n(¢p ) =0

IR ATEo-a GBS i @ Thie G GIHR 2% WGl =0

9.3.4 7iifds =15

A4S A TS TR FHOTEIE (16 ©rg Gl Jee GIGT ut RETR &1 @S AR @3¢
(7% J2% PO W= @G (universal set) I 1

Tizas T I (WS A3 @ AwemT 7 f «fds fifeq ¢ih-93 o sToes wnfifers
el Srafys 7 Repafa fr sifde qze ool w3t e o6 €1 @S I3 | SFFAeR
=f«3w fafen sz fe Mo ffen @59z o R weemmms 7= i farg e g2e
GG 9B JAEF G5 491 @ AF|

AT GorE U’ o 91 ot a1 g7 |
A (6 UL 4D W GG TS AR |
TR 3. WS ABRYR G Z, T R G Q €3k N AT YA F6 R-c3 frg
sfosfen eioa o 93l C GHibenie o fRp s @re «ie |
9.3.5 T AT
SRITA 2 A 20T Q@R G- 97 e oA T wiTemen =31 7
A F9 Q@ACS A @ A T 7= A1oRemd i (oft o3t o6 a3
B . oo e wza aefderm fo tofy wisl o)
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Lz FECTA Wz efaraar o g Mefdema o we e B ¢hie aree
AT A 2 A FToiha g 1S | rGa 9 QTS #E @, AW B B A GTHbw Wt @ ) w g
ae =1 @ A FHH0E IO 4FT Wolfaaie e | GbF QEeE R 430 R
TG A AR 576 47 @ (Agrs A —

TATAD N AEPH £3 7/ — G0 (16 B W#17 @0 (6 A~97 TS <1 410 (Subset )
T3 W B-a7 oS Arors o A CTihae v ra |« Bt BC A w1l ADB 9% b
RIF T 91 50 | a9 (RO T AT IS WF (T TS B G0 A-o6e wesfe | 124 B
BT TG G209 (FRE AW AT T @B A FFE6T W4 (73, T % WNA! 91 @ B o1
A 567 wresfe 7m ) 92 WoR1GrE W A2 B W9 B € A 999,

TALTS TCETIGA] SIETSNE TS ] IR G20 g Bwimaet (rewl 227
TRrEad 4
WAFA={1,3,5189},B={1,2,3,5 7 @& C= {1, 5} 9% &40 5

arFE C S A 932 CCB 9139 1,5 2 »fo C G007 707 WA A % B 13 (3D Hioe
o1 |

FE TP (T 994A B € A 29 B9 W {6 H99] 2 923 TR T A (602 Wy iR widie
A-CT6f6% #1718 | U6 B € A T[S T B G667 373 AWo03 A (663 S0ey 1<l waapld |

s

N, Z, Q, R@3k C & Mol =593 owta

NCZSQCRCC

(9.3.1 SR @z #fI58 (iR T 1)

TWZa 6

A 46 G a6 s A #i 3-47 efiew =k ofiam)

A o6 Z ¢5fbe @ MREB wfic A= {3n : neZ} G ACZ
Twrgad 7

| 43¢ 2 99 NYel FNE ATT W21y e ofde A o6 R oGe @3B Bt a1t AReH |
<l A TN TT A= { xeR§ 1 <x <2} 4K ACR

Wcts_

FAE Gos1 T G5 B AR STOPHE AT (modulus) 93F; @3 GO0 C (BT SARH
B={zeCt? | =1} @R BCC.
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9.3.6 (THA FIS!

{31 U A T8 G2 G0 A6 917 oSl #iv g Freifa® JA (natural number) 43R 10 (X3
(B05! | B %6 WAF S0 (16 AL B = {2, 4, 6, 8) ; FHAT (W GR AL (G A 9 B 70 | F=
A-97 &fsfb % B 667 »% WIRIT B €3 &folh oW A9 W |

T$47, 76 6 A € B (3 WINA| 0 1R T A CB 4R B G A T8 9K G8 wyfbre sz
A=B b2 9t e <3 46 1o wHae T O oo Ol A « B Y e w9a

S WA T A = {x/x? = 9} 9R B ={-3, + 3]

aTRDe A=B TA|

QI FFSI (T 9 SE T A8 @ 0 G786 A A (%0 769 Ad A T 9%
Ta|

9.3.7 @i TG

TYNG TG A CB RS A=B T[S A | 9471 A CB W95 A=B 77 9dfe A= B %344 A-3
B -7 &'© T2 (Proper subset) <& €4 | A C B @ foxraral < ae =7 |

WA I AT A = {13}, B={1,2,3} €& C={1,3,2} @<It7 A @k B %6 &6% C-GHiva
WA | A, C-a3 o430 TR (5 B,C-93 25 QAT (Proper subset) =¥, FaG 44T
B=C| |

Sed S @ Afd @ I A o B T @R 1w B-ay adist @G ot y dirawdie
(yEB) @ M5 A- (T304 Tt 711 (Tdie y ¢ A)-S4 A- (60 B-97 430 oe wueend
{Subset) 4t '

15 Iffe BT weia! YT WG € A =TI |

i) ;O O A, AE 6 U-93 935 TotiG | TR F@RTAA A-97 FNE A5 U937
SwsRe | A W7 @6 o, A-CHhT 9 BAEE

ACU, 6 CA

i) ATETE (6 A ez (Wdfe A-992) 9B TATS | TR G ) Frelfiesd 9= T @
A-a3 TG T WAHZ AT TEfE I AC A

iii) A A-a3 et 7 B-u7 wgfc a3 B-«ux afslh o C-ug wwste @ @ sz
= AW (A A-~97 &S 7w C-97 TBsfe )

iv) 77 ACB 4% B S A T W A 9% B Tora4® st swep Stz wkie A=B | Redeena
T AR (@A A=B ¥ O ACB 9R BC A 7@ ¥4 &ffefs o6 2 ota fiver il Sie5 |

T % farsins e S aem &1 17 Geid —

(i) (@ @FWe A €3 0%, [y Al SACU
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(i) (R (EWE (36 A 97 (0, ACA

(iif) I ACBABSC W@ AEC

(iv) A=B T4 I QR GFTA T

ACB €% BCA TA|

W g 0 9% A 56 4B A7 o9 BARE W i WEFE WLIHAY (improper
subset) |

£ TAT5a WA A2 3 9 TG (5B FE | AN To] ASIE SIH

ACB G 7= emi 4 T (TS 9 M ac ATF ac B AW ac A= aeB

wRiE ACB o AT N (TANS R (3 x€EA W5 x¢ B Eeq ye B ye A

FTpa SRR eMSTEE SN T i—

TN W 3

o4 A= {1,2,3} a3 560 73 T TATD 97 T | 98 BATIOSTENS ey 370 64—

(F) TR 7 (7F ; () SO A% iz (1) 76 o g 4k (o) Fomib o ez 2

ot 5 A AGB, 9K BSC 53 9(& MM @ ACSC

ol 6 g7l @l Twigas T @A A, B, C 9 93k ACB, B C [ ACC TA|
297 A= {x/x+1=3}, B={1,2} 4

C %A 5 N NS MR O ;

(F) A 93¢ B 47 5 HA~oREG o 2

(F) A R C 93 T & 72F 1

2081 8 T A=B 4 B2 C T T A €3 C &% (775 ¥io7 W b 714 fawpnw a2
mgﬁwmémwmaawmﬂ%%?mﬁ?%m?

(FINCZ (M0} {1,234}

(A)ZSN (9)(2, 4,6} {2,438}

9.3.8 B (oY

ST G- 47 e (s (7 (TG FVre GRS o Sl S A1 AR FF FHi (ofF
TR | 4R FERGTA (IR TG! FE A AT I G0 AGH G0 9157 I @A AT | S
A2 Tg CIo6a e 4t oW T 93 @3l o6 wdie & g oolb & o6 G161
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T (FW G HEAS §-4% Fw QyALTAGTA] frra (ef g AeEeibre w9 77 oivfon
BTG (SNB (Power set) | S-CTHI S (ST P(S) T1aT 2T F71 T

TRIZAN 9 41 WS § = {2,3 .4}
MA P(S) = {0, {2}, {3}, (4}, {2.3}, (2,4}, (3.4}, {S}}

9T TF SR W GE @, O ¢ 9R oE G5 S Trere BT (18 P(S)~aF
T | 97 DI T @R (A ¢ 9K S OF Kb TOrHE $-43 BATT |

Tt § <= W (finite) G T7 O P(S)€ 7AW TR | 2FSATF § 77 n RS 767 Wy
Tofd T O1E P(S) 93 20 FWAF AL VI |

9.3.9 cefoa

76 =2ife Rfen «Ren ¢ RfSq oba g o et SnATSig RS [ 17 g AR
foraa SR | o ot Tee (oo | 3kt Ffefam o (59 (1834-1923) @i orad Tgas
T FTHE AP Toaret® (o srvfFs) cefba w2y

= 5% 7 (B oo, (I (e (6T Tsts WS Srarera gt g 331 24|
FE G6 U~ 2 =9 T S0 Werss 219 oida 9w (9 9 92w cheE &
TAGTHFAT N e JoF e ot w92 haera Wyl ge, ToAge 9 wwrame
BRI (TE HNER) 9 AN |

TIMWA C B 28 O A-42 foaft s B-aa Brag v wits e 3@ | e ofgs B a2
1(a) (7 | _

7 A @3 B G156 469 70 (e ARFT o W AE O A GO ol foa u B-ad
Fer 5a it SEMreR G RITs 23 | foa W2 1(b) |

TR I A @ B (@ @Re 46 9T GO TW @A (GG N 47wl T >y &g TR B
6T Y (72, 99 B 607 Neine s sy sirg T A (OT03 4 (72 WIGIE G20 OT
firg AW A1 A ST WA A 935 B TER GIGAZ T (TSR N0 M9t} T4 53 ] 1(c)aF
Tl fow e et o3 )

U ' U
B .

f5a « 1(a) foa 7 1ty b2 1(c)
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TRERY 10 FIT5R CIRSTR (O-fotad St et 3w
U={1,2,3,4...10} |
A={1,2 3}

B={3,4,5)

C={6,7)

AL : GAA COSTAR (b st -

10

a2

9.3.10 ¢I5a oz fafen afdrm

qaE Gha Bm Fafen efe (e e o, v afr) @32 SR b o (R
. faceitt ca ) Forca <seeToe <50 =9

[ (FrE v G0 (AT A ofrwl At @ AfFuR SR g (i sio 631 Wi |
AAs e

90 16 A €38 B-47 A9 (Union) 6T SHRAT GG g0 G603 /R T 991 T A
(AL Tz W18 B (GHD SIN% W¥4] A € B O©H (03 ™X |

AU B 9% oz s Jaas aftrm fardie =)
adic AUB={x : x€ A Wl x B}



&7 T AU B = e B e —

BaR 3 @UFSEM AUB

AR 1

e TP A = {1,2,3,4,5) 9% B = (3,4,5,6,7,8)
42 AUB = {1,2,3,4,5,6,7,8}

a3 (=-oa 3 fawset

R

=Y

@EE AuB GOBA TR A UG A TS 99 B (53 4 3o W sifde wreag e
HAATE 5 YT (T A 93 B TEHE AU B 93 TG TE |

e ACAUB YR BCAUB
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c=v effamar :

w5 (316 A W3 B &3 (M (intersection) CIB g (6 5169 T T FOTAN A @ B Toq
G592 ST 4 | 61%a @ (W AN B, 991 SIS T |

s ANB = {x . xEA SR x€B}

(-99 (Sqbaft M
U
fPam s @ufEswa™m ANB
THZAY 12
T A={1234,567891011} 9B ={4,5791012} WSIANB={4,5,7,9,10}
(97 cZa-foafs frer shgm]
e dqg

(¥) (T ANB 97 W1 A G B % T&U GIHTE wE+fe Weda AN B @8 g (6
A 9% B TETHIE TATHG T |

T ANBGCA WL ANBEB
(N BCA WTEWMANB =8 IAE|
ﬁﬁﬁmﬁ:

Wb (5 A 93 B #1313 0ot (Disjoint) GG A 347 B GTUHI I G0 FGIae 77
q1 2% I 1 |

wdis ANB = ¢ (e 397 ¢ ¥w e a3l A o)
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ce-foraa S farvzhl GGG s ot <31 ~—

Bz a2 6 1 FRreint oloaw

THIZg 13

A=1{1,2,3} 9K B={5,6,7,8} T A 9% B G2 {07 T (FIAE FLIAY Fv] (7L FICHE %
6 7o oraiw R (G

9.3.11 %75 6

TS AR Sl mﬁcﬁw (5% @3l T ET (U -99) T1e16 1 93 o6
(A)= 932 (Complementary) A* 57 45 T 16 T3 o731 51T &6 (U )97 T+fs fog
T (IR A GIBF T 1 7[0TR A°= {x : xe U, x€ A}

TG TS A (I 496 AT A’ LA A W1 260 51 2 |

i

—
o \
.
-

SanE

y
ST
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TWIZEY 14
(F) T T A= U = {1,2,3,4,5,6,7,8,9,10)
A={1,2,3.4,6.9)
4% B = {2,5,7,8,10}
AT S —
AnB=1¢
(ANBY = ¢°=U={1,23,4,5,6,7,8,9,10}......._(0)
A*UB*= {2,5,7.8,10} U {1,3,4,6,9}
= (12345678910} o (i)
(i) 9% (ii) (XCF “ANCT TX —
(AN BY=A"UB®
(amaE g = {abcde,. ... X.Y,2}

wdie s G U @3 AR & @S ey 71D 3| @371 I V = {aeiou} W
sidle v GTUGE ATl T BRI 3fienR A5 ww1 i arw@ ve, V. IR 43F 5% 21 9l
g 16 A AMSTE A TAte 3R GgEafarE |

(o) R (7515 7518 <184 Y (6 | Q T2 70 3F KA (315 | R & AT 36 3051 Q° 73
AR CER ARG A 36 |

(%) e feRmyeers v wraerai S teld &6 U, Wwﬁmﬂﬁ@mﬁl\dw\
e BIARa o6 F X

MUF=U
s e WamalE U G5 377 | SRiE T Sl M G5 wesfe Tgat F Ouea #M1
& MAF = ¢ (O o)
T M~97 (e FPTR F OB AR
WA F 49 (@e A M GT0 @1 |
O (FCE, M = F - M (TR 7% (16 & F G6
F=M:F GBI RIEFEM &6
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o758 SRpHEIG Fara I —

S 8

o 10. I ACB T O3 AW ¥ F, AUB=B

omi 1] MM ACC R BCC 28 o@ oW =1 (1, AUBGC
12 1" ACB T O oM A @, ANB = A

2 13 4 CC A 998 CC B 20 R o1 3 (4, CS AN B

9.3.12 cpE Fwefae ¢ tres! @ :

eTBa G T, oz, e el fafem efdrn ae st i @< s (31 wre) f
@b AR ¢RIT 7 | SRS SISAIGTAR | G ACSTGTE WA 7[F7E] WA AR
TR | 92w S AT (STRE T TACK (@A 1%, 1) | SO0 (e a7 FIE 179 L 430
woafeE 9o !

oS 7S : -

ot E,” @ (16 Feoife AT 1 S0ew 21 OTd E,| -3 12 HRPI4 A WSH L4 WA
Tge FRRERE (ST (76 i) 7t wrew ‘B (b oNeT AR E | (AR, 84T@ E a9 Afew
ot (Fkrar, (o) ~fFaéa wm e Bererma RAfie ofem- Bz <P wei@ 3@ ok
13 et taowt MM AT 1E, @3 U,N, U, ¢ B2t Elate 7a N, U, o,U (FFHE)

@ —
(UNA) UBNA) = A 88 3915 T
(6 UA)N (BUA) = A Faiga+ifba 1as s51a39 |

taweia T 77 43 @ T e AREga O F b e T O CRANTRA0R (7w AARdIhas
O wrew A |

W IRAEWE: (FAUA=A
(YANA=A
FEA2ITANT: (FAUBUC=AUuU BuUC)
() (ANB)NC=ANBNC)
aasﬁﬁwam: (FY AuUB=B U A
()ANB=BnNA
3@ 41 3B 7T ¢ (F) AuBNC)=(A U BIN(AuL ()
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() ANBUC)=(ANB) U (ANC)
SIS : (AU P=A
(W) ANU=A
OIS : (FALU=U
DAN o=
@7 IBMRSA TR : (AY)=A
3F 8 | ARV - (F) AUA=U
(DANA=¢
91 7R @)U = ¢
() ¢°=U
4 10+ % - TR 5
(%) (AUB) = A‘" B
(R) (ANB)=A*UB¢
HBY : T AR (FT0! S G T0fR 1 AT () TFAGTA () T (7S | WSS 0 ¢
93 U-0% TR TPFEA |
9.3.13 AT oA :
3@ 1§ QR W@ : AU A=A G AN A=A
et - TR (UTF SIP 2NeT T
& 2 (KT 5| « (F) (AUuB)uC =AU (BUO)
o g xe (AUB)UC
B (A oM 1 xe A B A xe C
= XEA T xc B9 xeC
=»xeAUixe(Bu()
=xeAuBuU()
S (AUB)UCSAUBUC).......... ®
R, A ye AU(BUC)

W (AT oM ye A T ye (BuC)
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= ye AR ycBUNyel
=yeAuBueyeC
=ye(AuB)uUC

- AUBUC)S(AUB) UC..........(iI)

(i) 9 (ii) (T A (AUB)UC =AU (BUC)

21 () (ANBYNC=ANBNC)

o -

qfAxe(ANB)NC

I (AT AR xe (AN B) R xeC

=S XEA MR xeBIAWxeC
=x€A R xe(BNO)
—xeAN(BNC)

- (AAB)YNCSANBNAC)... @)

WRE R ye AN(BNC)

@ (T AR - ye A aRye(BNC)
=>yeAdRyeBuRyel
=ye(ANB)aRyeC
=ye(ANB)NC.........(1)

(i) R (i) (A AR —

(2iae)

(ANB)NC=(ANB)NC (amﬁ@

'-‘Efiﬁﬁﬂ!{a:

(FAuB=BUA

xeAUuB=>xe A% xeB
=xeBWeAxe A

=xeBUA
~AUBCBUA . ()
TR, yeBUA=>yeBWMiyeA

=ycAUyeB
332



=yeAuB
.~ BUACAUB............ (ii)

(i) 935 (i) (T o1 =—

AUB=BUA (2mifre)

() ANB=BNA

fixe ANB=>xe A9RxeB

=xeB IR xeA
=>xeBNA

SANBEBNA. . (i)

g 4, ye BNA=yeB 4R ye A
=yeAdRyeB
=yeANB

~ BNASANB........(ii)
(i) 9% (if) (T A — |
ANB=BNA (281fFe) |

7 4 THE -

@FAUBNCO)=(AuB)IN(AUC)

TAF A€ xe AU(BNC)

=X A9YEl {xe€B 9R xe}
= {xe AU xeB} 9K {x€ AURI xeC}
=xecAUBYURIxeAuC
= xe(AUB)N(AUC)
~ AUBNC)CAUBINAUC)..........(D)
URE, AW I IS ye (AUB)N(AUC)
= ye(AUB)dRye(AUC)
= {yeA9RiyeB} IR {ye ANR yeC}
= ye AW {ye B dR ye C})

= YyEATY {yeBNC}
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= yeAu(BN()
S (AUBINAUC)SAUBNC)...... (i)
(i) 9 (i) (T2’ ~ AUBNC)=(AUuB)N(AUC) ()
PE4(DANBUC)=(ANB) U(ANO)
xeAN(BUC) = xe AR xe(BUO)
= XeAdR xeB AN xeC
= {xe A 9 xe B UL {xe A 9R xe(C)
=XeANBINI xe ANC
=xe(ANBYU(ANC)
S ANBUC) € (ANBYUANC).....(D
UE, Ye{(ANBYU(ANC)
=YeANBRWRye AnC
= {ye AR yeB} I (ye A 9K ye C}
=YeAIR {yeBudaiye C}
=ye A9 ye(BuCC)
=yeAN(BUC)
S (ANBYUANC) g ANBUC).....(10)
(1) 93 (11) CUTE ANCT T

ANBUC)=(ANBYU(ANC) (amifes)
E 5 Y IS
(F)AUHP=A
- OCA
S AUG=A [ 9.3.7-93 %37 (i) 289 }
®) AnU=A
-+ AcU
ANU=A [ 9.3.7-93 3] (i) 74 )
(emifis)
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@ 6 WSW I :

& 7 SIS I ¢ (A°)=A

@ AvU=U
- ACU
SAuU=U
R)YAN =0
. ¢CA
AN = ¢

T B, x € (A)

=xeg Af
= XEA
(AYCA..... (i)

W, WA T4,y €A

=y A’
= yEe(AY

<. (1) 9 (ii) TC© e T —

(Ay=A

A 8 AV : (F) AUA=U
- AeU [ 36 A, ¥ 75T W )

S ACU

RN Are U

s AU

S AUA=U

(A ANA= ¢

6 A 937 FFF G5 A°
R A° A2 A
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A (AY=A

[9.3.7 SATG () I ]

[9.3.7 CATES (i) 04A |

(efere)



kSR ST

o OG5 A 9 GG A° 9fS stz faroen) o6 |

S ANAT=

(F)U=¢
U @36 i ¢

(emifre)

o U3 91T G5 @3B =77 616 )

(¥) ¢:=U
O 9B G @B

o ¢ 93 7% G A &6 73|

7 10 o395 3

(F) (AUB)=A‘NB*
WA 3 xe(AuB)
=xeAUB
=xgAdKxegB
=xgA° 9V xeB°

=xcA‘NB°

S (AUBFSANB ............

yeA*nBe
SYyeA'dRyegBr
=yeAdRyegB
=yeAUB
=ye(AUBY)

AW ANBCAUBY............. i
o (i) (i) D oI
.(AUB):::Acn_Bc

(W) (AN B) =A¢ U B*
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W+ FfF xe(ANB)l = xg ANB
=xeA IR xeB
=Xe A 9R xeB*
=xeA*uB*
S AANBY CAUBS . Q)
AR, 4 yeA‘UB®
= ye A YA yeB*
=ye AU yeB
=yeANB
= ye(ANB)
S AUB SANB)Y. W (1))
o (1)@ () T AR
(ANB)y=A“UB (emifae)
(}) T CSIras ome ®@ GG T —
T T AFA° 93 Be {io 6 |
OIRGE A 10(F) 2ALFIS A iR —
(A*UBY= (AN (By

At (ACUBYF= ANB [ SRS > eEitst 353 7 )
[ AU By = (ANBY [ 139 7L ARy
s ACUB=(ANByY (o)

TG : TAER I AR (S TR SR 11 3041 41 |

9.3.14 REITRA TATA

b 76 A 932 B9 99T A-B 430 75t G16 703 T AMSTEN A B 93 1wy g B (T5
Swom 7 | Wt A-B = {x - xe A, x¢ B}

A-B &*A Rl B’ ©IRe 91 (TS ANd |
I, A-B (T FAS TAE A\ B W1 A~B B0 T &0 T A
B--A T3 SIF0 g (16 AR AaTs A B-93 74 W) WA A-G63 ARG a7 | -

337



CS{o0a TR A - B ORI 261 : —

foa 2 8 (RIS W A-B

TwrERd 15
A={1234), B={34567}, C={6,7,8,9} T
A-B={1,2); - B-A={56,7}

A-C={1.2,34}=A
C-A={6,7,89}=C

-2

(F) G A9 T4 G5 A-B T AR |

WE9T A-BC A | |

WS B-ACB

(})A-B=¢ I ACB

SR A-B=ATHANB= ¢

() CoRPOTR TRICE el T3 1A Ca

A-B, AN B &3 (B-A) €% Gib Foaib #==ig e &6
(9) (A-B) e 3¢ forzes AR awif¥e = aon3
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A-B=ANBe
o : 42 xe A-B

=xX€A R xeB

=Xxe AUV xeB*

=xe ANB*

S A-BCANB @)
WA, 4 ye ANB®

=yeA IR yeB"

»yecAdRyeB

= yeA-B

fAPBCAB (ii)
(i) @ (ii) (ITF 7N W A-B=ANB°

(zmrias)

9.3.15 &S wwa

%% (16 A @3 B 97 o7 e (Symmetric difference) A A B 0% 2131 2@ 2@ &
A AR A T

AAB=(A-B)u (B-A)

w43 A A B 75 30 75 T IR AT T A (I =1 B~(S SItE 6% =2 Tt
(ANB) WY =X

2. AA B-(F A9I3¢ @1 I
AAB=(AUB)-(ANB)
WA, . A-B=ANB
g% B -A=BNA°

S AAB={ANBYU(BNAY
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w{fﬁrﬁﬁﬁﬂ:

Baay: @UHSTMAAB

BRI 16
I A= {1,2,3)
B={345}®
o], A-B = {1,2)}
@3 B-A = {4,5}
L AAB={1245)}

™y
(F) AA = A
() AAA=¢

() AAB=BAA [Rfm @)
(3) AA(BAC)=AAB)AC [ RGNS ]
efaTret
BAC=(B-C) u (C-B)
=B ') U (B NO)
A A (BAC) =~ {AN[(BNC)uU (B NC)}U{A’ N[(BNCYU (B’ NC)])

~{AA[B UC)N(BUCHIVIA’ABAC)U(A B AC)}
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={AN[B' NCYU(CNB)JUA’"BNCHIU(A’NB NC)
_ =(ANB'NnCHYUV(ANBNCO)U(A'ABNC)YIV(A’'NB'NC)
- = (AnBNCYU(ANB NnCHYU(A'ABNC)YU(A'nB'NC)
TAATH W1 IIR AR T4 A SR C #1a Frera v +f—fes =@ )
WO A A (B A C)=C A(BAA)

=B AC) AC} (e 5)
=(A AB)AC

9.3.16 Fif¥T @dx, ofds &6

AT A R B P OB 1 A ¢ B 93 of¥w (316 31 3T @41 (Cartesian product) A X B
(A€ B 93 9955 W 2% TW) T3-96 TYR GG I *MofH = 93 93 FIW (ordered
pair) (a,b) AL ac A dR beB. :

wdis AXB={(ab):acA, beB}
IR 17
ot A =(1,2,3,4}, B= {56} W, o@

AXB = {(1,5), (1,6), (2,5), (2,6), (3,5), (3,6), (4,5), (4,6)}
SRBXA=(5,1),(52), (53), (54), (6,1), (6,2), (6,3), (6.4)}
- |
(T) AXB =B x A udie & vz ffewn 5@l ws |

(¥) I @B A-(S mIRYF ¥ AE 9K G B-S n-FKYT % AMF ST AXB GBS
mn-RKAF A QI

() T A WA B 97 (T (PG I G156 47 G5 T8 O W A X B GO 2l # o6
TA|

(9) 1% A SR B 97 (3 (e G IR G T3 3 oA o3l e G W, SRAXB
oBH o wAW G0 I

(B)AXB=BXAZAIM IR GG I A=B T IR FCFEAXB=AX A=A Al
TArZAe 18
TR A A GG R
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APSTd R X R=R* 251 4D ¥ GG T e OF 900 IRGY ALY TS | A (2
TR SRS WSS, G S (g (@ R? a7 ~mete Rafas e wafzs e
iz oifds )|

oAk 10 o —

SR ATSTHIG R P 3 FHYHA (a,b) 21 &S | p-RApi Tars-a B x-ors gy
0 (7% aqT 4R PRl gl @l y-=rets O-fr (2t b TR =7 I R-(F
THABS FET Farws I T 1

Y

ol—o—

X

4|

Y!

Bawg 10
= 2 Rz @M oz #if¥w adwm . —
82 S (B e AR (ST wei -araete S eiifre =7 7w
WA, A, A, A, TEBOT (n FKIAT) TR G5 T A aTra T worm —
AXA XA X ... XA= (X Xy X ) s X € A L, ' |

<3S FACIEewEa ;W A=A =A = =A, T O G} CHITR T 9w A° 7 93
TG 6 T ARSI FIE W {(X, X, X, oo X, ) X, € A} 1SS (T FIGIRISTT A X A X A

@ A’ T 2 Y 5 GRS T I An = AXAXAX. ... XA
CRYT

(wefie. A n-FUGS A TR 1)
AYRTS R* = RXRX R #& O™TE (Three dimensional space) @RI
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@ﬁ'ﬁﬁf:S

M 141 (75 =i ERAIR S A e (@ —
(ANB)U(ANBY)=A

20 15 | & T @S BTG A, B 3 —

(A-B)NB=4¢
24 161 T n(A) = x 93K n(B) = y T €@ n(A X B) = I5?
9.4 ™

2 0T ooergd Arfie qiFdans Sagem 9 wam) Rewwens 1 Ranee Fva

G5 : JPRIJT G TOF IR (SRR WFGAR) o™, THFI IR ST
0 I |

FARG (BT THIEI
N - Treifs FAE Fwnd {1,23,........}
P (e wpE Awend {2,3,57,.......... }
Z' ;. SRe AN A%Z {=2,-1,0,1,2.3,......... )

Q : T WA FwT
R : 0T KNG Aegq
C ;. oios Fifg Aege

W FRTY : @ (B (@G o @2 I AE 7 S W[ GG WA ¢ bF 7k 4% o6

e 7 |

GFAR AL : (T GG GFHOAG oW ANEF ONF AR (6 I |

AR FID : @ GBI AHA KA AW T AW G A0 |

WHAT HEY ¢ (A GG PR GHW SILF WA G I |

MEE WA : GHETE LS FE GTHF 7 709 [ @ 328 OF s @ o= i
&% | U~ for v @B ofF Foie =)

TR : 9F0 6 B WAT b G A 92 Torl IR 74 B @3 ofSlb oW A GThRe
M A1 BS A W4l ADB <2 o 71dr e 0 o)
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OWBR B! : A 43 B 5 4 N T W ACB @R BcA )
A @ cun oW :

Ae B ¥ b (153 MRS AU B 9 @m G5 TR TR AMITAN T A 97 * T B G
o QY| A 9 B TS BT AW

A € B 93 (9 AN B &30 9F o (6 T TR *MITE A 9T B TST GIHIR AW |

faelh 15 : |

7 o A R B 1fS G otz Rt o6 T T ANB =0 [ ST G W (P
iR o 1R 1) |

YAE OB : A CTHR TS OB A° A A/ G g (B IR APTA AEE (6 U 07 wgefe
a9t A (153 wesfe s |
A*A A= {x:xeU xeA}

B EIA S G A ¢ B 9T WEI A-B I A~B T A\ B T ot @fB GO T vl
A-63 77 5% B 9% AW T |

A-B={x:x€A xgB}
aﬁiam:rﬁl}ms,«mnaaaﬁmm_
A A B=(A-B) U(B-A)
A A B &2 GIOf33 /Mem A 9931 B (T IR 58 w2 Eor oIS YRR A1

W 99 : Ac B 43 FIET 99a A x B 9131 21R® 38 AR A x B 3R 4 936 &6 I
WA T FALH (a,b) AT ac A 4R beB

AxB={(a,b):ac A, beB)

ITASD ARG P 3
(i) (AuB)uC=Au (BUO)
(ANB) NnC=ANn(BNC)
(i) AuB=BuUC
Ar\B=BnC}

} WA

kS

(i) Au (BNC)=(AUB)N(AUC) .
ANBL()=(ANB)U(AND) }
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(iv) (AUCY =A’NB’
(ANC) = A< UBe) f&TaspIe= 7@
A (ANCY =A'UB’

9.5 FEHa oI

lis= {12345, .} %A % wem FHarEm maw B == —
(A= {x:xef, x T WY 4K x < 20}

(B ={x:xe8$, 9+x=8) '

C={x:xeS§, xZT 57 afies)

219 &6 U = {abede...., X, y, z

(mdfie U, B 3fena e 3 R ol ) |

s Rem GhewEE o At w7 e @ b ¢ T b orm —
() A= {aeU,o < 773 )

(R) B = {PeU,p & %A == ‘Life’ «3 3form

(M D= {JeU, 5 T REE 3 ‘file’ @3 Ifar)

31 R crem GG 7R WY IR ) 6 (§) 9R WD 4 o6 e
FX={x:x*=49aR3x=9 | '
(DY={y: y+t3=3)

41A=1{2,3,4,5) SRB={x:xeP, x TN} (RN T A GOV B FH7 SoAs x|
5| FSTSTEN G0 (WET I ~—

6, A={1}1,B={1,3),C=(1,59)
D={1,2345),E=(1,3,5,7,9)

R ARE B U = {1,2,3,4,56,7,8,9)

SRR W53 e (— BfEe) © wea ¢ (AR ) TR —

@ oé—A A)YC—D (FHD—E
(1)B—D (¢)C—E @®BD—U
61 ST WA= (1,234,5),C=1{1,23,4,56,7.89,10} o7 &b &5 Borz

71 ARE G U =(1,2,3.4,5,6,7,8,9,10)
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GBA = {1,2,4,6}, B=(3,5,7) @& C = {1,3,5,7.9}

T (53 GIBeTER o Mdfa 3w —
FANB (NANC  (NDAUB  (DAUC
(&) A (B C*
8199 d% &6 U = {1,2,3,4,5,6,7,8,9)
A={1,234)
B=1{4,56,7)
C={56,7,8,9}

D={1,3,57,9}
E={2,4,68) T
Fea Gihemn (R —
(T A° () B (%) D ®) E° (%) U°
91 g7 avst TWRIT G (ars Rsw civarE fd T —
(F A\B ()B\A (MD\E  (WEAD
101 8712 208 (RET QT 7=t frsa Givwren fadfa = . —
(¥) An (BUE)
D (A\B)
(WH(AND)\B
(F) (BAF) W(CNE)
11A={1,56738, 9}, B={24638,10,12}
@R C = {3,6,9,12} T@ G (T,
A — (BUC)=(A-B)n(A-C)
121 WA= {2.16,32), B=({1,438,16} 4% S = {1,2,4,8,1632} T, T (7I @ —
() (AUB) = A°n B
(@A) (ANB)F =AU B
131Au(B\C) # (AUB)\(AUC()
% AN TS w3:f TRz o |
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141 B=CTgAE AnB = AN C TR 1 Surzam Jigeg oM )
15t AB.C G5 =i, 7 G5 U 93 Boie | &t 3901 &, —
(AUB)N(BUC)N(CUA)=(ANB) U (BNC) U (CNA)
16|cw=mm,An(BAC)=(AnB)A(AnC)
17) & 33 (@, (AUB)A(AUB9) = A
181A 93 B (4 (@tre vfS (570 @ g9 35 (T AUB = B TR T & o W AC B &3
191 A 93¢ B ¥f6 16 43t A € B & 0N @, '
B« A 93 Refiogrne 44t 7oy 7|
2013 AcB ¢ Co D <, O3 oFiv 3w (3,
AxCgBxD |

2013 AxB= {(1,2), (1,3), (1,9), (1,5), (2,2), (2,3), (2,4), (2,5)} T8 O3 (16 A €3
6 B 47 A foefn % |
221 AB,C R Gib %o et w54t Ca
(@ Ax(BUC)=(AxB)U(AXC)
{(¥) AX(BNC)=(AxB)Nn(AXC)
23 | (SAforaT MR & TR 5 AR 3 : (AUB) = A°B°
24) (THA TR (F) AnBT (V) (BAA)
25 1 CoRTBTaR SR B+ 6 OIW : AN(BUC)=(ANB)U(ANC)

9.6 TeasEl

9.6.1 SepiETAR Te : —

SR |

g1 (F), (4) G (T) GG (51) 9 (8) &6 77|

2 : 21 () 4R (9) H5F

WA 2

2 3) (F) — AW () FAN (5) T (78) W (8) WA
e 3

o 41 BRRBOW ¢ §,{1}), {2), (3}, {1,2), {1,3}, {2.3), {1,2,3}
(@) 9B (¥) feai (o) &=l (7) 93
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#:51 xeA--AcB . xeBWRR Bg(C -~ x€c . AgC
&:61 A= {01}, B={2}, C={0,1,3)

il ACB, BgC, g AcC
%:71(F) A={2), B={1,2) ~ACB

(?J)A=.{2},C={2} ~A=C

#:81 AoC
8 : 9 (3) W=
e 4
4:10l ACB, xeAUB - xe€A W9l x€B
I x€eA WORA xeB ~AcB
@ @We (FE2 xeB . AUBCB
o3 rBgAVUB ~AUB=B
%:111 xeAUB -~ X€A Oat xeB R A C ¥ B C
o @ @We orag xeC .. AUBCC
2:1214 AcB, 9% x€A .. xeB

. XxeAnB

wead ACANB

WA AnBCA - AnB=A
A: 13180 xecC

wCoA 9 CgB

L XEA 9 xeB

~xeAnB

~ CcAnB
e S
2 : 141 (ANB)U(ANBY) = AN(BUBY

= ANU

= A
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2:15: 4 xe(A-B)nB
. xe(A-B) ¢ xeB

WA, xe(A-B)(UF M XxeA G x&B €3 GO T (AT (R DL (T x€B
TR x ¢ B sidie AT @FRE A% YIS ANT A @ 9 K x e B G x ¢ B Prw 93

o (A-B) €3 B 4o *=R~13 il ¢
5 (A-B)nB = ¢
o 161 A €7 AN = x
B 93 A =y
S AXB a9 AR = xy
9.6.2 FITAT IANA TG : -
L1 (®) A CTHT el FeiR™ TR 93¢ 20 (/T T
S A= {24,6,810,12,14,16,18)
(X) 9+x = § 6% ANFAH (FME FHIGT PR T 2 |
.. B = ¢ (U &1B)
(1) @A C @3 P 3% 9K € = {5,10,15.....}
20(F) A = {aeiou} () B = {life} (D= {file}
42 B=D
310(F) kP =4 43 3x = 9 G2 TS I IR H g IR @FA Fe s #3)
X = ¢ (F O
(y+3=3 . y=33=0 . Y={0}udfie Ye¢
413€A f5% 3¢ B (IR B TIRYR 6 @3 3 N 1)
- AzB
SI(F) 6 A [P O T GIORR TAGS ]
(@) CgD [+ 9eC € 9 D]
() DgE [--2eD, 2¢E]
(9) BcD [ B 93 wstAl D-(@ (]
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(%) CcE [ C 9T M E-( ONE ]
(5) DcU [ D 493 5wy SR U-a3 W]

61 -+ A 97 ofels oM C92 2| . ACC WA 10eC BE 10eA -~ A2C ~A
B C 6 & BAEG, AcC.

7t(F AnB=¢ () AnC={1} (" AUB = { 1,2,3,45,6,7}
(W) AUC = { 12345679} (8 A={35789,10}
(8 C° = {2,4,6,8,10}
81(F) A'= {56,789} (%) B°={1,2,3,8,9)
(%) D°={2,4,6,8) (9) E°={1,3,5,7,9}
() Us=¢
91 (@FA\B=(1,2,3) (QB\A={6 7} (NMD\E=1{1,3,517,9)
(WHE\D=¢ [FcD.F\D=¢]
101 (F) BUE = (2,4, 5,6, 7, 8) () A\E = {1,3,5}
~AN(BUE)={24.5) o (A\EY ={2,4,6,7.8,9}
() AnD = {1,3,5}
.-.(AnDj\B={:,3}
111 BUC = {2,3,4,6,8,9,10,12}
. A=-(BUC)={157)
A/, A-B = {1,5,7,9}
&35, A-C = {1,5,7,8}
. (A-B)N(A-C)= {157}
121 AUB = {1,248,1632) = §
AnB = {16}
A°=S-A={l,4,8}, B =S-B={2,32)
o AcUB={1,2,4,8,32) =S-AnB=(ANB)'

£ AcNBe = =5 =(AUB)
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131 A={a}, B={b}, C={c}
AuB\C) = {a)},
(AuBY\ (AUC) = {b}
141A={12} B=1{23} C={24}%",
AnB={2} xR
AnC={2}
. AnB=ANC % B=zC
151 (AUBYNBUC) = (BuANBUC) =Bu(AnC)=Bu (CNA)
- (AUBINBUOA(CUA) = (AUuBYINBUCN(CLA)
= [Bu (CNA)N(CUA)
=[Bu (CNA)] v(CNAIN(CUA)]
=[(BNC) u (BNA)] L (CNA)
=(ANB) v (BNC) U (CNA)

161 An (BAC) = (ANB)A(ANC)
=[(ANB)N(ANCYJU(ANB) N (ANC)]
= [(ANB)N(AUC)] U [ (AUBIN(ANC)]
= [(ANBNAYUANBNAC)TU(A* N ANC)u(BNANC)]
= (ANBNC) U(ANB‘NC) cANBMAT= §OR
A°NANC=9¢

= AN[(BNCHUBNC)]
= AN(BAC)

171 a«%mia_ oS FAEH —
(AUB)N(AUBY) = AU(BNB°)

o (AUB)N(AUB) = AUG [ BABe = ¢]
wRAE, Aud=A
- (AUB)N(AUB) =A
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18| A& (AF BSAUB
xeAUB
xe A O94ql xeB
MM AcB S xeA=>XeEB

©“ xeAuUB 9% AcB

% xeB .. AUBCB .. AUB=B
fardtesrm A AUBCB &, AcAuB .. AUB=B
191 AcB
< € B° faooT™ B C A°
. xe¢B (A% c(B°)° - ACBc Wl AcB
A x g A ~ACB Tff 9k @ I B A°
. B°c A’

201 (a,c}e AxC

L acA 9T ceC

+AgB ~.aeB AR -+ CcD . ceD
~ (ac)eB-D
. AXCoBxD

| 210 A= {12}, B = {2,3,4,5}

221 (F) (x,y)e Ax(BuC(C)
= xeA JR ye(Bu)
= xeA 9 (yeB 9RWi ye ()
=(Xy) e AxB IR (xy)e AxC
= (xy) €(AXB) U(AXC)
(¥) (x,y)e AxX(BNC)
= xcA R yeBnC

=>xyYeAXB IR (x,y)e AxC
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= (x,y)e (AXB)"(AXC)

231
RS
AVa A‘.":‘?t A’A‘
FUFTTM : (AU B)* XX BfEsw : (AcVBY)
feafora bz e W 7
241 (¥)

AN B @7 (safba

A 932 B¢ A9 (SA6A
("xx" fBiTs wa)

- 353
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A ANBUC)

safd:(ANBYU (ANC)

WBa:(ANB)FRANC)
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9,7 agfafe

9.7.1 28 b

(1) N e sk o6

(2) Z ©e WY &

(3) Q ™ A 6

(4) 11 TFEW SRYFA B

(5) R AT MR G

(6) C =ioa = G

(7) ¢ W0 A e of

(8) xe A x, (0 A—¢F &I o
(9) xg B x 6 B3 @3 oM 97
(10) AcB A, B-93 w¥sfe
(1t) AUB A % B 97 AT
('12)CmD C 9 D 93 (A
(13) AgB A, B &3 S2Gi
(14) CcD C, D 99 &Fe TAF0

(15) A-B, A\ B,]A IR B 93 W&
A~B :

(16) AAB A @3t B 99 &fews 9wq
(17) A5, A’ A GBS o

(18) AXB A @3¢ B @3 ¥y s
(+49) {x | x : 93 @ P} x 97 & P @FA GF

(20) = W

(21) n(A) GG FABS WA
(22) .. AR, WOWR

(23) ~» @Y

The Set of Natural Numbers
The Set of Integers

The Set of Rational Numbers
The Set of Irrational Numbers
The Set of Real Numbers
The Set of Complex Numbers

~ Empty Set

X belongs to A

x does not belongs to B
A s contained in B
Union of A and B
Intersection of C and D
A is a subset of B

C is a proper subset of D

The set of elements of A but not in B
(The difference of A & B)

The Symertric difference of A and B
Complement of the set A
Cartesian product of A & B

The set of sll x which
satisfy the property P.

Implies
Cardinal No. of the set A
Therefore

Since



(24) a<b a b = &G a is less than b

(25) ¢2d ¢, d (T T WAF AqH c is greater than equal to d
(26) A#B A, B 79 5@ A is not euqal to B
(27) yx FF x 9 o) for all x
9.7.2 T Afvera

AN 375 Infinite set

T E Identity law

gl @ Horizontal line

PG e Improper subset

] Unique

[ (‘{‘f) BRI Integers

TEHE FAN Cardinal mumbers
TATAG Subset

TG (A Power set

Troy Objective

THE @Y Vertical line

THATSH 74 Involuation law

N2 CHTS Singletone set

e Order

FAYET Ordered pair

Tawifas o Three dimensional space
FSR wom Cartesian product

SO Structure

=¥ Intersection

TR ARG Tabular method -

(SAHd Ven diagram
[CRERNCER T De-morgan’s law
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2%, Bt

LRI

e A
I &
AR/ 5AY
S A

TR 3132451

TR AR
Tba Al

Element
Complement

Proper subset

“Complement law

Symmetric difference

Extended
Operations
Distributive law
Commutative law
Real numbers
Idempotent law
Common

Union

Distinct

Member

Natural numbers
Universal set
Collection
Associative law
Relations

Prime numbers
Rational numbers

Complex numbers
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a%% 10 O 798 A 7F, foad (Relations, Map-
ping)
5
10.1 2
STty
10.2 7% A ToF
10.3 2Ry TF
10.4  ofSwm 9§
105 <7 7=
10,6 TETS TE
16.7 weUst (e
10.8  Boisiivg
10.9 f3eis
10.10 DTSl TFA GfeE Boeing
10.11 539 3 <res
10.12 Rfare foad
10.13 = foae
10.14 TwrEemrE
10.15 A
10.16 S0 2praeh
10.17 @i«

10.1 &Fi9=t

TS AR (G TAF 9 A4 ara (reT TR | 62 4T FT5S R e,
& (Relations) '@ 529 (Mapping)-93 SIGEIGT TR | R TG 18 FF GG A
ST RS T |
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T

G2 «T=hre (1 frvaef wEibe Tar crefs o -

® (B CTBA ¢ TETS 2fefam 7=1F (Reflexive Relation),

® FANIERT TAE WA el (Symmetric Relation),

® fFAH FiF (Transitive Relation) 438

® TEH FATER T

® @ e 4t B WY ‘A3 (One-One) € 24T (Many-one) STAFHT 41|

10.2 & (Relation)

AT $ (T (PG B GG A 93 B-43 4 379% A TE 28 A X B 07 43 ARG | Tedq
9% 16 A € B3 W4f R G3f6 7o T2 T 933 @I A RS A X B |3k A=B 77 &3
TR, A GBI S#T G0 191F |

s 1R, a R b 37 @3¢ @<eria 3% (a,b) € R €32 I a, b7 A R T |

a, b9 ICH R~ 1 =1 Wil ©f (a,b) ¢ R 7@ At aRb B w34 |
Tuizad :-

(1) 491 T R FTTE I TR (o 1 O “x, y~99 (AF (&0; x,ye R” R-9F 7 93
oo | G TEE p G AT FAEA @ AN ¢

p={(xy):¥x,yeR, X<y}
QRY 2<5, (2,5)ep W4T 2p5 ¥ 352 AEG 342
(2) 431 T N 7708 A MAR 66 @3z p ={(x,y) € N’x,y 19 @I S }, T3
X Py 9% QYA x, y-97 Sr&d | Trzersmot 3p6,15% 255 |
Pl » 3
10.3 2fsfag 70§ (Reflexive Relation)

ca@wemﬁ%@Aﬂﬂeo@ﬁ%%k-@&%ﬁﬂﬁ?ﬁwmﬂﬁaRa,vaeA
widie 7% (a,a) € R Vae AW BRI, N (6 < H=Ad0 afefaa 7o4F gy ofel
FSIIE A n-9F TR R < N ST Pres |

10.4 oS qt WG 791F (Symmetric Relation)

Q@ @A 93 G A7 eoF 93 T4 R-& AN 1 2 =% 3911 7R I
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aRb=bRa
TrizarFma R (76 il P Tondl ey okf 7 xpy W AW x, y > 0 =

10.5 ~fS9 & 7~°1% (Transitive Relation)
@ e GG 76 A9 €247 G 37=oE R-(F AAfFad 71 zen 3 I

aRbw®bRe=saRec
THIZATIEA (10 @RS @ FAE0 AT 729 xpy TI ;W x, y T SIS W |

Twrgad (1) a5 9fS oA Brarmadt oo @it efof s orm w0x g wirsiept T=>r&
w23 AT e om0 1 '

Teg —

1 T A={1,2,3}

@ R={(1,1), (1,2), (2,3), (2,2), 3,3)}}

QAN R Afslz 7orF s 09 XY (a,a)e R, Vae R

R TrepT TR e e 1, @eg (1,2)e R (2,1) ¢R

R #Afiardlt sTor=F s =@ 1, @Ry (1,2) e RO (2,3) e R B8 (13) e R

(2) 9T AT TIER Tzl o it ey o @32 ~Afa) Boid g a2 g afefaw
Aol o @ 1 '

Teg —
491 3F A = {a,b,c} 9’ R={(a,a),(b,b)(a,b),(b,a)}

AT 4 R, A (BT @oq AT ToAE @3k A s Prg o0 75g afefam smod
P A 7 IR TE (¢,c)€R

10.6 $Te! 57 (Equivalence Relation)

@ @FME 90 ALY A-9F €T GG T4 R- (& Too! =0 301 20 T 7o o efefefaas
(Reflexive) 2™ (Symmetric) 43¢ AT (Transitive) TH |

Twrggerwol @ WS A = (1,2} 99 R = {(1,1), (1,2), (2,1), (2,2)}

GYA ATz R, ATGTER €93 fofifes amepgop! uar of il seamn R, Avemid
G MHNTS 9T TS 71F |
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10.7 w&vet (¥ (Equivalence Classes)

A 8-
41 A A O3 ST (non-empty) (75 %R A GTBA @ Al R @3l gemet 579id | A
CTBA (A IS 247 a7 0K R TS g A A998 3 ARG fAefar 0, I A, 9431 [a]
711 oS F: | A, LA [a)-(F TV @ A0 4
o] [a]={xe A:a R x}
TR, T [T LT @917 TS TTEA 5 [Congruence modulo 5°]
43 TErel (A ool —
[0]={...~15,-10,-5,0, 5,10, 15,.....)
[1]=¢....-9,-4,1,6, 11,........}
[21={.. -8,-3,2,7,12, ...}
[31={..-7,-23,813..}
[41=1..., -6,-1,4,9, 14....}
=% T (F, (0] = [5}=[10])= -
[1] = [6]=[11}= -~
[21=[7)=[12]=
[3]=[8]=(13]="~
[4)=[9}=[14) =
ST QAN FFEANE G5 22T Tefel @ SRy wirE |

R -1
a) efSfm o, Ftaepy T, ofarl o At e |
b) TS FHeAF e [ @R 2 Tvizad e |

10.8 Totoiiwg

T R @ e @7 (T5R @217 ToTol F=F T4, O3 a,b € A 93 T (i) [a] N [b]= ¢ ==
[a]=[b] 9% (i) w {[a] : ac A}=A '

e

LA AF{a] [b] # ¢ FSAA GRITA 933 9 3HD 74 p-a97 e YA TR T p e [a] N [b] |

T pefa] & p e [b]
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- wdficaRp @R bRp
NG (IF p R b TR A |
woud AT F#ETIaR p YR pR b= aRb
WA AMET T=1F ({F NS IWb R a |
G eIl 74 (4 [a] = [b]
4 xe[a] 9 aRx
742 o9, b R a (Tomy AR T4F (A A%
bRa¥wR aRx=bRx
s x €fb]
~xel[a]= xe[b]
O P P L) P )

WRR I y e [b] T4 b R y. & T @tz a R b Fra | wo9a AR 71 (WwaR b
X bRy=aRy G yela)

(1) € (2) (AT, [a] = [b]
WRA (AEg R SR 5 e I3 o0 ae[a] Vae A-93 T
nou{[a) agA}=A

10.9 fIsiE= (Partitions or Decompositions)

A X 97 = o | TR X978 Fowafa S +juw (disjoint) ARGIDA KT, T
AL (Union) T X, X~493 936 RS (Partition or decomposition) 37 2 |

TrrRerEet G0 {0, R) Gl R-03 GFit [Reiem |

10.10 STt 7TET G B9 (Fundamental theo-
rem on equivalence Relation)

@ (e I W GG X~a7 To Fewifire ool goret 7% R, X-97 @36 Rewm
(Partition) < A 9o fioerm, X937 @ @Fs f[TEea X-a3 €97 936 Terel 7=0iF
fafa =31
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gl 3 2 oA e 15l 2THF BoteAi asfers, (TR IR LA (W R-49 2
fidte gre! ifefat erersflb 7<= (disjoint) GR ST FLAS X |

TOIE G I4F R, X-A7 W& O [Feiem fefd o | Qs T S 7R, ReweE
oHufH 26 R-97 €% @36 werer At

G e Cvea @ WP = (X X, X )

X~47 &5 ferem : X (Tha ¢Aq 43 74 R 1% @v o Ac@ifie #0 am @ xRy
P 23 afd e 9=fS gErer o x 9T T, x, y e x; G4 S B AN (T R GES AAE
Fra w91

QA (FAE xe X @STIF| T I X, e P AT x € X,
T x R x P =8 Vx e X Sidie R 7o efefasr|

g qfF x Ry €39 X, eP TT &A1 xeX, 9K yeX, 8 xeX, 9%
yeX = veX dR xeX :5ny
- R =30 Amgm 7
@ AT x Ry 9K y R z TorE B ©37 R-99 %@ (2F 3 A0 X, 9% X, (49
LEN! AATAY 7) T T x,ye X, 9K y,ze X, ARG y € X, 9K TME y e X, CF)
X,nX, #¢ 8 X 9% X, eP |
X NXg 2= X =X,
R X, =X, = x,z€ X|
Tl x R z P |
WﬂﬁMﬁm@nyﬂﬁisz =xRz
. R oG e | _
@Y R afefafes, Amemeed ez Afmdl JEaK R 3 gefe) T4 |
SEATE-2
a) TATS! FoEa Cnfare G-l R3fesg amte = )
b) 47 TG F=ATER Trzael il affs smepp o € Afdl fog efoffis )
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10.11 foast (Mapping) a woi%< (Function) :

431 [ X 6 Y %6 S HETY (Sets) | X9 Y-S BAU (mapping) T X (T Y-
WPRE (function) IFCS WF IR @57 T 79 (rule) T x93 ATSH BAMIER T Y92
A Toimr 7T 03 ) x I X907 93 ToAmm 7 B3 x93 B s fix) fiea Bize
3 | f{x)-@EATA x-497 ST (image) I x-97 T -SARHI IW (value of f at x) I |
Ry Tafe Darm Mg X-a3 S 93 SoAmies oy Y-a7 aFbaa SAamwe Aedl g
el % 43R BRerE A oA 93 RS Worss (single valued function) @ I
23 | ST (% SRR Sy STARAE W 31 e FaR | Ft e3c gRand
% HATAA SAPHFT SYAIG SrFS ) oael IR IS T30t | X-FAenebes wmEt Ad@ers-
FB/CFE (domain) 9K Y-ASTIBE FE-HTFA (codomain) BETR Bd F011 | X937
735 BoimivTe efeiRmelm Rkazfbre wma & worss 31 Baeta R (range) T30 @
G R(f) 7 f{x) BT a@ gt 3303 | ~Pe:

R(f) = fix) = {fx), xe X}
% 2T fafEie Sedqel wierm

(1) ST IS @S e ToAMITTE 33 AT QRS g1 (@M [AHA
f:X 5 Y WAFIDHI CFE THE

flx) = x*+1

(2) FCBTCFEY B AW a%ﬁm%a%wmaﬂmwmwﬁa
afefafae BAmm erore AES fFg BAMR TERWITHTE AR AN | (@99 ABA g :A~>B
AP (R o7 AR | |

fx) = 2x-1
@R £(X) = {1,3,5} T B

037 wRe 75 Hae (Mapping) (41 T |
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<= wiwe aft foaet (Mapping) oril 9% -
1
TR =

A={1,2,34...}, B={1,4,916....}, 3 fix) =x*

T2 i B ofSl 2 ae A aTai Bfae v B-93 WAM SRMT 9% | 4% 4402
foaa- ‘aias B9’ (One-One mapping or injective mapping) &1l T8 | Wefle 4T oI
W 73 529 (injective mapping) IR AW & oare AceITFaz 16 foa Ssivne Fomm
FPRRTHCAR YD o7 TAMIT afeiRfye 20 | M o af Scwirstam «Iifes BoAmTa ¢35
Afefas 20 o AfSRiye T G WINA FMe FINEe T2-9F (many-one) Bae ZETE S@w
FAAIN

FRBTHEEF (Co-domain) fSf ToAmm aft ST (T 3 ToAMIGTR 2fefa® (Im-
age) T8 Wdfie FTRRTHD I (FIwe Wf6fE o 7 Az @ & o smiofee foae
(onto mapping or surjective mapping) J=11 TH |

AR AT, T TR CF TLGATTF 93 TAMIAE FCHITHAA (T TAMIGR effofas
(image) T T O3 HI¢BTF TP CFGaA (TSR FRB/CHEAT WS #116 529 (into mapping)
SEIET

aw A ={1,2, 3,4}, B={2,3, 4,5} 9

f: A— B 4381 WS T @ f{x) = x+1, T3 fHaeiit B Ao 9244 A-93 s a1
A\

AT, 1z z @A z = I PRGI G693 f(x) = 2 | G i (7 0L (3
HEAHIORLE WS A% IR @ 3, 5, 7 2517 | TG G2 AR Hao-(F TRITTET
(TGE ARTFCIA 52 A TYATSS B2 (into mapping) I T3 |

ATKBITHTAR (SO FRBITHAR AT 5190 (7 T f(A) £ B,

ATR@ICHCAY C o TRTHEA O 797 ~Fe: fA) = B,

‘OTFR 93 AAES (onto) BEG-(F QT A%MA (Bijective) badi 2= =

4 TF, A 9FD S JET (non empty set) 9% £ 36 «hel oot (8
f:A—>A

Tl 2 (@, A FEAET TG Bomma FER e fes =) eFist oad - =
7% ¥13-649 (end mapping) g W fx) = x T R £-& T 57 T 30eq Bat (identity
mapping) | TS oad TR GIFF 43R FDWRIHEL €23 FRTHFES TiAfes |
: 366



Trpa Baree =Rrof ST sEEag |

A B
g 53 10.1
ey
N R AR oAt
[One-one onte mapping {(f) ]
A
LT ST ATTS ot
A [One-one into mapping(f)] B
o= 103
-0 RS o
A [Many-one onto mapping()] B
BT 104
F2-4F T3S el
[Many-one into mapping (f})]

10.12 fa=iSre foast (Inverse mapping)

€7 AT, £ X - Y 930 THE (bijective) Bav1 @2 Y (7F X~ #fo® &% foadfte f«az
e foadt 2ot T x<03 ST Rx)-@ T x-a2 Rifye 3 @32 193 R Baae
A -1 ] 2P FIEA |

*TEE FCBEPICE £7(f(x)) = x

BoiAws | '

£2WF XY 05 A9 93 £ X~ Y

foqes s (bijective) |

T f-1-y X oadibe et 73
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oMWY : AT WL &AW FIG (X, -4 T GUISF (injective) |
QAT y,y, y G0 70 feq o |
a9 f-1(y,) =%, €K £(y,)=x, @ x,,x, € X
TRy, =1(x) $Ry, =f(x,)
@Y £ GFT, x, # x, & f(x,)# f(x,)
wdie f-i(y)# f-1(y,) @y, # ¥,
GG £ AT
O ST I FFF (@ £ FNATES (Subjective)e I |
§FA x, X ALTER @-FAE S0 GAWH |
T Ay e Y 9F A @ y = fix) WA x = -1(y)
wEa, x T £ AT y s AfeRm e ye Y
WSET £-1 ANATS (surjective) Bt |
Tototmy 11
qfe f:X=>Y 5 TRe 78 @ £-1: Y = X Bail w7 (Unique) T3 |
oI R T, g Y > X 93 h: Y - X &8 X~97 46 [{o1dre foaet  wrwan e 732 @,
g=h

4T Y REAER @ (@ 9F0 My |
IR g(y) =x AR hy) = x,
@AEY g, £ -97 R Bbad, srea

gly)=x,=f(x,) =y
ST (TG, h, 43 Reids fhad

h(y)=x, = f(x;)=y

o f(x)=f(x,) =y
ARy A, f(x,) =f(x,) = x, =x,

= g(y)=h{y) Vyey.
g3, g=h
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10.13 T fome (Composite mapping)
431 T x, y, z [oafb Aeene @3k |
f: XY @RRg. YZ

©4A f Barsr WA @3B Bomia x e X BRezmr y = f(x) e Y Tom, ufb s ffde
T, g foara ol g e Z Bolmm wwTeid W

z=g(y) =g (f(x))

<% agn oaalors 2o 27 £ 93K g-47 it 3oty oStz e #31 @ g o £ 91 @b ke
forsane) <-

TS43, (g o F)(x) = g(f(x))

- %3y 2 fg oo R s/@ (Commutative rule) GG 578 a1t (et 3=ew1) |
TERER- 3 |
(a) RoFe foae = 7832
(b) ‘9T FTUT 47 ﬁﬂm'q' TwigRs e
oAy : @R, X,Y,Z,W 513 Awend @k f, g, h fowis foed @m
F: XY, g YZ, h:ZoW
v, (hog)of=ho(gof)
e 2 934 f(h o g) o fl(x) = (h o g) (Rx)), ¥xeX
[ fre fomrem kel (0T
= h(gflx}) [ 7]
=hgofx) [”]

=(ho(gof) [7] vxeX
~(hoglof=ho(gof)

10.14 Twizgesne

(1) &P Q T& 3 3P SKAF G5 93% - Q - Q FHAS T f(x) = 2%+3, ¥x e R
@I (@, £ 221 9T N OF GR ATKBHET G FRB0F6E Bt | p-1 el a=ea
IYE =~

4 x,y € R (I4A X#Y
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XZEYy=>2X+3#£2y+3
=5 f(x) # f(y)
= f T T T BHad |

-3
4, y (@ (e 935 AT KA | TR y = 2x+3 WO x=%,mﬁwﬁwmﬂm

y-3
R LAt
(2) Y

-3
-~ f ot seirs y_z_ Jird Afef (Image) y W8 f Ga*3 NPRRTHE €9

FRTHED f5ast |
@RS 9% W GF AR (TSR @47 (O @61 Bad, w9z £-1 a7 afds oz |
-3
7w £ TBATTA ATT x AR 2SR (Image) x | S fix) =y Gl x = £-1(y) o x:-y—z——-

-3 -3
f-‘(y)=-y—2— GO £ 09 374, f-'(y)=y7, (Vy € R)

) @MAFF R R f(x) =sinx
g:R—=2R:gx)=x
T g o f TomefB fHefr w=m |
HRTYA -
gof:R— R:(go(x}=g[f{x)] = g(sinx) = sin’x
B)EEaf:R->R fix)=x°
g ROR . gx)=+3
o @, gofefog
TR -
(g o f)(2)=glf(2)] = g(2) =g(4)=4+3=7
(fo g) (2) = (g(2)] = f2+3) = {(5) = 5°= 25
FTHIATSITA,

(g 0 ) (x) = g[f(x)] = g(x*) = x43
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(fo g) (x) = flg(x)] = f{x+3) = (x+3)°
. gof#fog (2AAE)

10.15 A (Summary) |
@ @RE 930 ABTTIF A-93 €2 G AAE R-& GO T=94F 31 27 7% 7=
(i) fSRAfHs (Reflexive Relations)
(i) &f&t (Symmetric Refations)
@3X (iit) AW Fok& (Transitive Relations) P T3 |

TS FoAER (fFE BoeArg (Fundamental theorem on equivatence Relation)- =
forvmel-

@ (@G G0 T G0 X-97 T 930 Q! 7=9F R, X-99 @76 {9191 (Partition)
e I g3 [RorAon, X3 «ifo et R-a= W0 et 71 9o1ee 296 < |

foarera fofen worafe @ 3 =

1. ‘a3-9% (one one or injective) Ha

2. 4% (Many one) f5as

3 HTRWITHER AT WRITHTHA 5319 (onto mapping)
4. SRR (SO FBTFCIA 529 (into mapping)

AR, £: X Y 40 ‘93 F9 9% (one one) I3 FASKBICHEL €242 FITHG ot |
v g aeifbes

f-1: Y= X

[ Yy e Y, Vxe X QF% (@ flx) = y] 351 2 (437 13 B¢t (Inverse mapping).
fird ot (Composite mapping) 5 5@ (Commutative rule) I 571 1

121 T X,Y,Z, W bR G5 &k £, h ReorfS et |

@A XY, g:YSZ, h:Zo5W

S, (hoglof=ho(gof)

10.16 AIPHY opliqel

() S TF A = {1,2,3)

@ @ TE R = (1,1), (2,3), 3,1, (2.2), (1,2), (3.3)}
) 7




R.=1{(2,2), 3,1), (1,3)}
R=1{(2.2)}
R={(1,2}}
R=1{(1.3), (3,3)}
R=AXA
R,R,R, R, R, R, &REA=EPaw=e
(i) off6fas T (Reflexive Relation)
(i) @fea 7=1F (Symmetric Relation)
(iii) “ferar 572 (Transitive Relation)
(2) 49 =T R = A VI AT AL |

95f5 FoAE x Ry AW x3+y?= [ | U (@ R Afow sy~ o o7 g afefas ¢ «fd
oo g w2

(3) @ T X=[—%,125], y=[-11}, e @

fiX o Y f(x)=sinx, (x€X) 9 I 9 98 @ -(SIEE €] (SIoES bad )
faordte o (Inverse map) £-1:Y —» X R@fws a1
(4) Nive foaalm ova @R 9 T «F foad
(a) fix) =3 (b) f(x) = 3x+2
(c) fix)=¢e* (d) f(x) =sin x

10.17 Teasfet
TR 2P
- |

() 10.3, 10.4, 10.5 G731 |

(b) 10.6 (4R |

TPET-2

(a) 10 10 (73|

(b) 10.5 a7 Twgae 2 (7 |
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SRpAE-3
(a) 4 TAM GF AT (F- (SIS CHT (BITAAR BATR CFEAR T3 3131 o=et 7783
(b) 10.11 GRA |
(1) R, efefre 7o e g efieomm e~ or=r$ Pra s )
R, 2fowm 7244 P 00 g efefrm e Afaflt sr1% Fim s A
R, 2T 7 el =k Bra oz Reg oSy sa$ s ==z =
R, AR i Frm wre frg afofm e memy o Pra w3 =1
R, ~faad 5o P 03 g oo © 2R siE fre == 11
R, efefem 7o, Amg worE @ AR s e 3
(2) R oS s Pra a@ 91, @ (1,1)e R (~12+12=2=1)

R @3 23l 3= e 30 =1t (WP (1,0)€ R4 (0,1)e R % (1,1)¢ R, R &feom
o ot 90 T TW x Ry, T2 3y =1 @R yHx? = 1 9% G y R x |

Gy IFx X, e X 9 @ x, #x,
A
[—55] P (ARG x, # x, = sinx, # sinx,
= f(xl)q: f(xg)
T f TIAE GF I G
W Ay, (—1,1] (= Y) R0 @Re A% T 7, G4 (R G 4 qa T

TN
TRET AE (T XE['”Z“,E:I‘ (=x) 997 (T sin x =y TOG f (F-(ONAI G4F (BITNEHS

ot t ToUT { W 9T W 9T G (F-(SIAFT €AY (O Bad | wdfie £1-93 oy
Gz | faos foad £ s seEifie wg '

f(y) =sin'y, (VyeY)
(4) a) ‘9T T @F ot 717 |
b) ‘9% I @ ot |
c) ‘9% T 9T fHad |
d) ‘9% TN 9F BIe 97 )
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aFF 11 O W& (Group) 7L®RI, Taref

o
1.1 oReI
11.2 St
11.3 *H3Ea 9o
11.3.(a) U™ W& (Permutation Group)
11.3.1  «zfoug fom-ofem [MEE afdfs oy
11.3.1.1 feem efdmt 3 wew, Twread
11.3.1.2  sifafes og ot Amefafss vt wcz, Bwrzaq
11.3.2 v ©g ¢ Wi, Swrzad
11.3.2.1 0o of

11.3.2.2 W& (Groupoid), W&V (Semigroup), Wems (Monoid)
HASWE (quasigroup) : tEEl @ TWIEA

11.3.2.3 TAWIER ’ﬁ'ﬂi‘l}'l% : ea FAe (Law of Indices)
11.3.2.4 TAMITE @ (Order)
11.3.2.5 SR
i1.3.2.6 = 3 AR ifAs % : (Finite System)

AL, TwigAd, fFM-FAHRRNA (Composition table)
11.3,2,7 WHEF (Subsystems) SHAAHSAS

TVES, TS WA : R, Twgad

1.4 A=
11,5, FEo0m oM
1.6 S

11.1 &g_=

stierrea fafen g sty “Ree el FRormena Sraawsy, st Aesers @ 5=
afem e 7@, o fofe fma wnr, [fen safifess st semes), Ferfsies (axiom-
atic) ~rafere fansrad, armsl Towg R Aeeftren w=ts Ragae)
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11.2 S

fé erafars Aerafirss 371 2t fofk s Rica gm-uzen 8 zwg 1 ok e Awsfte
AE FAE AT Gy =AW ALEZ, A OR S F4] S|

11.3 1o/ 16w

11.3 (a) UM %= (Permutation Group)

Re@ ¢ [ (Permutation) ¢ S 39 s G0 AN (6 | 9FG FATHA WAFS (bijective
mapping) f: s — S-(F S-47 b AP T W W s={a, a,, ., a;} T, TR s G
FeeTs /4t nl | 930 fope £ or iR ot et 331 7@ |

f_[ a & s, ]

f(a)) f(a,) - f(a,)

WOEH WCAFS (identity mapping) IF0 TN SAFE 2EAT GO TS [ (identity
a, a, - a

permutation) <= 28| 4fbrd | wF oFH F 27| e i = [a a- an)
_ 1 2 77 #,

R FR s = {1, 2, 3, 4} 1 S @@ R PafaRe S et w9 s (1) = 2,
f2)=4,1f3)=1,K84) =3

VG ]234‘-q'[f 2341
) = =
h 2413) 7 413 2

321 4y
?ﬂ,f=[] 423JWmemﬁs

o sMurdas aun wERts e B @3 % e f @ Feme TEe

F=(1,243)=(2431).. Zoif WRe oo 37 A AF| 9 9L (1) = 2,
f@Q)=4f@=3,f@ =1, @@ §s={1,2 3 4 93 b Fm M

|
a:{l 421 i :)@wwa@‘0&=(1)(24)(3)mmmﬂa=(z-4)ww-g
T
Tk g = (13) AW s = (1,2, 3,4} oI ROF @ @ g (1) = 3, g (2) = 2,
g3)y=1,gM4) =4
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TR o s T A s B AT FBIf: s > S 9 g s > S s-a7 4f6 [Py
QRS -97 A9 (range of f) = g9 AEWHA (domain of definition) TSR

gf: S o s INY O AT | @t 597 I | 9% T £g, 597 9T Ty
T

f—[ 3 a - an) _( a, a, - an)
“\t@) fa,) - £@a)) &7 laa) ge,) - ga,)

a, a, e an
oiE f e g @F A .8 = (f(g(al)) f(g(a,)) - f(g(an)))

—
==

£ [ a, a, - a, )
GRE T g(f(@)) glf(@,) - g(fG,)
oAt W g f = fg AW SR, ¥ figh) = (fg)h 76 597

7wt faoiie Spors ¢ W 3 s 9D AW @0 6 £, s 9T 93 | f IiNrERite
LTS T ! INLenE A@H® g ! ;5 o s Wi £ s 97 9=6 fmpn

N a,,J
h@nunmﬂ%)@ﬁm

. (fa) f(a,) - f(a,)
f =( ]m|

4, a, =+ a,

1342
(1234 1234
g'2341’h=(4213] o,

fg:(;i ;T) @Ry fg (1) = £(2) = 3, g (2) = £(3) = 4 oMl

Bwimmet 1. 3w s = {1, 2, 3, 4) <= f_=(1234)

h—1234 h(1) = g(h(1)) = g(4) = t
g~[1324)@@g()—g(())—g()-

gh(2) = g(h(2)) = g(2) = 3 To1H
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RN EER N (EEE
CMEUEL s 40l l1324) Tl a2

% (Eg)he 1234)(1234) (1234)
Ul 41 l4213) T a2
=% figh) = (fg)h.
(V342 _(1234
“l1234) 1423
AW GF (cycle) WA I s = {2, 2, ..., 3 } | -9 9T BHH f-(F 436 1 5 TN
QAT -8 r AT W 4, 3, -+, 8, A A TG TR TPl Rgwm ae

1234 1234
7 b4 z = f= H =
TRITAY 2 ¢ W6 T s = (1, 2, 3, 4, [1342)8 (1432)

TRAf=(234),g=024

TEIK { aF0 3-55F € g a0 2-5F |

@ faurm e s af £ s 97 930 T @ @ 2 = p. f) 597 I M @,
AR T (associative law) (UF I 9% M = £f .. f fe s o e o

oA £ € 597 oFb W £2 = £, £, sa3 @B et £ = £ £ £ T
W@e T4 dfbe s-97 G Ty

AR ¢ fa6F (tansposition) : 9FL 2.5 B I FEARHR 11 9IR W 1o
Soiomy g 2w, T A P ARge!

T | ¢ oF @3B FAWM G0 UM R @3 5T TR Al el fAfam
(disjoint) BTFA @d RPHI o= F21 I

SOl 2 ¢ o 43 AW GTDR R g S (S g R TR | o e
o e #9119 0

WA 3 ¢ |-5F wdie Srew RS (2, a)(a, 2) A (aa) (a2 )a a Naa, ) I
(a,2,)a,a)a,23,Xa,3,)a3) (a3 ) T AT 2w F21 T
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435 2-5% ek w3l Greeafeem 3t fase
4936 3-5@7 (a, a, a;) = (a, _3-3) (31 8.2) .
9FB n-5F (2, 3,8, ....a)=(a a)aa, ). (a a)a a,)

wget 3 @b TS (9) 30 ot 9 2 Tl afors (9) 34 <y fapias wom Ree
SR =91 T |

Totolw) 3 ¢ (N @I GBI (GG e i 2% AUR) A f[iewa 1w 3 w1y [y
R AN 2T

Twigad 4 3 s = (1, 2, 3) NG faiele Fida s ¢ Boasig 3-93 gurdst 5 =)
s Cbd fpmald I@T 2

(3220
S HRINE

(123 ~(13): p, = 123
Pr=l321) 7V 7P =213

g% Renete, p,, py, P,
v el p,, p,, pg
Tonngy 3 B ey awide =)

AL ¢ AfSTWE (Symmetric Group) t 5T 34 {1, 2, .., n} @ NETALA 767 [
& S, a1 fofere Fa1 27| am SeEl 2 23 RAeTa SRR (Composition) #ftefe
S, Fer «Fb W (group) S99 I |
a, fg; S, IHAEA R 2@ A e WAl p.g @ s AwTHA {73

a, PRI AT FIAEA (associative) @ (A 51, Repprafie meem @ @
BT |

(12)

a, STER TS G AW G 2 e B e (identity)-93 o1& )
3, Wfes WOR ¢ s, R oM T A

AEAK (s, .) 9FH 7 ST = G2 T n eI AW wE (symmetric group of
degree) T T G s, AR Yo A LA |
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BwER9 5 3 3-NITeA offeT W s,

MR (AL 5, (8 Py, Py, Py Py @ P O AR 5, HETADY AwofFR T ACIEw
@ (composition table) MN® MeF I

s P, p, p, s Py
Po Po P P, Ps Py Ps
P P P, Py s P; Py
P, P2 Po P Py Ps Ps
Py P3 P4 Ps Pq Py P,
Py P, Rs P Py Po P
Ps Ps P, Py Py P, Py
@ (T a9 ARER @, p, 967 RIT (identity)

p, &9 fside m P,

p, 9% Rt om P,

p;, 9% forfte m P;

p, 9% faoge oM Py

p; 93 fa2 e om P;

g smafa ofarafsre smoff o 31 zem «fb R @y w1 (commutative) 71|
ek At 9F0 6-TISrFN S-REFATIEIY (non-commutative) ¥ |

TWERY WA I s = {1, 2, ..., n)

0% FEAER L el Ram REreea SfRreRne o3 W 59 I, T IR

1
AR (alternating) T 4% A, WA 6T I R A, AOTE —(n!) AT o A |

I
A, T o (4]) TR o AR

A, ¥ %(3!) widfie foaib # G @R Arefd

123
YT Pn=(l 2 3)»91 =(123)€p,=(132)
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oM ¢
Lafs={1,2 3, 45 6 &R

((123456) 23456
2435618 lle6as32) TR
fg gf f! g RymeRm ovMm e g [F 3% RuM 53y

123456 _l2_3456
215643)’ 654231

f_,=(1 2345 6) g_,=(1 2345 6]
613245) 165342
f=(12456)=(16)(1 5 4)(12), 37 Rapx
g=(26) (345 =(26) (35 (3 4) gy &

2. 8,43 GomafA (sub groups) fiefa @ |

TG 2 (). 83 (P P> P2} {Po> P31}y (P Pu)s {Pgs Ps)

3.8 s={1,2 3,4, a=(3)€B=(234) T SR x 97 W I FF, T
o.x=p =i :

Toa e fg:(

1 234
Tt . x=f 2eTMx =o' I a=(3 5 4)

B=1234 - 1234 123421234]
1342 T’\m13"_‘.;214.1342 3142

nx=(1342)

11.3.1 9Ffbwm Rom-efFm-RfE afifceer a Awfafes & : (Mathematical
System/Algebraic Structure)

v A 49 (group) : LRI, TwrEaYy

faem efel (Binary composition / operation)

1A AP A GFH ST (non-empty) FEAY (set) ( AX A (TF A D &|S (A (FWE
sENWars Ba9 (single-valued mapping)-(& & A Y a7 Row-oftrat @ @1 &
e f W Bire T, £ AXA-D AL ™FS: (e B ofFT AGT 91 @ @me
a5 TS (orderd) ToME (AE A7 WY IIH W97 (unique) TR Teoig #0210 it
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TR Rm-efr s FioM 96, u € v TS TAMIML o Teom FIE N B
U V=@, uLv,weA

3w () T g A, 5 = @ ALY A @ Fom 2 AT “SRE’ (closed) |
@, ] Rae 2PRama @B T, a, bel, atbe) ; ‘+ Bzh @ofFn @R I, 4
RS SR @i 7R3 PR, (@5 3+5 = 8; (2m+1) + (2n+1) = 2(m+n) ]

(i) ue v I v Ou IRHTY AW L A1 (T W u, ve z+, HINE FFRYT G5 T 9%
UOV=u-v TF u-v#v-qu Afue v vou TR o I AMGfEs waaferar fig
FE, uv=vu, 9 u e v=youluev=you I, I HfEE RFTEEST (commutative)
N W (T, z O e o Rigsazaeg, 3x 7=7x3

Al 1. 47 TR Z R TR A%
Yu,veZ, u.v=uv 493 4%

9 opfma sl PR 2; TR uove V
- RE 4 9 k|

B 2. @ T Z T PR AEne

Yu,veZ, uov=u-v, ‘O’Wﬂﬁwmﬂﬁm%mlﬁﬁﬂﬁﬁﬂm
faisae a1 wey @z O3B ARl SE A NG - uoveZ:;

Z b Reast efera Anors wIRE (Closed) | g i RNETRIST 78, #4 u—vzv-u,

@A 1-5£5-7
fa: w: s ofFafl 72« sRs e Z--9 w=@E 751

TRt 3. 49 TE R FAE WA WA @6 G A®mS @ ofemS ‘qer, wdie
Vu,veR, uov=u+v (‘+ Bzl @sfen fom 3m@) | =i%e: i aree woa v @3¢ v
97 TW) I GFG A I AR o R Gueir @

uov=u+v=w
s R GG 9 FACATH 7
RE, u+v=v4u; o @9 R G0 Rffrmsg
sifdfes o7 1 Aesiidfes A (Mathematical System or Algebraic Structure)

@ G S (non-empty) CTE It 1 3t 9l favm-efdrar temrs <ice a3z 3%
o1 AMRPe AN, TR ER FAL0SF T QW Mifes o7 a1 Twafifes v
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weoq (Group Theory)

w& (Group) . _

e fem oftrm RFER @ime Hiifss o T Fieare oiaflt Tom@ (axions) 719 %3,
TR OF & Faom-2feFql ANATE 7, I 31 5 (Group) I 27 | GTS: (G,0) BFb oot
ARITS IITS =T, ‘0’ Beld G Femy Hwre Fow-efFaiitrs ot a1

(1) AFTA G & A faom-ofFNg TWATE “T@” (closed) Widie &fefl wfire oA
il abeG 9T TR (TG GFL GoWA ce G T GweiT @aob=c

(I) @ @e TAME ab,c,eG 9ATHZ (2 0o by o ¢ =a o (b o ¢) W “ras” o
(associative property) G (TG ‘o’ fitn fofere faem-afgm AT 97|

(l}) G AL 5+ IFB ey (unigue) TN ¢ T @eoa=a, VaeG | <%
94-T& ToAMWTF IN-RIF BoWE (left identity element) I -4 o1 W wdis G 7B
METS AEFH 0™ AT AT AW BIF TAMNE WY TSN AFI | (existence of feft
identity) |

(IV) @ @A 930 oM ae G OF TEH] TAT 9F TAMH a'e G IS I (T
a' 0 a = e, I TAMF 2-(F 297 A-RAF® ToAmm 37 <7, Wdie G FRHT @ @
BAMIR A-faoidie TAme G GRS @S ‘o’ Bfee GomefEFa mrors a8am ™ (ex-
istence of left inverse)| '

& ®: e Sfb (1) € (1V)-97 ARRES o B3 Bt wiFe € oW Roke
TAMTTR WY WA G FLANE ‘o’ Tww Bfere Rom-aferm AATE vt 1 2ot 720 7 |
w<ie

Vae G, 93 WA Je'c G, (@ a oe’ =a (existence of right identities)
99K Ja”e G @ a oa”"=¢ (existence of right inverse)
HBIPANT e-(F TH 27 Bomm @3 2" - 293 B [Fde SoAm" 91 @)

QYA FHTTIEZ 25 TS AT A (FINE (B KBS (FWe o7 2ferat Anore am-fHas
oM € TR-Ras-tome [ wfen ¢ Au-Reide-B4min ¢ sW-Rede-Bame & wfeas

& APRYR e Z 61 T Z o5 AT e’ @ fRw efFm Ko @en
@, udie a, beZ, aob = a-b) THE (i) WIE «f &AM, TR WO oAU TER
iRz 78 | wdfie Erme Y $Ame abeZ 97 WIFA I GF0 GAWA ceZ 9T (T a
ob=a-b=c| g (i) SN AN 73, T Va,b,c €Z, (a-b)~e#a—(b—c),

@ (5-3)-1 = 1#5~(3-1)=3
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A (i) e - a = € 0 a = a AL Y, T e = 2a; L Ton fSF ToAMM aez 9
EE I-FEEBomin ¢ ¢ Rfer wdie @& faom efiFmm Z i e FFE am B
SAMITS WiZE X 478, a—e'=aoe =a, VacZ, I G TA-BIFTAM & @ ‘0’
(477) Shea Wis, VaeZ, aoe’ =a—o0=a | TO4T &2 st &fFm <5°, aob = a-b, abeZ
ACATE Z AR 9F0 S+ (unique) BIH-BIS-TAMH ITET4 |

(iv) SZ Z A%TA @ @EHE TAMNAR IN-RoANS TAWE T$I9 134 B w-Radie
AW TENN; TR, Va e z,8-0=a IR a~a’ =0= a’ =a Wdie a—a=0, wefie ‘a’ foiTa2 ‘2’
A3 TRt |

s, offe oM ac Z A7 T} ST ST (unique) BH-HoIANe-BeAtrie fwae |

(V) fafrrn/aradm of : «slt Bow-afFm /R @ee &6 G- (commutative prop-
erty) S% WITTAA 3 R0 371 T3 29T aob = boa, Va b €G, 9% ‘o’ B2H G
Ak AHES faom ofzFa

(FRIE TRIAY ARAT TGE AW-RITTAWE € CH-RaT-Sama wfey «@3g
A-RART-ToAMA ¢ TH-RoT-BomR ufeq | 32, Z GG a+b = b+a 9% a—b=b-a, ‘+’
cloiferal 93¢ - WYY @RI | e Z GO0+ IMATTE WA [~ AT WA

a4

#21 TF, 90 [ a5 M e fammm | 3ft o @S M A% 2fSfl Wb (Subset)
T 2T, SiKt GIRAsm &3i(a o7 28 S (hereditary) | ™48%: ki ¢ Rfwa o
g {associative and commutative properties) g | fFg s & (closure property)
fzae Tomiea Sfey Ot Wl wige 77 79 —

(i) AT PR G Z, @iafdrm + Ao s, g 60 o R Ara et
J(Z €7 BATTH) + ANATE Ww w3, IR 46 e wanm @ewa Rrare 93 widie
Yabel a+be) 9 93,7€], 3+7=10¢]

(it) SWRTR HATATT Z ResTel 73 ToAMM 1, % Qo FATE FI=t (HITIRANG AT
Z (Z-99 W0 )a (@e f2as TAma =31

% oft faor AR Z ARTA AT, a.bez, atb = b+a @R ab = b.a; Z_ TAGIE,
2m+2n = 2n+Zm m,neZ, 2m.2n = 2n.2m 9 & qit G afFmi Z, TAGTH ST |

TR
TR 1 : (R (71 SETPRANE (6 Q (ist-eff &M AN (additive) @B Wiag ot
+ ool fom afFm e @R, widie, aob = ath, abeQ,
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() Q (M9 AACE “W@AT , FA9 40 TW AR @9FA 90 W Fqn Aqdie
a+beQVa, beQ

() @ e TAMK 97 a,b,ceQ T

(atb) + ¢ = a + (b+¢)

(z+1}+1=3+(_1_+1]=i_6
L A575) 15 505 15) 15

wdfie (Q,+)~(% RISt 4 3Ty AT

(iii) (Q,+)-(S =feR ¢ T I ¢ T 3T ToAmiv a6am wdle VaeQ,3 0eQ @
D+a=a9¥ a+0=3a(Cs

(IV) (Q,+) (¢ wifea ¢ wofey T 8 TR Ro1F1e B fgae | 8% VaeQ, 3-2€Q
@ at(-a) = (-a)ta =0

(V) @@ efiFt Q mﬁswrm??m IRV ya, beQ,

1 1_16 1
= -€Q, 3+—=—=—+3
atb = bta, @, 3, < Q 5535 =3

- Q 9Tl @ W S|
THIZAY 2 : Q G Faom eferr “oow’ ARsTE
(I) SRy 60+ | 9dfie va,beQ, abeQ

3 3 6
—e(, 2-m-=—=c
=, 2, 7 Q 7= Q

(1) TS 13 IEAW | W, (ab)c - a(be), Va,b,ceQ

31 3 {1
(111) @3B T ¢ wfea AW ¢ oW T ToAmies sy a1 1 @ A B fas
weffe VaeqQ,

al=1a=a

(V) ‘0 T @ @Fe T AT T € I AT Somm Rwre welic

1 11
VaeQ, a#o, 3 IF0OAT IM ¢ B [AAAw SoAmm ;eQ, Cﬂtﬁtﬁa--a*=;-a=l 10 €Q,

‘0"-a7 @ Foadre Toamie iy iR .



FTNEE, A W KA G @ SfFg AXATS 72 A o T

BT Q- {0} wfie YRR (non-zero) TW KA N @< AfTFH AATE 93D =i
F | G2 GG BATIE (1), (11), (111) wfofa w? #9) | Boag (@ @Re BAMET 5o @

ofeq BF € I R Botmre vt wdie VaeQ-{O},a-;-eQ-{o} @a.l ’

=l=~.2a
a
-+ a#0)| TS (iv) @S ohent (o) '

a

WM ab=0ba a be Q-{0}
o Q- {0} wm 2FT ANATE 9T WTIA 5591 )

THIZAY 3 A ARG ALY R 9 3551 THTHGR G5 C o o ol @ o
AmATE e fow Reta s

Bt : Ton (W ‘o’ AATE 0 ()97 Retde Soimea e ¢RI
11.3.2 weea af

QY SR TR FeRafA 0f FAH0E WA FACE |

afesm (Proposition) 1 : @ FWE A (i) I BIw TAMBR ©iv Fas Toamm @3¢
ERnioTa

(ii) PWE TAMHT AN RANT ToiE & BetMizra BW RotTe o g Roifrosw

[ 929 (= ey BT @W wm e e afrar B e I9ge T3)

oA A AT G FOR ¢ IZIT G e TR BRI

WA (A (FNE TAMT 2~47 Ty AR,

e'a=a 99 ae"=a

‘gm e:= e.fer.r:e”
A, A AMFAND o412, o” TN B7S 2eTW 9K TH AT #1R, e ImFwd e |

@313 4G 273 T 2eT TOWRR UREI e 71! e FREm qoAk 2’ 9R 2”7 TR 29
JUFR W € TW AT ToAMT 7 OF a’a=ze=aa”

99 a’ =a’e = a'(aa”) ={a’a) a” = ea” = 2" |

HSAK FTAF (FAe TAMM-9IR IN € OB F4Ae TAmmeR Fwm 1

ASotw- 2 3 @S 9 G-C RIF BAmED W99 (unique) (o ©F € am Ten Raw

TAME FIRE FEE)), (@ @FRE BAMF ae G, 9% WTR GF6 e AT BAWTAR
fee g6am (e am 3 oW, TEY ReAfe Boamm TomeE wided) )
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131 5, I W] T, e, f, Gmﬁﬁﬁﬁﬁw@ﬂmmwm ef = ¢ (AZZ f TA
7=

AR, ef = f e W fBEw

e=.ef== fi

-, faas Bommh ‘\'517170 (unique) !

AT 2’2", acG 97 7R 46 Rordre TaAme | oiRE,

a’=a‘e=a’(aa”) (REAST SFPIF)

=(a‘a)ya”

=€ta =a

-, &ffefb Botwia ae G @ W@ (Corresponding) 4% & (unique) a7t Bmmm
st | |

fa: §: AR @F AfFTPNEATE (@ TAME 2 € G447 [Fo4die Tamab a1 g Bfrs
| WY @ Afieg Aelre i —a i Biee ot 51

() - aa'l=e=ala a(@ a~ 97 R TAmae %7 W)

wfis (a-)-=a

(T (b a-') (ab) = b-'[a~'(ab)] (FTA @ SHPCH)

= b~ [(a-'a)b] ”

=b-[eb]

=btb =e [+ b, b9z ReFe Sstwm ]

TEAR b-ra-! = (ab)!
AT QAT TA ~eq I .

oo 3 : (@WS o G-(S fmie ANFAITE
px = q 93 yp = q 1 p, g e G,~97 TS w15 §
oIt < px = g (A0 AR prI(px) = pig

9, (p—lp)x = p'iq ....... s ( FHLLAA a{W)
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q, ex = pq (e, G- 27T Toimiv 2 )

wdfie x= p'q
- p,qe G. pleG & p-iq 97 SFER GFb T SAMN G-05 Rgam (W 4
SRR )
yp = q (/T AR
(yp)p~' =qp™!
4, y(pp)=qp™ (TSt SRAI)
A, ye=qp-
wdie y=qp-
v qp€ FAG. pe G IR AP AT STTR G G TAME G -6 R |
oot ewie |

AT 4 : P G4 @ @R VoW a, b, p, q 97 T '
(Jpa=pb = a=b (AN AL
(iiYag=bq = a=b (TR FAFRI4A)

[worRd @5 (Cancellation Property)]
ame : (i) p~(pa)=p-'(pb)

A, (prpla=(p-p)b [ e 0l ]

q, ea=¢eb | [ BF= %= ]

wfie, a=b
A (i) o A AR
W {Groupoid) - HEE=

a5 farw-dfaa RfEE @ime aifafss o 3 (e “are” «fft 2o 9nE, o
OF @ T A (groupoid) !

& T ST oEl (g, o), o=,
a.beG, Va,beG
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(i) ® T G F INGT LR FAwq 27 fari efferm o g @isfem -+ w6
T SRR R @3B N kAR =3,

wdie, Va, bez', aob = atbeZ

o 2 TomeEE e s @3l v

(ii) (Z'-) ST& aob = ab T 4T HRUE WL FITE AR e TS AT,
wdic Ja,beZ, 9 @ aob=a-b €2

NS, 7,62 g 5-Te¢Z

o Z7, Taom ofEm 0 TS W

(FRe TAWME ae G, I O ¥ @ aa = a, 9@ FR TAMEEE IR (idempo-
tent) T T | TN AT ToAm el 3, TR ee = €

@Fe BAME 26 G, T T (@, za=2z Vae G, S0 43 T ToAMA ‘2T
G- A *=77% (Left zero element) I T |

SRR oA WL A0SR (idempotent) TR FEAT 2 . 2 = 2z

TIAASNA TW *FJAR (right zero element) JEHS T ) W T (@FHE BARE /¢
R AN @94 SI@ @ YaeG, a.2' =2, O R 2/ -(F TW %97 J67) 24|

7 (e THAMN GFZATK AN € TH *FAR T, SR OF ol T 27 ) «fs «3fs
A G |

T 70 GAMM abe G W @a o b=z a%z bsz a-F AW IN-SES (left
zero diviser) € b-(F NI CIN-SITF (right zero devisor) &1 T |
THIZAY 1. T PR G 20 ‘o’ 2 R T Fms 0 (), FRA4—
Vaez, a0=0a=0
TwrEAd 2. IE oA WAME B ¢ = {a + ib, abeR}

93 WY AT e Al C.’ F T wE @ (a + ib).(c + id) = (ac - bd) + i (bc
+ ad), ab.c,de R, 31 I FIYIF @6, Row Fa= om0 + i0) I

(a + ib).(0 + i0) = (0 + i0).(a + ib) = O + i0.

TAEAY 3. AT 22 AT YT WTEH-T 6 M Feq &, @R WEE” (oull

.. oo
‘matrx) [0 0

] B M TS T o afFa ATE e FEd
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=R
==
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om
oo
—
n
_—
oo
oo

PR
(o D=3 =(39)

: G Z}] AR I-SETS |

(Z} {) AR, TA-TTe |
wqwmmcammﬁaﬁm@w:[z 3](2: 3:)

wrfuE/ Afeset (Semi Group)

AW : (I W (FATE) T Ao IHY AUF, O O W (Semi Group) Ie
=1 adfle waarE Fem-afirm RFR @me Aoy o wias o ¢ W of o 9,
T ONE TdHE Al GHnekel A |

@ (Z°,+), (27,0 ) Miforog uft ade a1 s By (z,-) 9@ (GRss+) 71, =@
weE A SEIE |

QUM Z I (A RS o Fet-efemt a0 o < o e - el
e ez
(_CTe (Monoid)

A ;AW @Ne FRisTA 9 wiE 33 Somwl (identity) fORm A, SR o
“EEe” % T wdle T hu Bem-afirn [ e wafl fafeoT (G,0)-o 7 ()
o i, (i) A 9 (jii) 7 omier wRey 2win M, O SR “EEET %@ =
wdie (G, o )-(F T2 ‘GINAT IeT I T

Va,bceG, ‘o’ TRom-2feru suers

(i) aobe G, (i} (@ob)oc = ao(boc)

(i) 3 ecG 999 (T eoa = ace = a
THREN (2 o,) 9 AWRAT TR

(1) Ya,bez acbez, @M 97ez 9x7=63ez

aa’+bc” ab"+bd’
ca’+dc” cb’+dd’

(i) Va,b,cez (aob)oc = ao(boc), @I 579ez (5Xx7)X9I=5x(7Xx9)
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(i) 1 27T BoAMW, WB9T loa =201 = a, Vaez
TR 2 ¢ (Z,,0) @I ATHG T T
() Va,beK, axbeK
I a=2meK,b=2neK, T axb=4mn: ¢ @EFORM ek, mneZ
(i) a, b, ceK,(axb)xc=ax(bxc)

FTAANGT ITR WE ¢ Z . FA PPRYF GB o ANATE NN GR K c 2, T
A, SErRl 26T K TATIG T91 AU | {798 K OTH 94 Aors @Fine RBas-Somag
ST 12| '

R (K,») Cifazsl, g e 73
ereE (Quasigroup)

M @RS FART G-F AT AN px = q YR yp = q ; p.q e G 97 T T4
R AMF, TR & SFoIs TN T WA A WG I

Aoy 5 : GBI AT Tt T el TER AME, TG W A ol A
e : 43 WS G 9% FARNR &4, IR Ty FREQAsN! ITW |R | 9,

PX=pEyp=p, peG TNFITREI T4 Tl 9f5 p-o9 A I OH BT
@ I BTT ToAMI | 471 TR e, p 47 IN-REE-BoAmE R 47 TS q, G493 @A @S GF
BAME | €7 TS e G px = q €T TGRS |

PTG (1)

G eq = e(pr)............. (1) (=
=(ep)r - RGN ISAW
=pr - e p9A W RTF
Sk SR (i =

. e, G93 ( FMG TAMTTR WA IR-FIS-BoAmi |

R AR yp = e-07 T, p-a7 RANT Tom p' WR € Q; FRA G L
i |

.. G Wy wEe o, wgmel) aﬁ—ﬁw Tt @ S Samiery AR
BT WY R | PSR G 3B 7@ 31 4t
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Toare efomlt «p for fRgfere aa =1 7
foog R : = me Ffige G-oo, uwe AfTamy
px = q @R yp = q, vp,qe G
a9 W) T Rwe A0, SigE O Gt o 3|
e fRgfor weERl Sl ey il SpRd TS SRy 31 T
BAMRAR 7RIS TS @ WTSF FATA (Law of indices)

€@ TF GFO FA (G,0) | Ao SPMT ac(aoc) = (aob)oc, abce G, IMA
AYEEANR FLIE SATRYSIER W Faviw AfeFais @ (order of association) NS ztee
TR TOSHG (T AFZ T WY, a0 (boc) SR (@ ob) o ¢ 47 TR ST € S+ B
G-(S ofleq AMF; I FGEHA JIWT M FAZ aoboc G 4T3 ToAWH 0 F07|
THACHT aobocod FIRTENE a0 [bo(cod)], (@ob)a(cod), [(acb)ocjod &efs fara
foifre ofF 19 BAMMTE @RI | o BT AL T aobocod X RIS abed
e #fa ) ZerR Tomama AN @ Jfe IR B NG ISRy, $eAme
Yomafera W faow fFar o @R @ T @ Ko, A 13 5w adis @Re
G A1 A e A WAF FAES (ordered) B Lol g Rem-efdm o
S G TR Al o TN (order) 9% B TR 77, o6 wR @R

a€G, an=2c80Biirin. oa (n AR, hez*
7" A" 0 A7 v oa? (ﬂ ﬂﬂ?ﬁas), neZ+

SIS @ IS A oM T AW A AW 2, GIT @ @EE GFH TAWE W LK
r.seZ, r,s GINE, 0B QA Hq] (T W,

(1) ar.a® = at*s=asw
(ii) (ar ) = a»
(i) (ar)! =a— (IS AT AXW(E)
43 (iv) a® = 1(= e = G 97 BIF Boimm)
BAMITAR T (Order of an element)
A : 49 S G G0 6pot; Fewmte aom-afdrw o oo’ afFam BF frn B @, widie
abe G, aocb-(F ab I & |
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W FEOR G AT 0 TR T @ an=e, aeG,e G T3 VAWM O a
AR T T AR 967 2 @3 n-(F 293 T TN T7 93 0(a) o Fivn foia =
T3 : 93T (1)-93 BYLIER G {3, 1, i, i} @ AATE 261 | BZF TAWR 1, (-1)'=1,
@*=1.

L O =2  O()=4
Erinel

1. 7 PR GG Z-a ABNfAReE cuet e wo wfb faom-ofiFa | <% qib afrm smers
Z 4 o5, I ofFm ANers wRE o @ e IRG g0 RAR @eed «3h
oefiean @3k Wb R adqgme 9B Rz

2. e Rom-afem qft Z onb k@ =, Z Gl & aeram e
(Yudv=u, v GX S AL G

(iiuov=u,v 43 A 7. @

uv, Z Gd @ @WE g6 TAmm

<% qft fRem-efdFm Aers Z oBP Ho@ (Groupoid) IR9, 0 PR 5439 ¢
ARG ATRGR T3

wdfic UGV ez G Wevez

TS ITW AL T4 (i) (O V) Ow = 1o (v ow)

@ 4,6,12¢€ z, (406)©12 ~ 2012 =2, 40(6012) = 406 = 2
wdie (406)012 = 40(6012)

AR (1) (Uuo V) oW = Uo (Vow) [TIN4512¢2

(405)0 12 = 60 = 40 (50 12)

s 2 oW 96 efdmn ST wi a1 Gfugere 0 1 g aft o2 731, FRY 0 AT
Z -9 fZ3% BAamm 1% 9 o ARATH Baw | wEe @me Tomee Ao Beamm ¢ Z

fRu | &2Z G o (SL.Q) ANATT X1 A TW, AN YVacZ, loa = |

(iii) Z TG F@re fasm-aferat afit @191 (division) T, STEE ST & 71 7 7, FA
g% s Srerr T e T AN AIGR S AfET MATF Z 3B Ve (groupoid)
4|
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3. gwe fom-2fEm Andrs Foie it [ a9y ansea FFa —

(i) TR 3EW AR G Q-(T €K I AT MAF G5 R« +Oifafds cast @ o4
e e | @2 G o et Ton G6R W (groupoid) | 0 AT GAIS ATATE @ 1
ol FEoTE Yon o fRas Tetm | (7 (@We TAMIN ae Q WA ae R, @I AT
foife BAMA —acQ IR —aeR, FE 09 FARATF A TAMIR AN Botmm @ig
&y frEdion o i A FATS WA T =) WA wide Ton ofFn Aer
T} 1 AF |3 (RITS LA Tl TR

T : Q & R T G ISt AHTE v A ol TSAGH 84 ANHTE (IS, 559 19,
FRY @9 FARATF 0 ()93 RoAre TR oY TSI R R

(ii) 4T AFFC = {a +ib; a, beR, 2 = -1} 5FA TvA 7R a + ib, a,be R-97 7f 2=
farm-afFm (st 4+ ¢ @ ‘o’ C FIH ITSNA A@WT e R TA

(a+ib)+ (c+id)=@+c)+i(+d

(a+1b) ¢ (¢ +ib) = (ac-bd) + i (ad + bc)

9 a, b, ¢, deR.

| Tn faom-afFm @ @ 9 ANATE C GB R 45-1F FIret I/ AN, IR
at+c b+a, 4% ac - bd, ad + be TR TomRal AR |

s C Q%1 € 89 AT Wed (Groupoid) |
. T=3 fiww-2fam @e @ od s C GUB TREise’ g A | IrEd

{(atib)yr{(ctid)} H(etif)={(a+c) + i (b+d)} + (e+if)=(a+cre)Hi(b+d+f)

= {at(cte)Jti{b+(dH)}=(atib)+{cte)+i(d+)

= (a+tib)+{(chid)+(e+if)}, a, b, c,d, e, 1eR ... .. (A)
R G catst-ferat sieamey
{(atib)e (ctib)} o (e+if) = {ac-bd)+i(bc+ad)} o (e+if)

= {(ac-bd)e—(bctad)f}

+i{(bctad)et(ac-bd)f}................. (B)
(atib) o {(ctid)o (e+if)} = (a+ib) o {(ce—df)+i(det+cf)}
= {a(ce—df)-b(de+cf) }+i{a(detch)+b(ce—df)}................ ©)
abcdefeR
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(A) (T emffers ‘e’ efeFm AHATH C OB TR 0’ 7] |

(B) € (C) (A= g =1 @

{(aHb) o (ctid)} o (e+if) = (atib) o {(c+id)e (e+if)}

Gdfie ‘@’ ofFW ANTE C GG FRAS 45 7 |

QT e faam” — Tor et s C AR wde A efiigeet)
(1) Qst SAoTE F3E BAWMM (0+i0) e C

9% B9 ARATT Z3F TomEm (1+.0)eC

(TP (0+10) +(a+ib) = (a+ib) = (a+ib)+(0+0).............. (A)
@R (1+10) o (a+ib) = a+1b = (a+ib)o (1+i0)............. (B)
Va+ibeC

s OIS G o0 TS Rem-efFa st C %t (monoid) |
(iv) CTIS! AATE C-97 (TRE TAWH (a+ib), abe R 7 RofS BoAMM — (a+ib)
-+ (a+ib)+{—~(a+ib)} = (a=b)+i(b-b)=0+i0

= {a+ib)+{a+ib)

@9 FANATE C-97 (WIE W (non zero) TAMA a+ib, a# 0, b= 0 9% a,beR 43

a [ -b , a { =b
ST Refdte S {a2 +b? H(a? +b2)}' =R (a+lb)o{az+b3 ¥ l(a%b2 )}

) a { -b :
=(1+10)= {a’ e + l[az e ]}o(a +1b)
5% C (i) 97 SEEE 75 ToAME (0+i0)-99 ‘o ATATE C(i)-97 T @Re e
TBAMTAR WREG FR
-+ C(i) 719 Tioa FRAE G5 (e ofFa oirs ‘oot g ‘oo’ of & Ansvs va w9

&8 C(i) 97 “AfR2r$ W C(i)-{0+i0} T welie ¥-fTm 7o wfbet @ &6 B
= W, OH TSHG 1, 1L, 11 o ‘o’ Iere e 93z 1V-Ba Terete 39w A

. o o ANHTE YREW T e WA G C - {0+i0} 936 et
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R ‘@s’ fFq AACE C-{0+i0} B 233 TAwMH SIS FIFH —
(0+i0) g C(i) — {0+0i}); FS:H1= (1), (H) 3% |

<. Gt offFm e R S Sl AR G C-{0+0i) 9= A e e
&S 7 A9 TeT9: VeE «[4 |

C-{0+i0}) OB Fwe FWme C* o i ot =a1 @
TR 4. €A T X «F ) @G @R P(X) TA X 93 I AAeiveE @6
CT6 w5 faem afem,

(i) 7% = G “@H (intersection) € (ji) T (union) FHISG €@ TAFE “ 7 6
“ U bF i Fofs | P(X) eT5e agts Rom o

B : (1) P(x) OB @R 46 faom-afera smeors “wre o o iy,
A BeS(X), AnBcx
. AnBeP(X)
wdic A, B JR_EH 469 ‘@7, X @5 @b FREH, ;s P(X) GHT 93D SamE |

THASHA A € B ARCH qioa TR (union), X 64 «3fb ARG, Wwead P(X)
G5a G5 Tomie | Sifie AUBeP(x) I ABe P(X)

S P(X) &% ‘@ (M) € “Anam” (U) — Fom- efidmem AnTE Wi (Groupoid)

Il &1 0F ABC X (I3 @ (we foafb ARE0, 9die @6 P(X) 93 @ @me &b
Tom @dfle A B,Ccx SR

(ANB)NC=AnBNC=ANn{BNC}cX
. e P(X)
TEAeid, {(AuBjUC=AUBUC=AUBUCIcX, -~ €8(x)
IS : (% €@ TS Fasi-afiFHm AHACE P(X) GB IReaI-4 ey |
S P(X) OB R e Hre aferm Arsive g |
1. P(X) AT (& effrat AsiTs B33 Boimm X ¢, 3R ot X < X widie X e P (X)
GR @ATG VAeS(X), AnX=A=XNA
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TEAATSIA P(X) OT0 Mol AfFal SeoTs 73S SoAmia ¢ G2 %o3-CT6 (null set) Fe
A4T: g X, ¢eP(X) 9%

meme: VAeP(X), Au¢=A=¢uUA

. P(X) o6 o efean @ Fieas afemm s “mems,” @R 99ita e Beamm
AT G X S G ¢ |

IV. P(X) B 5gd 7o il +34 28 1 9die (a7 € e 2fea Aees x93 @Fwe
HARAADA e foidie ARGH-97 afey v e, wdfie P(X) @ e e ofFw
ANATE we A ol o PrmdTR e 30T Wy A R |

(i) IO rea B0 e ‘5ot -Tolied T-93 A1 S(T) T4+
T: x'=x+a,y'=y+b, a,beR

WAF (groupoid) TI — A FFA |

(ii) ST A AR A =W$af & S(T)-93 owv@ Pra T3¢

T - S(T) GG 2AfFA ‘0’ WS T GTSNI—

T,,T, € S(T) ~99 &=

Tx"=x+a, y'=y+b a,beR

T, x"=x+c, y'=y+d c,deR

®RAF (x,y)T,, BA (x',y")~4 TS T 4R T3 T, 557 (x',y") FoArefas
| (x,y") 4

L TeT, x"=x"+c=x+a+c,a+cekR
y’=y'+d=y+b+d,b+rdeR

T oT,e(T) - W& &( I9W R

- S(T) «3fS w1 (groupoid) |

TR I TR, T,o T, (x"=x+c+a

y"=y+d+b
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R OEasm (ASHeF%, - at+tc=c+ab+d=d+b
W ToT,=T,T,
. W oo 2fFmin §(T)-< Sy

(i) 71 T, S(T) ALAT & Faow 2ff3Fm FroArs At o, w=ep RIS ToAmi e,
(T) G5 (R TAWMIS el [ SoAmitars wiwe =$af Pra 2o )

1 3F T, T, T, e S(T)
T x'=x+4a,y =y+b, a,,a,,3,€R
T.:x"=x+a,, y=y+b, b,b,,b,eR
T, x"=x+a,, y=y+b,
AT (T, o T} T, X" =x+a, +a, +a,
y'=y+b, +b, +b,
T,o(T,°T,}) x"=x+a, +a, +a,
=X+a,t+a.+a,
y'=y+b,+b, +b,
=y+b,+b, +b,
@TE R SIS @en oo
s A{ToT,) oT, = To (T,0T,)
wfie Fg@a @ §(T)-(T IS S|
WS T X' =X, y =y, W42 T, €$(T)
T:x'=x+a, yy=y+b abeR, TeS(T)
T, S(T) 99 (@ (= aF0 G |
R@me feom-efed P
ToT=TeT,=T
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PRV @ AF T 5o (x,y) = (x",y") 4R T B

(x";y ) (x"y"), oRE
x"=x"=x+a
y'=y'=y+b

wdfic ToT, =T, WFASKI ToT=T

o T, x'=x, Y =Y, §(T) OB RS 2fera AT RAS-Coimi |
S(T) 93 (@ (e VAWM T:x'=x+a, y'=y+b

9 AR oA T x’ =x-a, y'=y-b a bekR

HAF, Ti(x,y)-> (x",y), T (x,y) - (x",y") =&
X"=x"-a=(x+a)-a=x G x"=x }T

y'=y' ~b=(y+b)-b=y udic y"=y

W TT= T, = TT (SRR it T1m)

o S(T) &G faom of e Aors 93 S oo
B (i) 9FF (Unity)9% n-9% 03RS /3%

Zkrn

2knr . .
a=cos——+isin— k=012, .. ... n-1
n n

ofw a=cos-:'-,n£+isingf Q@ OIE n-HAE F/AS

Lo, L0 | QAR C 4% n RIS BAMM 1, ¢, 07 ! 93 56 | oififes o7
(C.0) €3 =gfs sz =t =)

1. 7% @m 46 T o0 €C rs<n-,
A o' o' =™ ec WM r+s<n-1 WA r+s>n - 1, 4 TS
r+s=n+p, p<n-l

w arq.,:an.a]’:a?ec .. a":l
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., C Ol @9 ANATTE A% |
- (C, o) 3B 7@ (groupoid)
Il (o oo =™ =
=ar.os =or (os.of)
o (€, 0)-(8 A T SR
HL 1, (C, o) o8 23S TAmi | TRY @ @W8 TAmM o' e C, r<n-1
lar=or1=0r

1V, &%l ToAma RS Samm C GG e | @89 (o) = o1, (a?)-! = an-?
o

- (C, o} 4T sk

11.3.3 78w tfes<y

O3l fom-ofem R @Re sififes ooy aft SoAmeer Mt 27, o o 3w
sifafes<n (Finite system) 3T TX |

Afie MY TAMETTE s | QTS IAFE SN 7& (finite group) I TN Wi
{finite semigroup) <1 ZA |

ToAMITA T2NE & €@ T A TR (order) I T

@ — (i) 9FF (unity)~93 n-o% IealeR o9 ofrm 35 &6

Af6a SAME A ‘n’ @R G 9B T (group) | FER @S 0’ TEYE FHAW |
(i) {z,,0} 93 WG 93 FTA P’ |

(i) {z,+} 93 ", 93 FX p’|

Sy 6 : T (Fwe RN W (Semigroup) WARRA 6 ISR TP, TE G 9B
o TR

A § — «@ TS § I n’-FIRMY G, AT W wARRY 45 wWE o Mg,
e
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(i) pa = pb TA a = b (IN WARY 1)

(i) aq = bq TE a = b (TW WAWRY )

T abpges

€ A S 93 BAmAeA a8, ,a, oo ¥ou|

- § e, WE W SPIA, a,a,,a,a,,....,3,3,,3, €S, Al Bomm e§ 9k ool
TAMR TF, TR 43] SRR | G4 (WRT S 97 TAWM B 3F ‘n° ToAG ‘n” MAUE
fmoy-ofF g BoAm aa,aa,...., aza,...(A) §-93% TAWME 8,85, ,a fo7
FFARPTIC |

S (A) T @3 @R (FETE 9F6 oA, @, a,a;S-97 9 TR Temm S~
o7 i Somm a, @7 o wfen |

o, AT ax=a, 9T W WER x=a; |
CWERASIT AN T AT ya, = a, FNSALIRG W] TGN S-47 5 Fwgwrat

TSR, 11.3.2 #fe~m 5 @3 Rew [ wrpim ave xS sl widefs = v

ArE: T3 SR Ty ane =S WRN-BTF (infinite system) FRER A€ TS AMF |
@ Z° @ SATE SRR TR 4 ISR TR ; [ Z- @ ANATE 9% Th( 274
AW L WA |

AR : A TG GIB AR a-F pe N THTa Sisi FF TG ST ILF
0,1,2....(p-1), T 2-93 TR SINT 1, 0<r< p—1, T, SIA WA i@ a =1 ¥T (p)
a3 ae(r), Odie a, (r) NN WEEE; B (1) EACE @IAE HGLE pt + 1,1 &
@FWe R, ERI TR @ @Fe BRAE (0), (1), (2).......,(p-1), p7RYT @A J
@ @A 9B NS VIS IR (FFNG I TSR W | W abe Z @ua 39 @ p
a1 BATH WS TRAHR ST 9 URAE, TS HKAWH 09I @ TEEE @)
T p93 AMATH Z-0 SIs1w1-GI6 (Quotient set)~a3 p TS EaimaR (0), (1), (2),...(p-
1); R Sioet-GRoee Z, Brea Ay WM a1 2| 9t o1 28 < p-Srers AATE e
INETE* (residue classes modulo p)

% pIA TR uR-Botmia (R S B S -6, IF FW (order) p.
TrATERA Z, e 9 S T @ —

5 SIFS ANATE 5 B S8 @FRFI® — (0), (1),(2) 3), @) |
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Q@ (BAG RN A€ 2 (T FY AW a = Sd+r, r = 0,1,2,3,4; TANB r 97 TR PR
a P @ @8ire A ¢t e R, @ 17 = 5.3 + 2 & (2) W Rz oo
42 5f firs Ree w3 9die Z, = {(0), (1), (2), (3), (4)}

@t € o ﬁﬁf‘%ﬁwa@mzp GG TS FRETS -
(a) + (b) = (a+b) T4 (a), (b) €Z,
(a) (b) =(ab)

(a) AT a TSNS a + tp, t = 01, +2,.... %ol gam | A (b) @Rte b IS
brp, =0, £1, 22, .. o R | T 3 NS AP ab IAFW (a) G (b)
iz afeffy e aaze T, s @R 0, 1, 2, 3, 4 SRYref (0), (1), (2), (3),
(4) oo ofeg foma aage @)

(a) INTS a TS a+tp, 1=0, 1, +2,. RIMsf e, gt (b) @¥fice b For®
btsp, s = 0,£1,+2. UM mm; @Nee SazoEm (a) IR (b) @FielR odfse
AR 2@ a, b AR AITS T 99,

(a) + (b) = (a+tp) + (b+sp) = ({attp}+{b+sp})
= (atb+{t+s}p) = (atb)€ Z,
RABIE
(a). (b) = (a+tp).(b+tsp) = ({attp}.{b+sp})
= (ab+{as+bt+tsp}p) = (ab) €Z,
oz, B ast e gl faom afem e s

SAMR, (a) + (b) = (a+b) = (b+a) = (b)+(a) (AT (Z+) € (Z, .) Tora@ Rfdwm ey
&3 (a).(b) = (a.b) = (b.a)=(b}.(a)

o Z, GO TS e o ATATE AT

el efm AT Z Gofea agfs @ anee w9 )

@R (a)*+(b) = (atb), (a), (b)e Z(p) (A “ANATF” Z =% S sfR o TAR
A%, {(ayH(b)}+(c) = (atb+c) = (a) + {(B)+(c)}

wdi] “wE@a” €f IH A

WA, (0) + {(a) = (a) + (0) = (a)
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A (0) RS Z O st ARATE RIS BoAWI; (a) R oIS BoAMH (p-a) e
0<a<p-1]

TR (a)+Hp-a) = (p) = (0)

(p-a) + (a) = (p) = (0)
~Z, G5 Q9 MATE @ W BT O ReiAre Botm e 4
WEAR (a)+(b) = (a+b) = (b)+(a) [- a,bez a+b=b+a)
2, GO AT AT 2P |
o Z, o SR ey 6

%R QM HAATE 2 (FBHA oFfS @R (il W)

@mwmzy FGIHTS BT AT/ (ReT TATE 94 CTRITAT ZA0Z Z, ol o9
ARATE % |

4717 {(a).(b)}.(c) = (a.b}.(c)
= (ab.c)

= (a).(b.c) = (a). {(b).{c)}
@ARL abc €Z,Z o9 ANATE FA@Eg wfie a(b.c) = (ab).c
2, B @ ANACE A W IS IR
(1) @S Z, GTB a4t FoieF 7= o | (T
(D.()=(1.a) = (al) = (a).(1) = (a), (1)€ Z,
[ Z G5 QP RO |
S Z, CTB ‘o ARATE WA 39S Somm Rmem w3 @l (1) @)

aqmwzpmw@ﬁmﬁﬁ@@ﬁmmmlmomﬁﬁ%
@mzpc@mﬁm

o Z, GO ot AT AN =R (monoid) g wa 73 |

AfFW-FA4RRA (Composition Table)

AN FEORYE TARIE FMe MfAfeT o wrEce 6l € o ve:fm a1 =
© LR, AfFA-FIT-TARN AT F(A TURN FA AW | SE-SF WM W W, OIS O
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TR AR I 2 | AFTR AT FRAT ANFA] FA T WS AR, [T
@A -2, T

@ AT G 9B ‘n’ FAYE FAW Foiw | welfle, p AT F9F (distinet) BomE G OF
TETA | e ~rafers « b ARV 2FS T I ¢ GAmmelA STehS (horizontally) 43
SHASNA (vertically) @ (FME FAFPIA HE =T | FRAATS Soammalta aafde s
@ BFg AT IAFE 0-A (row) @ 0 IS (column) SR (AT (TTS AT { ARATS K-S
AR (row) 9 T A (column)-93 (THRH (k,i)-T9 SRZM S 7 | 7 p, 0-INS | ©F
AWM @32 q, 0-THF - Teoimie 2, O AT TAME (Composed element) pq,
ARNTS (; — j) TN ZNAA DM | GBONT ©FH PN 4TS FA AT MNF | AR GFH
%& (groupoid) G fIta oF FAM | FNog Waw «fFHIE el afFmer Somm TRITe
TR A3 ) AR (33 Romd =@ afe fifes-oabs ogfe =1 93|

BRIEAY : G {1, -1, i, i} GBI 43N aws =) HRIR PR (WTF G625
faora = |

G B w=f 7 4 TS &, 4 B FoF TAw frn e | 2+igfe @2 Aradive off
AR A 250 Yre oD+ afrae Somia afel o ud SamE L

o WA a GGG 0 ANATE ISW SR )

1 -1
S o FIPE ARG 2feere @ Al G [ : . &
B G 93 9B ARPH | WRRE G 94 FoTF | ! - 'll !
LA @3 A5t 4 TN (hereditary) | dd e e 1
- G2 FTAS 43 G-9% TRGG G FHHS TR
| 1 1 -1 1 -1
0-2ATSA (column) ToAmmaRm T« o-=fdTs | - -1 ! - i

(row) 199 SER} ATS Bommaled Fa @3d |
TqTIT BRI 11

WRAR 0 AfATe TAmmofin N 93k 0 e wARe 197 wER AR SAmmelr I
G2 | To93 W FEP 1 |

G OB o 3aT Bamie wfew v | Samiain 1
oSG Bormita R BoAmm G TG I[N |
it =i, (<) =-1

AN AT @ AT RS Sota Fefae w1 799 | 7f Sl 07 Rode Sotw
Fdtaq Fare i, 0 MM | fFdion T2 SR e BAmmsl g B3 TAmm 1 97 SeE

A& ARN 1
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& 0FF ARTS 0 IS THAMED, 9ATA —i g [oAFe Somm (W) A | SqEeei
Giv-Refate Samm fdme w71 o (afem 3= 1)

G OB g ers [y @ wE | : - : B
ARATE 4 AEAR 4 efeRhre @, 7 ay =3 | 1 \‘1\\ -1 i -
gidie, RN 7" 3 IR oo @, e T AN ' '
HRMC orREe A HNF 0-HR0S G3K 0-<1rS oiragerw [—1 | -1 A, - i
TN GFE ANCS T | WED @00+ (diagonal) | . N

i 1 — | 1
198 Ao | N

- R foored =@ T WG,y eRl | 4 | A i RN

& FATH @3B Wy ot GIEA 2) R 2

AR 0-410S WRTT @Eae TAMR, 191 7 p, TN-*] B T4 (left-zero-element), Tfw
p-93 wFH MRS AT TaAwER p @) T Bem o Wl Semm
TIA-XFT-EAWACS el TR

AW (quasi group) 93 CFTE px = q TR S TN ¢,Q,Vp,qe Q. FNCS
0-TE p-43 WAZH @A, S SHEA gl AfEre Q «3 BoAmmelE Wy q @me =
B W AR q (@ A0S SRS O W O AR Sommt SfERke Aftiewram
TR  BATIN BHILRAY ix = —1 @ 7N x = i, yi = -1 QT INLW y = i, —ix = | 97 FALA
X =1 y(-) =193 FMgT y =i

Q-99 &felb SoAmA-YnETa SR G TR AN Q99 Towin g ==
effels i At wie e A wdie sede ofel wfRte g ol we g o =
IAeHa (quasi group) Q47 &Sl BomAE RMia AR | WA= @3 CafE) ~idawe
I (S AN

4 Pfers adic @R T (1)-97 2fel miws e ofefS awe G {1, -1, i, -
i} 0T el Bormia fmse, ©fF GGG @4 STiteiss Wetew=T (quasigroup)e &7 W |

RS : Z, GIGY @SR fResEe) e, cnstafEm Aneiee z,-a3 egis Rurg ke |

Z, o6 widie Z/{ 5 olers Ao Satived @ fepm esa Soammaf s @& (0), (1),
(2) (3), (4) ;, ofeg @ 0, 1, 2, 3, 4 el s 3T T

Commafire O-cegfiis FR e 0-8aw WE WIR T @ T @4 2@ @e-a3
AT
(a) + (b) = (a+h),
V(a),(bye Z,
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A SoAmmaR ANy A I9RE A A4S R Rt g = 3wl age

= +lo 1 2 3 4
et ARATE Z, o e 1z 3 4
(1) 9B == (groupoid), (NTT A= AfFare N

TR 207 G TeA | - \K\ 340
2) o-fag co-(pEM s wER a2 | 2 3 . 0 |

TAMmGRTE T 0-4Ted TAMMeRE TR R N

fer W 0-4ed 0'— BeAmR e R R | G [ 3 4 0 N 2

Bominalr Fw @R 01 Boimmole o wfer | sl 4 o 1 X \3\
- 0 o cmiseieTE Z, VB e e A=A 3

(3) el Toimir feidre Betm 2 - fwga

(M=), 2)y'=03)

(4) oSS A 93 WS GG T Soimm (Rfen @) fawpaa)

., O 9T A= (quasigroup) |

BWIEAY 2 Z, GTBR o A Roaad I 93 TRigef A ww |

zZ, ciba Tammefa e Ms 5B @@ (0), (1), 2), (3), @) 1

@ ofFm R oA Ame —

(a){b)=(ab)  (a), (b) €Z

AN oS TATS 0-F @ 0-ANS IR T TAMMSH ASH 2=, 0 1 2 3 4.

1. «aft 9= w7 (groupoid)

2. 0-CHT 9B *7 BAMM (zero element), T4 0 i 2 3 4
0 AET 0 BAWKAT WPFH TS R I 2AfFare o 'e o o o o
BoAmI=E 0 wdie G TR BoAWE | SR 0-41TS AN
0-BoiwicT TrepEsl AfaTe A I efFme Gamezt | o N2 3 4
0 ; Idfic «ft =gy Botwm | N\

- Z, GTB ¢ AMATE 0-c8N @M #fe1 Botterer | o I \4\\ o

’ N

3. B3 Bamm || 316 3 1 4\\ 2

0-4TS 1-99 SR Afxes fFme Gammef | 4 | 0 4 3 2 \1\
4% 0 Ffre Tammels R FEre [ AN 4 ’
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0 AT | 93 HEA AT o4& TAMmSE T ¥ 0 YN [P BoammeRE @
a9BE |

<1 N am ¢ Tm FEs oame)

4. RN FTof ATCATE oS o, Z, @ ARATE WZAN |
57=0). 0)'=0Q), W'=4

(0) IR Retfie Tomiera sy Z, 16 @R

6. Z, (6 0 ARATE ¥ (group) 71 |

7. 70 AR AN = WM Z,-a3 Totrrrel Ruparm 12| 05111 0~ e e
R FB TAMMZ 0 | WA 0-AMS 0~ AR ANACS HIFH BAMHZ 0 |

v Z, GO0 @ ATATH Qivirews w13 |

R AT (@FAE AFTE ARV 2T TAF FNY 0-AS AT TAWMIE 89w A @R
BAMM SRS e 25 | G217 0TS 29BI BIS-BAMELE @ 0-JITe oMl
@ TR AT WIE, WA (corresponding) Retde Sammalns @R aI® “TW” AEH
A | G T AFTNCE TSI AAN Q4 HA FAAN (Normal table or Brandt table) T 21
a2 A1ATe T 7Y TAmaei 79E FaT Semw |

Wl : FRAN 3-(F GO AREA WA AR
-5 0, 1,2 3, 4

0 4 3 2 1

0 0 4 3 2 1

0= £ 0, 4,32, 1 bpdr o4 32
A WG (6 Z, e of e e 2 | 2 10 4 3
(a) + (b) = (atb), (a), (b) €Z, st s 2 1 o 4
fems Totw (0)

©), (1), 2), (3), (@) el ofvg LE mafnzs —
0, 1,2 3,41

@31 faorde Bemmaf : (1) = (4), (2)" = (3), (0)' = (0).

stifafdz-onrey (sub-systems)

€A TF G oI 9r-oAfrm-RFAR REA-57 (binary system); 3 G937 93 A=
(non-empty) BTG H @97 T @ G 93 74 (& faetv-ofirn mwrs, H ¢R @3 oo afwwn
iR vk o3l fafmanl-oF, o H- G @7 i sififds sy 3= =31
@ 431 TS (1) G 9F0 F4F, (i H < G
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(iii) G932 M & FBow ofFFm A, H (iR 3R Rom-2f3Fm1 oS Solews (quasigroup),
A H-F G FARR A0 MOS0 T3

SFTOMX H-(F GWAT (subgroupoid), WERHE (subsemigroup) SHTI7Tewsl (sub-
quasigroup) 1 IYFH (subgroup) T TR, H Atk 1t G937 My F_e GRR 9% fRem
oA ARATE JUFCR AT TS, Wi, AR ALT A A |

faeg 2 (a) TSt 43f SR (hereditary), IR W G WA W, 9T G937 el
fafoer weed AEen 3|

@ (i) FANE TFEE 931 ST (subgroupoid) FE 96 WS (subsemigroup)
LI h

(ii) (PG WA GFH THIATSHE ST 43I0 S T3

(b) F-nfeToF ¢ quoy, Towa WY IR Rm-2fF e 9= |

@ Z- Qe 2fF Aners o3 wie, g oum-ofFa Anete Sde Z-99 weaiiE
(sub semigroup) 7%, #7E, oS @AY Pl Z-93 4T TTE |
WA (Subgroup) *rEIFAt
RWE W G937 G WYy H OFD Wewe 279 A% 93K (I 1% H-93 @ @8
7S BAMM h, k 92 @ (i) hke H (i) h'e H

oW — =G TP % G736 PRI B0 H «F (@ G937 TG (3 Faomt
afiF @S, H Firet o @3’ ofFm Aers @b B-Fe o3| B9 (1) (W 2o vm
W% 3 H-a3 T I918 SR (i) (A0 I T H-03 IeEE @ @FRe ToAmes Rade
Bom H-97 Wy v o

TR ARG G 9B Pl 9 @RS KA o WgFAl (hereditary), TSI FE@S &
TATID H-99 W% IS0 SR |

AR (i) 9K (ii) (AT WA VI @ @ ToAME he H hh' = | e H wiie 379 @olwm
H-93 ity Rupsi |

- H W G-97 93f0 wywe |

fRem Rafe

*94 G937 93 BA4-vF (Subsystem) H, G493 43 W4wa (Subgroup) T Ik €k
(@weig AW H-93 @ @8 45 S4mm h, k 93 @ h'ke H

o — #EM o
43 TP P G4 GF Doy H,G~47 G5 Tof-bf |
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~ H, G 93 Ty iK@rs @33 Fom-afemut ARoTE 96 9| g H 9Ffb ot s o
H-4% W) IS8 Atz 9% h'e H,vhe H

~ hkeH, h,keH

w5t T

&G NP hk e H T h-k e H, GTB o G-97 <3 wyey | omi 330 TR H,
G932 @36 W@ (subgroup) |

H, %94 Ga7 90 MfeT wyeg Wo9T He G IR G99 Wy @ HBem aferm
AW, H-93 g (i3 933 fGom 2fferm i |

FrRrsi! Ty SEFR (hereditary), @32 G (T0XS %8 T 45 G (S 2 fFm AN
A, ToTS: H-42 Wipe & a3F 2fFa Aaes Jgmiet of I@m g |

SR k = h fdiba A6, 4G AERPIE
h-'h=1€H
-, B3 TAmMm 1, H-93 W v |
¥R k = 1 FRiba T, awe AP
h-'l=h'eH
wdfle @ @FHe TAMR he H @3 RoAfre BoAmm h-! 93 iy H-97 Wy fogwm |

S(h™")'eH h @ @RS BAMH ¢ H
ﬁ_@ (h—l)-l =h

- hk=(h+)"k eH
wdie T IR A G H-93 W4 Y TR

FIRE, H 91 G637 93, faom-efra-RFR «am @b S4m0 @ (1) wRa &, (ji) Heealsie,
(ii1) F23% Tomma ofew W3k (iv) H-99 @ (FINS SAMER W@l [I1Ae Somea wiws,

H-492 sty 516 FoshmE 79 |

& H, #91 G @ @3 Q4wa (Subgroup) !

fasme (i) Fre@eere SRy 33 ToE, ORI @ AREE FEE W G 8 SR (AFNG
S H-93 73 Botmim oifSn @3 H-9% S$6 (@ (e SAmia Reds S, G-a9
AATE @ BAMIGE Roddrs ToAmrre afen |

GEG], (i) ¥ G-(F O e 3B @ 43 T
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SwrAcE|

BHIZR 1. &M FICS TR @A (@e @3B R p’e z 97 WA PRI ofderE
Tea® pz Ry v Z-93 S |

2 : {Z,+) 9B | NI FACJIG, np, n =0, 1, £2,..... GF-GF {Z,+} 93 @D
AP 1 (i) G, Z 97 936 TATG wdle G Z 9B @FA + Z 9K G (@ AT (ii)
Va,beG,a=rp,b=sp (41 TF) rseZ a+b=rp+sp=(r+s)peG r+seZ;
Sa7 TR IS TR (i) FEsd (Z,+} I Wg R afs oS (hereditary);
WATAY HANET (T AATE G GG Y W' (iv) FIT T oww
0€G,0+2=2+0=2, Yaec G (V) Vnpe G, n=0%1%z . -np SR R4Fe Boima
AR ~npe G AT ToMITE RATS Tomm G GG wam | wo9d G, {Z, +)93 a3
carey ToAgpel |

2. I 7@ G497 @3 wer H 13 @32 K, H €3 «3f0 9wt (Subgroup) T3 ois ol
S T @ K, G937 93 w47 (Subgroup)

e s T H, G 99 9y, HC G, @3 2w G 9 H-9 F@me «3e & afaFw
AArT H 23 7311 93) K, H 93 930 weis wewa KcH, @R Rem-ofem H € K
Q AW aR K & oA Aors s

+ HcG, KcH .. KcG, a3 ofFa G ¢ K-(F AHS |
K & 2 Awore $41 woad K, G-a3 93 Soigpel |

3. I H 9% K TSR &9 G437 N4wel T, O 2l IS A A S0 (W HAK
" G- YT |

B: @@y H K, #94 G931, He G, Kc G 9 932 &+ ofFm G, H, K ¢
HIENG |

" HAKcG 9R 9 AfeFIRe |

4R h, K @Eme 56 8w e H @k €K

s h, K eHNK

AR @RY H 936 W htk e H @3¢ @y K @36 wuwed, h-'k € k

- h*'keHNK

“ HAK 9 G493 936 9gws (Subgroup)

e w2 (i) St Ifes s gm0 3w, @W 9T ool G937 AW AT Ty
H, H, H,,........ JH 3 & H nH,~"H;n........ NH,, G99 " At
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(i) B 3 ST QwEETa @St (Union) S4WE 26T (1 Feoael (2]

4. &Y TACS TR @ Z (771 PR @%), Q (391 TW MYEF @) R (791 IR
FAMA (I5) (@5 afFE AR fie A THA AR WE C~97 WY |

11.4 A=A

siefes ©F TS YT T R G 9FB AW (Set) T Wy < A g6 FBfead
ofFM (binary) FRRS | (TF TN TTFR @ TOIE T 2T ST o7 38wqw) 9%
Afeme stfifes <3 oft s RRHE ToHm anfse @, o=@ o v (group) 3= |
"R g egfesrs (g otk foa for (aRRge asdfFaiin ours Rfer s 71
T (@R (FIETG WG 7] T3 I 28 WoTS (groupoid), FoTTE FCsis] Twe A 2=
W WA (semigroup) I THME BIF TAMER T ITW ARNF OIF I ] IR
(monoid) VIR AW TS effern Ao, el Somiea ey Redie Bamm Rvpam A,
(R SIE A5 T A A T A YL | WER BAMFAR Y NS 277, OIS I T AR 74 (finite
group) A FHATEF I ST T (order) I T |

@Fve sififes a9 fFIE @FWe TSI (subset) TH Ttz SiEfs wwms
AErafE IS AE, T ONE AT WS (subgroupoid), WESHHE (subsemigroup)
TG (submonoid), TAWEA (subgroup), T T |

fafes W57 (numerical system), AGI-N (Transformations), Sf9rea [fSa «fdmes
cw fafen sifafes wrga Tagad ofeat 3w

11.5 F40E oiqet ¢ Teasia

1. & TE Z AR G6; 0 e Gewm efFm Foares 9o ene w1 ane & fem
afEFm Aees Z2 v e s e

(1) uov=uv 43 & AL @

uveZ uveZ IRA B RAF A A o TR @ R

s w4 T WIE
TR T@ W (u.v).w=u(V.W), u,V,WEz
W: (5020)08 =208 = 40

50(2008)=50 40=40 - (5020)08 = 50(2008)
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Zas BoAme |
TN Z-9% (A (IS BAMA 2-97 §F Jog=aol=a
e B Rerde emm Z o e @R S g e 1| ek @ A
. Z o faom ofda Aeies w@ 77| oft WEE (semigroup) WTR (monoid)€ 51
(i) uov=u+v+uv
u,veZ uovelZ

W PR @ISR, oE AR ) WeG eme fem ofFm mers Z o
T |

uv,weZ (uv)w=u(v.w).... (A)
(uv)w=(u+v-uv).w

su+v-uv+w-(u+v-uv)w
=u+v+w-—uv-uw-vw+uvw.....(B)
u(vwl=u(v+w=vw)=u+v+w-vw-u(v+w-vw)
z=u+v+w—vw-uv-uw+uvw.... (C)

(B) € (C) (V= (A) eMiivs)

.. oG e AsieE Z EH A |

0ez, 0 () fFs Bomm, Ry

Ou=(0+u-0u)=u VYuel

Z 93 UTEE T BAMIGIE RS GAMGI SRY ¢ 9TNE 0 9R 2-97 e
ToAMM IR 0 9K 2|

., &% faow afat At 2 G W w31
Giuv=u+v
z, "SI of T ANATE WNIT 7, FZ 7S <RI SiorEs 930 R e ge o)

THIZAY TR 2+3 g Z
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(iv) uv=u,v-99H AL 9 ~y, v 9T 4ALQ

WG of AW WE; IR GO FPRYF A A @ @R A A @ 9k A Reise
oy | @ft @3B v (groupoid) TS o, ARG 77 | FFAS ToAWTTRe WRY 1R

2. sfafes ©F (G,) 93 o3fs Reuwd 391 G = {a", neZ},a>0 I
G={a",neZ}a>0

L W@ ID U= 2™ v:;i,a,m,pez suveG

uv=amar=amr €G > m+pelZ

s O ARATF G U

I G, 7% IR GI6 R~97 93 WYADPT (subset) SPIATE FRTAG 93 AT
4o S (hereditary)

s G GG S-S SR qw Wi |

Ul 1=a’eG, 1, G CTG WG AFW AATF ZFd Boiwre,
TR lam=am]=am, meZ

IV. a-m e G, am e G 97 T R3S Sottmta |

V. 2ng AfFA G GRE I |

5 (Gp),G={a",ne Z} I ATEAT 73|

3. 491 TS S={(a, b):abeR, a0} S99 €47 @ AFA (TSN FHHAS LT @
(a, b) (c.d) = (ac, be+d)

I --a#0, ac#0 9K ac, betdeR

s {ac,bc+d)e S

s Q WG ofFA ANATE S WA |

H. 491 I (a,b), (cd), (e,f) e’

T4 {(a,b) (¢c,d)} (e.f)=(ac, bctd) (ef)
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= face (bct+d)etf}
= (ace bece+detf)
R (a,b){(c.d)e.f)} = (a,b) (ce, detf)
= (ace, becet{detf))
= (ace, becetde+f)
-~ {(ab) (c,d)} (ef) = (ab) {c,d) (e.))}
- CFREE” s e 2R S T |

II. =i¥S: (1,0) S GG om@ e Aeite Ras oW, $199 (@ @Re TAMW (e,d)
s, <19 el NGt AE

(1,0) (e,d) = (lc, 0.c+d) = (c.d)
(c.d) (1,0) = (c.1 d.1+0) = (c,d)

W (l —i).(c,d)=(1~d+d)=(1,0)

C’ c
(c.d), S~43 @ FNE BAMM; c#0,c,de R
1 1 i
v e#0 —=0 _—,—EE R, oY (_,"E)ES
c C C G C

S99 (T (Fiwe TAMGE AR Tamwe § GBI Wy g
V. (a.b) (c.d) = (ac, be+d)

(c.d) (a,b) = (ca, datb)

«. {(ab)(c,d) = (c,d)}a,b) SN 7!

- &g fRom-eferm Aers § o3 oot g e w1y

4. 7% G= fa+bv2, a,beQ.a,b, 3¢ b SR AH 077 ) MACT oF (G, .} @7 =3
farat e

IR i B e BB

. (a+ bﬁ) . (c+ dﬁ) = fac+2bd)+ (ad + be/2)}

" a,¢,b,deQ, (ac+2bd), (ad+bd)v2)eR

413



- G -(T T 43 IHT L)
1 G@9e e, Q (b8 R GG AR 4R G R, 4R A 4s Fpra,
-G 15 e Bev-afdm AT )

I (1+032) e Botm
(l+0ﬁ) (c+d\/:.7) = (l,c+dﬁ); V[c+dﬁ) eG

IR (l+0,ﬁ) cG

a bv2
v (a+bﬁ)m§ o1t Bt [ag_gbz ae—ZbIJ
]
-b
ab ITATH 0 77, abe Q, WS al —2b? =R a?—-2b? €Q

( a bv/2 Je(} a7 (a+bﬁ)( a by2 )=1+0J§

al—2b? al—2b2 al_2b° ai_ 2b?

V ST (a+bﬁ)(c+d\/§)=(c+d\f2_)(a+bﬁ)

- abcdeQ, Q-CF @4 8 (e NI |
. (G, ) <=0 SEAw e
5. opnel T Wrwe ol WiiE-aF A% M gd Hitdrs 93 sHN sy ve

o U A T

M FgefGa Bemma Fcan 4, FER M @D 4-FW g6 S AETN | 491 E

M‘le) ?]’Mlz[:; (1)] Mﬁ[; —01]’ M*z[_ol —01]
o =[o 115 - 1)
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_[rolfr o]_[1r 0]_
MiMs=151]l0 —1]‘[0 —1]‘“’13
frolf-10]_[-10]_
Mi-Mo=to 1)lo -1)7[ 0 -1JMs
[-10]f1t 07 _[-107_
M:Mi=l 0 1]lo-1f7| 0 1|7 M
[-10][-1 07_T1 07_
M.Mi=1o 1]l 0 —1]‘_0 -7 Ms
frolf-1 01_[-t10]_
M:M.=lo -1l o —1}*_0 1]=M:
[-10f~t 0]_[10]_
M?'Ml__O i o —1]”_0 l]_M' M. M, M, M,
@¢ AR oFe 1 &1 AL (AT A3, MM M M M
G HALATE (i) WTF 7 I@W A, (F2g M.p M, M M, M,
ofare Tomag s R | M| M, M, M, M,
(i) M. (3 € ©) 53 Bom | M| M, M, M, M
(i) (M} =M,, My’ =M,, M;'=M,, M; =M,

- ofsfo Sotwrma faordie Goma M &6 fomaa
(iv) = T ARNT 2G| M G5 @9 AT A=A |

(v) 2x2 I% s &6 ¥, wdf ANACE ARG | M, I3 @I Bowh adie
Mc S AR 4o Sl | S€ad M (6 @9 AT HRES |

M G5 S ATATE GF 0 W WEA A

6. T3 AP YAEFF (16 C10F 34 T 2WE JoBR (transformation) Yo Y2 Y3 Y Y5 Ve
aa e Fwrd [ -07 9d JATE aghs FRAR AL faorad 34

(X, Y)Y, = (¥’ (x,¥)¥. =(0Ox, 0°y), (x,y)7, = (@%,0y)

(X!Y)T-I = (mzyi (DX), (‘('y}YS = (yvx)! {X’Y)Yﬁ = (my9m2x)
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0-Afg @I 0-YITES GFL HLR
goamefe wivra Faamad

<

 AfFm-Rait o Y o T2 ¥s L Y Y
.

() 8% o ofFmE Sovw - Y, | Y, ‘r,\\ Y, Y. Y. Y

(e e 1s T, T, \Y".n\ e Y Y,

. EE g TS IR ~

(i) 4f% 9= wetrews TR At ~
HAre W3z e TR T FTH ¥ £ Te 1. v, *

2 . -
AW R9FS | Y Y, Y, Y, Y, Y, ¥

(iii) 0->NfATS v, ¥ SFR AN TSR T3 0-ACeR TAMmalem TN ufen | wead
v, T-f22e BAmW | SEFASIR T TR ORI A y, IE-ETS BAMIAE 6 | 97T
r ¢ Wy s Bamm Y

(iv) T GBI W4y oo o afef Somee s ReSte Somm R | cosw

-1

(1) =y (1) = v (1) =5 (e) =6 (1) =1,
(v) [ Bl

(vi) RF=ETIsy 31 AR 71, IR (§f)-F% TARE € (ji)-T% Towiw wiew 97 A A™AG
e R oo T, @B y,y.=y, @R vy, =y, 9 Ly, 2 1.7,

(vil) TN 4 ArarEy | TR T,

(Yo ¥3) Ya =7 Y =Y,

Val¥s ¥ad =¥ ¥s =¥s = (Y2 ¥2) Ve = Y2 (V2 7s)
Yo (Yo ¥s) = Vs Y2 =7,

(Ys¥e) Y5 =70 ¥5 =7

Y YY) = (VaYa) Vs T
. p B s AoTE @b W g SRER W\ w7

7. Qo-efEFa ¢ wa-efEm e z, G efFEmEd fuEe w@ sy 1ba
agfe Fefa =1

o : WREACe Z, WS T
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8. 93l B-Fu ofFM G = {u,v, w,e} AVT ITTSHT WIS (T ol = Voy = WeW
= eoe = e, @3 2AFA ACACE G B T 7 T, O 93 WA ARAG 2T I G [e

e : oG TE (7T T AW e RIS Bowi @R

e u vy W

(W) =u, (V' =v,(W)l=w, 9 (e)!'=e el € u v Ww

s BoAmm iR freg e RS Bamm I TSRy u| u e w v

ARMD : vl v w e

T AT FAECHRUTA TR AT w| w v u e
"3 |

9. SEE 10 ARANTE S NP @R o Al Fmr oteR AATF G = {2,4,6,8)
4. x = 8 47 9% AN LTS IFA 9R G 97 7P ety = | 4.x = 8, y.8 = 2 FRFATD
TEYE =FA |

oTE FEEN ARG oS TE 0TS 697 AT
T Tammalea T 13 0-Are Bammafy aw wfen)
TR 6 T Z7F TAME (identity) 0-XT9 wR_FS 6 @3
wER ARre BoammalR T 93 0T Soammed T
Weq | TSR 6 I FIT TAWMM | ST 6, G AWAT RS
e ST e e S PN

TR 2feh Mfwe aRk 2fSF we oA 2SR T By T fwm | wear
{G, .} 4% @AM $9

G BT ofeit TAMTAT R4 Bomm G weemre e |
2-1=8,4-1=4, 61=6 81=2

o O b

b 0 s
Mok O 0o B
=T = S L E
o N N] »

AL’ AGY W, @WA
2.(48) =22 =4 9QF (24)8 =88 =4
.. 2(48)=(24)8

. OGS 10 ANATE SIIET et @3 faem efFam o AT G = {2.4,6,8)
90 aAIAT oA |

4x = 8 §F TG FIFT FIS (N IR 0-ANT 4-97 WAL (RITS TQ; CTAN (AT
ST AT 8-93 TR FATS TR, G2 §-97 @R s 0-fs (1 Sotra® wrm S
fersfa s ¢

s Ax =8 TSI FNGA x = 2
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SRR T T AR y = 4, y.8 = 2 AN Fg |

10(i) LT Foree1 B 43 51301 SR STz HeAGad (non-singular affine transfor-
mation) J%A9 T (group) T | & T4 |

s ;g3 T T, T, 4 SR wreRe werea )

T,:x:=a,x+b|y+c,} . Tz:x"=alx+[i,y+7, } (A)
y'=a,x+b,y+c, y =o,x+B.y+7,
ab,-a,b, #0 9K of,~0,f, =0

T,

(x,y)T,=(ax+by+c,, a,x+b,y+c,)

T, = (x + By +7,, ax+B,y+7,)

ST T, Hem8e

(x.¥y) TT, = {(x,y)T}T, =(a,;x+ b,y +¢,,a,x+ b,y +¢c,)T,
=(o, (ax+by+c)+B,(a,x+b,y+c,)+7,,
a,(ax+by+c)+P,(a,x+b,y+c,)+7,)
=({o,a, +Ba, }x + {o,b, +B,b, )y + {or,c, +Bic. + 7,1,
{o,a, +B,a, }x + {o;b, +P,b, 3y + {o,c, +B,c, +7,3)
wdi} T,e T, TP FATA
x"=(o,a, +B,a,)x+(o,b, +B,b,)y + (¢, +Bic, +7,) (B)
y =(o,a, +f,a,)x +{o,b, +P,b.)y + (o, +B.c, +7,)
v (oa, +Ba,)(oLb, +B.b,) ~ (o8, +B,a,)(ab, +B,b,) =0
LT T, RS SO Homea |
- T 75 Wa of 3oy witg; wdie T 936 w57 (Groupoid) |

o FRTANET HAE HAGTIR G L -CC 7] 9K T, L 93 4T TA-TF, WOI2 59l
(associative property) T-48 (A€ 79, (ARG AN SFA! (hereditry) WIFEA FoAMET
T . x'=x, y=y, T GG 3% oW (identity)
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T, 93 faoifie Gomm wdfis T'eT
TI"' 43 ANFAT :

)c'=b2
3

x—%y+(b[cl—bzc,)f5

y'= (—?]x+;—'y+(c]az ~c,a,)/d

d=ab,-a,b,#0 o T, SRFER were

am 222 -(:33-](%)::(&&3—%13,)!83 =%¢0

o T 9 PR wpreRa %A T e T

-, A SRS HonerER AWETA T(E?) 99 Wl

10 (i) TS Few E2-(0 FAF-Mens §fwa Aeeqd 1(0) «3f 7|
€@ TE T(B,), T(V,) 4 TR gfa e T(9)

T(6,) :x" = xcos, —ysin®, T(8,): x"=xcos0, - ysinb,
y’ =xsin@, +ycos6, N y’ = xsin®, + ycos8,

(x,y)T(8.).T(8,) = {(x,y)T.(8,)}.T(6,)
= ((xcos, —ysin@, ), (xsin6, +ycosd, ). T(0,)
= ({(xcosB, —ysinf,)cosB, ~(xsinh, + ycosh,)sin8, },
{{xcos0, —ysin®,)sin B, +(xsinB, + ycos,)cos6,})
= ({xcos(8, +6,)-ysin(6, +0,)},
{xsin(B, +6,)+ycos(8, +8,)})
< T(8.). T(8,) x" =xcos(8, +9,)—-ysin(8, +96,)

y = xsin(0, +0,) + ycos(8, +6,)
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wdfic T(8,)s T(9,)=T(0, +6,) € T(O)

oo rRE o T(9) AR WSS Row-2fFT ANATH IS AR
Z3® B T(0) : x"=x, y' =y 9die (6=0)

@G T(8)+T(0) = T(0) « T(B) = T(O)

TR 9 @3 TP T(0) CT% @GR Ao ¢ Rl g Tamia sfes
Zmed o) Prmdioers SRy = TR

Rfvmaesye & Iow we?
10. (iti) &N I BATANG NS FoAIY AATT AR S

{T(O), 1{%) T(x), T (3—;-)} gfiR 7@ T (0)-97 @3B W@ (subgroup) 1 ¥ LB v

RS aFe I @R fRovat s
1l (i) @ A0S A A,

M:{(z g)(z 2) 4#% 2x2 Wi, @A 3, b, ¢, d ﬁcﬁgﬁﬁ @32 ad-be = 1 }
oS A @9 ARATE @I ARETIRIY ¥@ (non-commutative group) |

(i) @ TS TR G={(2 g],a.b,c,deR 4% ad 20 } TR s o SoATe
45w

oS 7@ HE{U) ‘l’):bea}

TATIIG PR Tawet ) G2 SgwE & Rfesmcmiey @ sEEm e

(i) W G @0 2x2 W= (_ab :) 97 ALY T, ANH a,be R 9% TSERL 4R

%} T, SIEgE WIGH @4 7S Sopnd G & 93l v ¢ %7 R wieme Seas afefre
T |

12. (i) R* 3N 7o ARPRAR RS | faow afirm o° R* Fwme fAraeena
&S| acb=|ajb, Va,beR,;

G2 fFUR ANAACE R* 5 936 w10
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% 3 | IARTF Tomw 8 oW F3E Tomm wm
Turedd THH 1b=|1]|bVbeR*
=g -5 1=-5/.1=5% -5

12. (it) C(i) @b 16, TF Totmafet a + ib, (IUTA a* + b?=1, 932 a,be R, &I FATC
T3 {C(i),0} 93 v, o’ ool wiberkuz apfete ad smfs fot w2 @ b B ween

12 (jii) GURER T YR Fend Q* udie Q - {0} *RIT IV MY ALTI R*
qfie R-{0} #BRTe B9 AATE SNEAIT Wo — A FFel |

13. &Rt 41 (i) Z, SR SRSyt Aweae, (i) Q, T @ MR &H (jit) R, 791 I
TKANF AETY 26Ee ‘@’ ofFm Aors EAy wE |

(b) C(i), 7= THFPRAT a + ib, a,be R, 97 GG ‘(@S ARATS Weaa 241 C(i) 7%
‘s, (+) 93 @ RS : A, Ce C(1)

A=a+ib a,beR _
C=c+ib c,deR, A+C=(3+C)+l(b+d)

13. (i) 936 ¥4 G Vae G, a=a-t, 29 FAS I @ G 90 SRANT F41 43
Prarea Ro43e & 7o 0
T:abeG a=a’',b=b" ORE ab = a'b’' (WG &) =(ba)"--(1)

oHE MEFPIA (ba) = (ba)” ...(2)~baeG;(l) R (2) (WF ab=ba wdfle G 4T
IR ghot

4% Frars Rode, 9kl G @3B WA 99 T, Yae G, a=a!, 9 Tl @
Qe sFet 2 WEAR 0 (F) TS @ e oz farem Redie Samm w3

VaeZ, a'=-al

(i) abe G, @I G 9/ Fo1 (W @ b'a?b=(bab)™
2 : (b-ab)” =(b-tab)™ (b-'ab)” FTASI IJITR T |
={(b- -'b)(b-'a-b)

=(b-'a”'), ") (a-'b) = (b-a1)(a-'b) = b-la-2b
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(iii) T a,b, G P71/ YfG BAMN T 43R (ab)? = a’b?, SIFE 219 FICO A X G 9
“Rfea” g v

% SREAe € SR ] R A (TS AN |

(iv) I abe G &%, ITFOIA (X brab=2a"! OIA (ba)’ =a, T |

3 WA € oG S JRYT T §

14. (i) &N I/ T PR @6 Z, A6 FTARIR (A8 9 Q9T I B |

2 : Q 9 @ey #9; Z, Q 97 9D TAGH wdie ZcQ; 9w Z o @Ry g

s Z, Q97 3G Bt |

(ii) &= TP 7] LWRYR G K (FPR)
@M % Z (FF TR G )07 @3B Toiere, g s Rremre g #16 J @rey
9 297 B! TR 2
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«FF 12 O v&Hw v 3 s (Cyclic group) 8
Treifes Sywer 3t qreifis ARWe (Normal Subgroup)

12.1,
12.2.
12,3.
12.4.
12.5.
12.6.
12.7.
12.8,
12.9.

12.10.

12,11,

12.12.
12.13.
12.14.
12.15.

15

a4

TR

bHY A

B otoIw] -1

B ooy -2
oA -3
Borivg -4
ToAAWg -S
Goiolwy -6
T -7
Boronmw -8
Wi Toispet A qreifds 7w (Normal Subgroup)
AT

e 2
IR

12.1 &@ziQ=

ooy i fesfiren b oo owed @I waa = owge)d wikera @3
G AWAFCSHI A0S LA ! €3 QVGNTR 2 W 93 {08 43093 78 A A 9K
ety w9 ReeE w2t e (Subgroup) G SIS IR TR
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12.2 Toay

o 4% 93D oMY TR SHIW 7 {cyclic group) 93 FreIf{™E WFeT-93 (normal subgroup)
@), onw o qul faama =48 g Ae w3l

o ST *F TGIe ] WCEHF(E 3 0T v aR AR ARTATONG Tl 209 |

12.3 5@ 7&1 At 5 99t (Cyclic group) ¢ W @ oo

qrae

@ ¢ 5F v A ot 40 RO 4303 v 1 oA I ARH BaAww d A A e
=% Redm BomieTa 2t Beodr 27| @ RedT St s vl &9 (generator) 41
0| 9die, T @RE W@ (G, 0)-(T 9N 4FH AW ‘2’ WS (A & ER ST TAWMH x
= 2" (@R 23N ANATF) WA x = na (% AT ANATE), ¥R 0 9B P (wrye
WL ANAF) TR (G, 0)-@ 9L 5HW WA T T AR “a’-(F & SHY TER TAF I T |

AURTE WA TR G = <a> SIS W I G = (a%ne z}) @ AATE

"L G = {na/ne z}, QY AATE|

T 1L IW S = {1, - 1.0, -} WA (S, ) 9T 5&Tw T 93¢ 98 GHE WA T
FRA G i = (i), -1 = (i)?, —i = (i)’ 9% 1 = (i)}, 9FVESHI @ T (¥, i 9% 5HW
a2 G Tl |

FEAR AR BHY W S EE TS YRS AT |

IWZAA 2, (Z, +) FoiD e effeFan Anors 95 5 wE A oot | @ SR TE | w
LR Z = (.., -3, 2,-1,0, 1,23, .. @&2=1+1,3=1+1+1=3x1,
~3=-3x 1. B EER 2 = -2 x (=1), 3 =-3 x (=), =2 =2 % (=1), ... Teqiw)
HSTR ARPANE (Z, +) G 7 |

TwrEEd 3. S = {1, 1} 930 AR | GUTA (S, ) 9F0 5HT W 4R G WG SINT
Tl -] |

THRD 4. {1, 0, 07} SATHATE 5GIY 1 | % 518 HIAR ok 1300 IR 00 4R o |

12.4 Toiofwy 1

TS By we Rty (Commutative)
o ¢ & WS (G, o) 4D GEY v AR a 3 wEIn 93 T ) T x @R y, G937
@ @@e 3o BAME T, OF x = a’ @9 y = ad, T r 9% 5 7o R
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9 xoy=aoa*=a" s =a""T=aoa’' =yox

WA xoy=yoXx, Vx v € G

. (G, o) Rifssrrarsy we |

@iAfET FARATRE ANl SEEAASHE 9 T |

TG 3 A by v Rfsrararsy, o arere Ritwatsy we 5w w1 7w

Trrgmd 3 RN yFeRAa Fwal (Set of non-zero rationals) BTATE < FH
fafasrararsy %=1 fog ot s wet 7

12.5 Toliwy-2

a M 5& V& (G, o) 99 G TE W, TR a! T@ (G, 0)-97 TR O9F TS |
2D 3 a WG (G, 0) O TS

G = {a"ne Z}
g2 Td, H = {(a1)Vne Z}
TwFaue G
= u = a TN gFH R
= u = (a~l)r

ue H, IRA —r 95 e
ueG=ueH. . GcH ........... )
R 47 v e H
Loy = (aThE, A s 93 ol
v =)t = ve G, #R -5 @3B oA
WA ve H=ve G- HgG............ (i1)
(i) 9% (1) RFEAZ G=H
W G={(aY/nez}

- a7l owmfoe (G, o) 93 T =)
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12.6 Tototwg-3

(G, o) §ft 935 A5 (finite) T w1 2 T 4B % a, 1A G039 T n R wLfig
0 (G) = n TR M 9K @oTg I® O (a) = n 2T

‘oot ¢ WH &R O (a) = n. TSR a, aZ, ., al (= e) “mafeid G Femed &7 (distinct)
AR |

YRR G={a"/ne Z}
¢ TF u Mo G 99 @ Fe 93 o |
wu = a®, YT m GF0 A
IR q 9K 1 G G5 ARG MW WA @m=qn+ rWIHo <r<n
Lu=al=a4"" T =@Mdoal=eoa’ = a
[+ Ofa) =n . a"=g]
cu=al (WH o <r<n
sue {a% a al am 13

wdfie, u e {a, al, ...

o (i) @R (i) (TF A4 G = (a, a’, .., a"}
wdfle, O (G) = n
fRotAT®Fm (conversely) W= I O (G) = n

@Y (G, o) 9B AW wet JoqRk G «F &fSfb sitra &= 33w | «@ A5 O (a) = k| 9fle
ak = e T ¢ TEN G937 BT 5% (identity) |

TEAK a, a2, ..., ak-1 gk (=¢) *MafF G FGT fEqm!

9 @G O (G) = n, AR G997 RN n | FEIR k FAMB n o IQ 0 A=
a1 eIk k € n!
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% k < n IS A T TR A PR 0 (@) =k = 0 (G) =k

Sk=n 0@ =n

[ TR £ @Us ‘G 9T FN n’ IS @RIY G 97 7% AW (distinct elements)
=T

AR G 97 90 #F ‘a 97 T n’ 9L O (a) = n TS @RIT @ a" = ¢ (4T %
4l identity element) ]

12.7 Toetv - 4.

(G, o) T o5& 55 TW IR T F a, O@ G TN I I 9K 9INE TF O (a)
AW 77 |

oMY 3 €@ TE Ofa) AN | LA {a, a2, a°, ...} A«wa foq fo7 ot sfdw walh
P ReeEd | o G2 ReeRals WA A 2@ Ol «F W, 2P = a9, TN p 4K q 4B 4TS
AR 4R p > g

a4 aP = g% = al ~ 9 = ¢ WX W T AT 2T @ O(a) 7w ) g T =1 A
A O(a) SN | WSG9 ap? # ag”.

= {a al, &', ..} A%nal fon opraim ofde @b wdim Hemd)
WRIF {a, a°, @', ..} <G, FIV (G, 0) THT TG TS a.
AR O (G) S|

fadream €@ T Q(G) AN | AW FTI 7@ WA IR O(a) T | SITF O(G) S T
(Boromay 399 711)) @S TR | AR Oa) W A

12.8 Tootwg - 5.

i (G, o) 9= #AW oW P9 T T &N n IR TAS a, O@ a® & TED G GO
TAE L A0 49 agg 1 m 9 s A FRYn @ @3 m 9% n 2R GO (prime
to each other) 2 |

2AMA ¢ FATH KF WE m 9% p AT N (wdle Toma SfFw AEd Sesms 1) 933
H = <aM>.

~iB%2 H ¢ G, F79 aM-99 (¥ @HE TS (integral power) a~93€ O30 ¢ I3 W] %
I (T oMo G-93e 9FD W A |
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9 ARG m IR a AR AR oK p @R g OF T i S R @
pm + qgn = | I

(@R 6 GR 7 AT (e QR 6x 6+(=5)x 7 = 1)

coabmtan = g

q, aP™. 2l =a T, ™. (a")94=a

q, AP el =3 9, g = 3

e, (a™)P = a

TSR a0 @ FHE TS a7 GF YT WS I 4R @R TN G947 (T (€
% H 93¢ 9D oM A I G  H. WA WSt aids g HeG I TR/ H=G
43 a™ GFW ¥ G-9F IFD TS

MFB 43N T, aM GHR o G-9T 9T ToIF | IM HI TW TA I m 43 n 2F~E
G 131 TSR MR FA m IR n 7 MY A BeoATS d (21) 7O d > ) @ T
agg L TR A S

G (am)m’d =(al‘l)m1d = el‘l‘lft' =e-

WRR n/d 93 @ F A 93 vd < n.

TEAZ O (aM) < n. TR a™ G ¥A G -9 TAS LS AN 7 F2 2™ ~93 F (order) G 47
JFTTR FA T | AN AR A0 [ Praits BoiAie 2% 1 Wedd m ¥ n A3~1F GBS 3 |

TG ¢ TATIA TS (A0F oIS TW (@ 5 WA G = (a) 93 T TM 0 W @ G-93
TACSA A A 0 WP (6 93 n 9 A GRS IS AR YR AN L wdie
(@ GH VT TS a K T 10 TF a To7 ey Tl g@—a’, 2’ ¥z af wdie b
51 T A |

BRITAY 2 T FE S = (i, -1, i, 1}. (S, .) 92 5FR FELA T 4. QLT §-99 ORI
2 T 4 AT (R 4 93 R chfre e R @@ 451 93 R 9o @ | 9
3 % TR TS 40 () 9k ()} Idie i 9K i,

12.9 ©o494w3 -6

43 aHm 5 WEd (@erg o e A

o ¢ T A G = (a) 9B TAN GFW o1 TIAR G-9F 2R ‘2’93 IR
UIS (integral powers) TR | WAl &I FI4 (W ATRT a~43 o E AFUYR AS FAW
e A |
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A AT W N T a’ = a5, T 1 > 5
= a'a¥=a" a*t=a’=¢e

AOAK a4 T wdle Oa) <1 — 5 5 43 (XF ANfT® @ @ O(a) %! % G WA
431 TEATR | FSAR Oa) T LS A A1 (ToioflM) 4 F140) | TSAF a P WA G-I Tl 0@
2AMCE

LalEat ;£ s T
G=1{.., 2=, a'z, a’l a®=¢ a al ad, ... 3

WK WA FF 2™ 5H Fol G-aF 9B 4 | @AEG a™ = (a~ )™ ; FBIR G937 @ FRE
ACF 2! 9F TR 9% BETa o = ) oAk a7l omide G-an I
G2 ofas 78 2 4R 2! WA 5 W G 6T T oS Twd (IAY 2! 2 a7 cnnyg
1 #-1)

437 oM FAE LI A W m # 1, -1 T O a™ & 5FIY WEH TS O AN 7|

Tff a® TS T O & SFAT ‘a> 7MDE a™-aF OF0 TS A | N S (aM)F = a, k €30
AN |

= a™ = 3l &g mk 2 1

TEAR a-a93 %o FSaars AN |

fog 4 wmiwa (e awfds))

HHAK ™ TAE IS AN 1 AW om # | WL —1 W

GBeIE Zutide wE (A SN bl vE G = {(a )99 @ 10 THE IRTS AE, a 9K

a"l.

12.10 SoAmy-7

G SR WEE (@ (FRE G (Subgroup) GG T et |

2 ¢ 4 AR (G, 0) 90 B v AT ITF a @R WH A (H, 0), (G, 0) 97 vl
BT |

()W H=GC W T@ &=l feergiem,

(T H={e} WA H={e"ne Z) IAV e’ = g, A @G 7K n-97 T |

s H @=G 5218 9=
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(i) T (H, 0) W«wH (G, 0) 9T @ GG &$E TYWE (proper subgroup) T8 @ H #
{e) SR W¥S: UL M x € H IR (A x # €.

WA ARG x € G, .~ x = 2k, @A k 930 ol @R k # 0.

R (@Eg (H, 0) 9B Botapst

o x ! € Ham x =gk

- ak @ a2 7% 9% 75 w3 H-a YA

TR 2-49F (P @F AFRYR Ae H @ &g | A (9 43 greaferd wyg sdfm wre
a™, AN Y T TR a™ WG (H, 0) 9T T

Y AFhe H » h=aP, I8 p 436 4N 4271 |

TSR q 3 1 7D PRI TN W IS p = qm + 1 Z¥ (A 0 <1 < m)

Lp-gm=r

e @2 (H, 0) 9F6 we, a® € H =2 2 "M e H.

TR alPe HO9W a7 e H= aP 9™ e H

s a'e H

e 0<r<muex 2’ e H; 2 4 A5 IS M2 W r = 0 T8 TR IHUW 2™ 9wl
H GI% a~43 sHitoret (2ff 918 TS AT 1, We9d p = qm 93% h = (aM)4, T]M q 45
opefarcan

s H-99 @ @198 2 h = (@™,

. (H, 0) suweribe o= v we |

12.11 Toi*iw-8

% G0 N GPlE W N 5T n, O@ & welbg k-raffE aelt SHse L& v k
WY n<aq <t ¢3r9s SeAmE Tu !
o ¢ I k = | WA k = n 2W O@ TAXNWR 2o Foreiraie |

AEAR 4N WD | < k < n. WSAT kp = n, p GF0 AGE oA |

WA FI G = (a) AR O@) = n

TN 2 FEE (@ {aP) 5P FoMfe G4 @I Wi TR T k.
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TA b =al. - bk=akP =t =¢ [ O (@) =n)

41 O (b) = m ; =9 m RKGT k97 93l Teoims .. ()
WS bP = e = aP™ = ¢ = n WM pm GF 9T TAWS |
= k Y m -7 Pesim .. (i)
[~ n=pk]

(i) 93¢ (i) (A= MRk = m.
.o Ob) =k
AEAR b wdie aP qE] Beotw WD T k @R k MR 097 Tt

Bt ¢ k-oaRfER @zl T guwR AeR I k R n-93 BeAms @ W kp =0 ;
N GF W (aP) 49 TN k.

Q1 TF k MY WRe 9F0 SA%A (28 ) WK
soatk =6 oo R sk-97 BeAWS [ .- O(a) = n]
o 9 TS sk = nk| = pkk,, 39 k, 936 ¢S e
~s=pk, . a%e (aP)
9 QTR 0 (a%) = k ¥R AR 9% at e (@)
AOAK 2’ BER wA (af)~0F 9F6 TS |
-~ {a%) = (@P)

THIZAA 1, (T (& 9T AR n-90 FASH (n-th roots of unity) @9 JTATE I 7AW
BT SF |

N & A FA 9 A 0 G FEralm werel G wdhie G = (x : x"= 1)

1
O xt = | FTE x =(1)"

={(cos0+sin0)"

[ 2kx . . 2ch]
=| COS———+ 151N ———
n n
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2t g k=o0,1,..n-1

=g n !

i_.‘zl ii'.‘. 12{n-1)x
. G=4l,en _en, . ... e n

QAR AT (G, o) WA spiers «HE Rivwmwisy wal | W @ Wl el «wg

x EEEE iEE k

el_:“ ﬂﬁ%WWqWOSkSn—l,e“:(e“] e

WA I k > n, T I g GR 5 TF WY WA TS oAfF k = ng + s,
TEA 0 <s<n

iZkx i2(ng+s)x i2sm
G et =e¢ " =e’™ en

ils®

—e " G, WY 7" AR 0<s<n

12z

soen &2 WER AT 4R 7 T AR (G, ) TE T8N |

12x

R [eT) =e™ =1 (gm Rzs Bote)

Feqlk (G, ) 9B AN B = |

TREAY 2, A I (@ (Q, +) SHIW o AW 4R 9T A Y IFA (R, +) € 5EW
spof 17|

N 3 1 TR W W I (Q, +) B 5 P T TS a. AIIR 2, Q-7 W T
G (EE oW I (FTT (Q, +) (NSILTHTT NS 5T obol IR a TaF JEAR Q 9 AfSfb

AR ma Lo 2] N T, TARA m G0 AR | 99 42 SRR Qa7 9 ot | frg

Fa (F TR 2-97 9T APrYE ofies T (wdfie ma WA) et T A A

SO (Q, +) I TeIF a TS AT M|
o (Q, +) 5T ot qA|
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SRR (Q, +) &1 (R, +)9% Boigket @R (R, +) DI 555 TA (Q, +)6 B ol T I
930 5P AR G TRANY 5E oA | (Tl 7)

5% (Q, +) 5@ &4 7| (o)
TOAR (R, +) AT o 77|
TREad 3. (3 5GIT WO T (order) 60 T TEEH TG YIRS AN T T

ST 2 W T T @il (a ) 93k a0 = e HoAK W THIGR ‘a’-GF aWH aF o
e (@ Qe 6097 WX AT NS |

IO A2 BHIT FLE TPl 1 ¢ a, 27, 2!, al3, a7
237 g49 233 ;59

al® a23 a29 a3l 337 g4 443

¥ ? b4

?{W\sﬁw AT 16 T Te A3
TARRA 4. qwa = (123 4) WOWR@ G @S = {a a, 2%, at} 93 sw w1

. ._(1234Y(1234
Wmowmﬁ az_a-a"‘(234 1](23 4 l)
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= ye Au(BNC)
S (AUBINAUC)SAUBNC)...... (i)
(i) 9 (i) (T2’ ~ AUBNC)=(AUuB)N(AUC) ()
4 (DANBUC)=(ANB) U(ANO)
xeAN(BUC) = xe AR xe(BUO)
= XeAdR xeB AN xeC
= {xe A 9 xe B UL {xe A 9R xe(C)
=XeANBINI xe ANC
=xe(ANBYU(ANC)
S ANBUC) € (ANBYUANC).....(D
UE, Ye{(ANBYU(ANC)
=YeANBRWRye AnC
= {ye AR yeB} I (ye A 9K ye C}
=YeAIR {yeBudaiye C}
=ye A9 ye(BuCC)
=yeAN(BUC)
S (ANBYUANC) g ANBUC).....(10)
(1) 93 (11) CUTE ANCT T

ANBUC)=(ANBYU(ANC) (amifes)
E 5 Y IS
(F)AUHP=A
- OCA
S AUG=A [ 9.3.7-93 %37 (i) 289 }
(")ANU=A
-+ AcU
ANU=A [ 9.3.7-93 3] (i) 74 )
(emifis)
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M e A Tl wrsiiis yve fon o (FHe FoiRe Qe 7 A0S o & v
(F Aq=] &4 (simple group) I= T |

TREad 2 9@ WE (G, o) = (Z, +) 9K (H, o) = 3Z, +)
G H @3 &7l 79 = 75010 =g ¢
) O+H={3nmeZ}=H
W) 1+H={3n+ 1/nelZ}
93 (i) 2+ H={3n+2ne Z}
wREee H-07 Rafb o) wfe) oot 74
() H+0={3nmeZ)=H
) H+1={3n+1/neZ}
dR (@) H+2={3n+2/neZ}

AT ~BEE H-97 oSl 3w sz’ o wiwd e 7w a1 wfed | Jo2 (H,+)
WA (G, +) 99 OGS Sywe |

Toolwg 1. (H, ) SHED (G, ) S8 Tl Boissof g afw h € H @3¢
xeG=x.h.xleH

(wed T x. h.x'c H, 2 x e G €T T0)

e $ WA FE (H, ) TeRT TAg |

~x.H=H.x, Yx e Q.

heHa xe G = x.h=hx, FFe¢ 990 hje H 97 &)
=>xuhvx'1*h] = x.ho.x! € H.

fotdeFm @1 9, x.hox! eH VxeG¥akheH

TH A me x.H .- m=xoh1,?lﬁi-_~lhleH

= (xch ox71yox

= hyex
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~mex.H=peH.x
SXxHCH.x .. (i)
BRI A #fd ne H.x
S n=hyex, WA hye H
= (xox"1)o hyo (x71)!
=X« [xTahye (7171
= xohy, @ b, =x!ohy (xNle H
sneH.x=nex.H
s Hexcx.H.. (i)
(i) € (i) (T AR, x . H = Hex @32 46 G 99 (@ (319 o x 97 &) 7 |
~ (H, o) 91D (G, o) @R TSR sy |

Tovimg 2. (H, o) SoIgofit (G, ) Wed ToRkeE wigm TR IW 93 gIwig A
XGan_1= H, Vx € G EL:

gt 2 @ x.Hex ! =H, Vxe G & x.hoxle H, Yhe HaRx e G
o Bt (1) SoPE (H, ) TrORE s |

R RASSFE € TP, (H, o), (G, ») 93 39ifas s |

s xeHox ' H, Vxe G ... (1)

@3¢ x~ . H. (x‘l)‘lg H ¥xeG

wdfle x LH.x g H, Yx e G ... (ii)

(i) (¥ A, xo(x LH » x) ox I x s Hox™!

adie, H ¢ x.H.x! ... (iii)

(i) @R (iii) T #i3, x.Hex 1= H

TEY ¢ (AT ACIANT Toly) DA Goloig oppica Wil R Fraire s «ifa «
A xhx'=hVxeGUR VheH
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oot 3. (H, ) 9% (K, o) 3 (G, ) T3 1230 Freifas S4ws 28 o[ (H N K, ) s
(G, .) "= yrefes waws 5@

ot s (H N K, o) @ (G, ) TR 436 Sawa1 23 91 wa1org (Group Theory) 3% miiae
TR | A A o FFY (@ A% 90 FeRE Wew T |

T F# a € HNK @K x %G G B3 @ @=e 77|

M aeHNK =>aeH 9 aekK

(H. o) 9% (K, ) TrefRke SwwE )

HSAR xla.x eH 992 xta.xekK

naeHNK 9% xe G =2 xlaxeHNnK

AEAk awfere R @ (H N K, ) 910 (G, )69 mrefis sigws |

BoA#W 4. (H, ) IW (G, .) 97 9B W T8 @32 (N, 0) 37 (G, 0) 93 «= b Freifas
Gqrs W @ (H A N, o) sig@1 o (H, ) 93 9356 refde S|

2mie 2 (H M N, o) 078 (H, ) @30 9w | 939 2w 308 73 @ 45 (H, o) 97 9o
FrefE Wawa |

WA FHlaeH 9% heHN N

~heH 93 heN

RN a.h.a”le N 319 (N, 0) T

A% heH 49 acH, w3 a.h e H

TRAA @EY a-h € H @k a”le H, =94 (a.h).ale H
T ahoale N @R a.h.a'e H

. a.h.as'le HAON, YaeH

s (HAN, o) Bo4g99G (H, o) 97 3reifes s )

[ =29 (H, 0) &30 S1awet )
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BT 5. (H, o) T (G, ) 97 Toiepot @ @k W [G : H] = 2 7 O3 (H, .) TAAD
(G, ») 97 FroRT Totspel | '

opNel 3 ARy {G : H] = 2, AR H-97 (g w36 I Az wirg | @2 w2fo 2w
AEH INFE H 9R G - H. 97F, H 93 (T 26 70w AP SR U@ I
H @ G - H.

Toak H @7 efell I =it «k Wi et o |
o (H, o) FrsiiE)

Twrgadt 1. (H, ) 3% (G, o) 93 Troifte Wama 78 93K (L, ) T (G, ) 47 W47 57 G4
I HCLCG T O@ e 3 @ (H, o) SeTo (L, o) 97 Aol wwms |

MY 3 OUNT FATER (H, o) F4D (L, o) 93 Weve )

WA TR omG L9 @ @99 A

~1eG (IR1LCG)

qAT GG (H, 0), (G, 0) 4T TSI VoA @« [ e G, woeq [ H.I' = H
nleL=LHJI1=H

o (H, ) weaEl (U, ) 9F Freis S |

Ttz 2, e (@ @3 fAfeTEcaey wER ofelt weweg et

AMYR 2 T FA (G, ) F0 REAEey 94 @2 (H, o), (G, ) 99 930 @)
@A=L (G, ) Ry go2 x.H =H.x, Vx € H

HSAR (H, ) 90 Feifde @+ vxeH |

Tz 3. (N, o) 938 (M, <) T¥ (G, )93 TeRE T W G TW N A M = {e} &
@ WL (A N 93 ofel o M «g oS «img s Rivmagsy wdfisn . m = m .n, Vn
e NEIXX me M.

AMYR ¢ A FA N-49F (T (&L 2% n G M 9T @ (FAEE 9% m.
N @XM (g 997, - n! e N 93 m! e M.

&9 nemon-lem! %0 REpa = Tt
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T (N, ) TelF, n ' e N9k meMc G=man'mleN
TR no(m.n"lem) e N .. (i)

WA @WEE (M, 0) e JTA nem.nleM, FIneNC G
s (emahyom e M L (i)

(1) 932 (i) (F 73,

nem.ntemleNAM

Snp.m.nl.ml=e¢e [ NAM={e}]

= n.m.(m.n)" = e

= (n.m).{(m.n}" « (mon)} = ec(men) .

= n«Mm=man

TWERAA 4. (H, ) T (G, ) AU W GR W N (H) = {x € G : xeHox ' =H} &
TE@ U @ (N (H), 0), (G, 0) 97 ©F Waw& |

AMYW ¢ A ¥4 a, b € N (H)

" 2.H.a™' = H 93 b.H.b™' = H S<@pHa |

- (a.b™") “H. (a.b71"!' = a.b L H. bea™

= a.(b"l.H.b).a"!'= a.Ha™' = H [+ beHeb™! = H = b~L.H.b= H]
s achle N (H).

~aeN(H)., beNH = ableNH).

s (N (H), ). (G, o) 93 930 @1gw= |

12.13 s

(A) 5 W& (Cyclic group) $

|. e 3 1% (e w9 (G, ) (3 9 936 T 2’ ANE (@ @ WER ererE S
x = a" (@9 AfF AATE) wd 2ofs BoAME x = na (WS ARFEM ACATF) I n 9IH
AN, TR (G, ) & 4T IR WA WE 9% ‘2’ @ & WER TAS G g | GO @l
WG =(a) T4 @N T G = {a"/ne Z}, . afwn o
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4% G = {na/ne Z}, 7= .’ efFmid carst

2. 5T va e Ry« [ s Rfwrrsg = sdm v 93|
3. (@G BRI YT TS a A & AT WA O TS 54 am )

4, TAN 5F WER (FIIG A TS QRS AN, a 9R a7l

5. AR BRIW WET R 9 UEE THF YIS o |

6. 9B W T 7T TN n T 9K THE 2 T a™ & WER AT I9F IS @ W
m < @rE AR W 9 m R n AR G 7E)

7. (NG TN GG WA FA n A & S$oT SIS WA TR n 97 G @5 4K n 92
R A (TS @ 4P (1 KD @) FWA |

8. BFIW WFR (A (FMS WA GHW WA A |
(B) Treif¥® W@ (Normal subgroup) 3

1. Ae@ ¢ T (H, ) 94vEh (G, o) 7FR 95 930 IR 8 @a.H=H.a. Vae G
W O@ (H, ) Q@b (G, o) 93 Freife wgm@ 3= 23

2. (H,"o) 9@ % (G, ) 7o IeRE S TR I 9} 99 W x.H.x! = H,
¥Yxe GTRI

3. (H, o) 93 (K, <) W (G, .) T3 Froifas wgmm 51 9= (H N K, ) TS (G, o) el
FofT S A |

4. (H, .) I (G, ») 93 @b WA 77 9K (N, o) ;W (G, ) «¥ 9 oS Wwed T
@ (H N N, 0) Sigwaln (H, 0) 93 95 wrefds qums 1)

5. (H, ») % (G, .) 99 Wewe T 9 IF [G . H]= 2 W 9@ (H, .) WD (G, ) 93
ST Wy T3 |

12.14 40w okiaet

(A)
() @1t F9 {1, -1, i, —i} OB oo MATE 9B FHIW Wel | 9% 2 Twe & o e
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(2) oW @ Mo Aierm TS FeT we bFtg Wl

e a b
e e a b
a 3 b e
b b € a

(3) AT JEA § (Tt FER FA 3 TF, GG @6 B A |
(4) 5370 7= (a) 9T F TR 30 T O 9% W T Fem)
(5) & A {1, 0, 0F) ALTAD Q9 ALATF 5HR 7o IR TARAF 0 9R 7.

(6) G = {a) 5FT WA T n , T m MG n 97 <O S (divisor) T et I
<aM> YT &9 n/m,

(7) G = (a) b&T 70T FA n ; & IFA @A G 9T (T (FHE G H G TAE 2™
AATA m HRH n 97 9FH S |

(8) T (G, .) &3 6 FARME Ry v @ 93k G2 % 3 FHRME 9= W M,
TR AN TFA @ (G, 0) 43I0 H& v |

(B)
(1) (G, 0) W=TE (¥ (T Y5 W a, b €T T (a .b)® = a’ . b* TS 17 | e wea
@A H = {x}x € G} =f&Fq ANATE (G, ) 97 TS W |

(2) G:{(B z)/x”g}, T x, y, z AFA FQ | 20 I G @ ANATE 9FHG 7 |

o H:{((I) 3{]&EG}, T, &Y FF (H, ) 9L (G, ) 99 Tl wewE |

(3) (G. 0) we=1g <=0 5FF QWA (T, o) ; (T, ) I Freifa= v @ w1 o= =641 (@
(T, .} 97 2ol v (G, o) 97 Frelfas s |
(4) 2 TEA (T HHIY TEA (T (FRNE AR TSI |

(5) (G, o) w8 B 9@ (H, ) 9% N (H) = {x € G : x.Hox"! = H} ;
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GRIR @ (i) (H, ) 997&d (N(H), ) 93 FeiiRE Suwe |
Gi) (H, <) (G, ) 92 Freifas g g 1 9] @I I% N (H) = G T3

(6) (H, o) T (G, .} 93 9FTNG W W TV (FA m TIARET) SF @744 @ (H, «)
WHA® (G, ) 93 FSREF W |

(7) (H, .) T (G, ) 99 7eRT Qe @ @3 (K, ) W (H, ) 99 T s 23,
T G0 TWLAEAT A ¢ @ (K, ) 9D (G, o) 4% Treifds Qewe die gE Ava |

(8) (H, o) 432 (K, o) I (G, ) €7 HeifdE Togal 30 O3 o 38 @ (H. K, ).
(G. .} 93 FrelfE 4w ¢

12.15 Teae

(A)

(1) i €3 -i

(4) a, a7, 2", a3 al7 al9 23 a29
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@%F 13 U 954 (Ring)

13.1.
13.2.
13.3.
13.4.
13.5.
13.6.
13.7.
13.8.
13.9.

13.10.

13.11.

l3. lz‘

13.13.

urzi

AFIE

T

AP HIRaTTR

fae (omr) 97 wicwmt e Twizaa

faz (wo) s Tosiw oz

7= %@ (Integral Domain)

a2 (w9) @7 @B (Characteristic of a Ring)
7 fr (Sreem), SR 6 6 Bl
e (ldeal)

@PFD 3, W@ e AR vy

faz (wom) gz Tl Twwd

AIFI

T 2

13.1 &3ia=

93 TSR WSS oAl 9F6 @63 T4F Bom o Fa (binary operation) e
KBE T (7 [T (S | @ TF A Tl @ WeaTEs Toie el 3
9 FH 9T A il fom ofem S AT Yna | @R Wi GR
AR G FE TG 4 T | Tuz@dl AR 43R AGRISNA RS AR IR
O Grem )| QA U6 fom afem AEe—aF b I @ @ 9R RSB o
GG T4 T Qe GIB @ 40 fom efrm wEts, I e W @i

7% (g

43z oEADhE w9 AN TR F49|
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13.2 Sreeg

4T (TG faoin ATl TE 93 CHE FoToH TP 29I FAHE 95 (Ring) I51 23|

ol 3 TR FERG TP 39 I, oI A Reww Iy 31 @ | W 92
Tame &, [afen Swigad Amanst @2 WHE WEs I A | WAEE AT T
TS (subring) I T TE AIAMS TR 43 Sz [feq wfe 7 wmwamwy e
QI |

13.3 o wrEeR

W (ring)-93 EIGN FAR ot To3ef wam o Ty Roaw engres )

faom ofF A (binary operation) 3T0® IR IR A x A TS A-CS 3B B34 (mapping) |

adie aob = ¢c € A @UEH Ax A, A Go67 FTCSRerT 99 361

widid (@M G35 B ofrm W GB G93 TR TPieErs e O oo ofF e e
G-(F T I W (Group) A i o1alb To:fmr@me w31 @af =

(1) T=®! 43 (Closure property): acbe A Va, be A

(i) A<CAEHD 43 (Associative property)

ao (boc)=(aocb)oc V,a b ce A

(iii) 23F Tomei-93 MM (existence of identity clement) ¥ (93FF) wde
Jdee A @ ace=eca=a Ve A

(iv) R#ATe Tomieia faaiTet (existence to inverse) iV ae A Ja’

@ acal=al a=e

& 5o afraifd sae «al Fo:fm (RfFwaal 3t commutative property) asb =boa, Va,
be A AP FTAF wHLLE RfFwIasy v 3t wfm v wA @Re e Bona o
AfFai aum 9> 7o Fm TaE, R QW (semi group) IE!

13.4 S99 (ring) @ o= fAfen Twgaq
@ae (6 R it Rowm ofm (a3t 3o @ @19 ¢ wRbE o) 93 AHTE e
(Ring) 7o 32 T o6 coiet afiFam smoies @ 3D Rfnm @y w1 @ ¢ 9 afiFam SeTE
G GfTE @ 9} Rewm ofdrm 16 Aners I ¢ ow 3% & 4b AFm w3 Reiesa
@ (R, +, .) 930 WA (ring) T W
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(Ya+tbe R, VabeR
(2)(a'+b)+c=a+(b+c);‘v’a,b,ce R
3)30e R@FIa+0=0+a=a;VaeR

(4 Vae R 3-aeR@Ia+(a)=(a)+a=0
(5)a+b=b+a;VabeR

(6)a.be R;VYabeR
(M{a.b)c=a{bc)yVabceR
8a(b+tc)=a b+a.c;VabceR
(a+b)y c=a.ct+tb.c;VabceR

(1) (Z. +, .) 4= =)

(2) =f% R={a+bﬁ:a,be 7} T@ (R, +, .) 936 9 TR | FRE WA (R, +, ) T
a9 oiFmR ATATE RFSEES (commutative) T8 @ (o fRfwacaisy wew 3= =3y

(3) (Z. +, .) @ fAfTwararey o |
(4) (Z,, +, .) 9 REFTICH S 7 Z, T TG (RERIA G |

QI FFTF W | (FRE THFA (R, +, .} G FATE GIF AFF d WHAE
AFTE GHA &l T8

NFTYE THAL THIEIY £

(5) PR &6 Z AR @5t € o fFTF ATATE Oo 3k 1 AN 99 9%
fema (rem g weaq {Z, +, .} Sl e 9T |

(6) 7B TRl sfe $-93 wafE @feRm ¢F SRR @i G @9 e orE
ATATE 9FH WHAR N FE W W [1] QT GFTF)

SITBMR (FWNE WA W QI ACATE G933 (3] 7T Tomm) A1 s o afors
ATFZW T T AN (T

(7) (I AANE GO MURY @51 € BT AT WH W WL 97 T W7 9T
ey
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(8) 9= 76 & T WF BoAWWST n x n MrAw WG @t W= wefE e sk
oot E @ € BrTe AMoATE < T I AR W SR ISHG 7

(9) AT WY FHGRR == OR n x n WA Wise ) wiicm ae € wrem sors
o5 W 43 IR A Ry Kivwg@sy 99

(10) e 7ol wr sfés n x n wieodg sfimeE @t e v efFmm wrars s
% A @6 Ry omwa 73 9 TF My S0E 9T @3

£ I® (R, +, .) <30 w7 | R<92 93 TAWR a-F 007 AWSTT (Jeft divisor) I
A AW a # 0 ZW 93¢ R WA R GF6 TAMA b A4F @B b # 0 43¢ ab = 0 THAWR
b-(F S A GIRSIE (right divisor) 511 28 | (S WA [ ©lere G TIE =1
SEEE A T 2(d |

(1) 4-a3 AoArs SRS Mg GI6 iR @19 € @ 97 SeArs o 9e b oo ) 93 g
[0] st 4o ) 7oy [2] (G wee SreE @ [2] = (0] 9% [2] * [2] = [4]= (0]
adis a5 a9 9=ff wEm W7 W e o wnR

0al [0b] [00O |
(12) g a =0 @@ | o x| )=l = oKk IRE AN @Gl e 2x 2

o el 93l WA SN T3 R W NENR TR S

AN T B AT MATR (AGH A (@9 € W HI(ATE S 5197 F0F T S0
TR CTEE (1% | G% AT SR SIWEl 9% (T (Integral domain) f# |

(13) 4 AE S = {[a, b] TEAMF T AT TG Trorwaaf |
ST (f+g) () =f(x) +g(x)

(f. g) (x) = f(x) . g (x) BB (@ ¢ &9 AFUNT Ww@iETe Fam it &0 o= o3a
T @AM O(x) = 0 € I(x) = | @9 € SEF HMATE 975 |

13.5 oo s Torewpmz

Tty 1. af (R, +, ) 990 WO T € a, b, ¢ WA (@ @G [eals BAME 23, TIEF
(-{(-a)=a
) -{a+b)y=-a-b

(i)—-(a~b)=a+b
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(ivila-b)y-c=a-(b+¢c)

A (i) @Eg a+(-a)=04K a+a=0

TEAR - (-a) = a
(i) (@ +b)+ (-a-b)
=(b+a)+(-a-b) [(MEga+tb=b+a]
=b + ((a + (-a)) + (-b)) [ el 8 WePd ]
= b+ (-b)

=0

AFFENE YW I (-a—b) +{(a+b) =0
AL ~a — b, a + b 47 fawidre Toimiw
gdis —(a+b)y=-a-b
(ii)a - b+ (-a+b)

=-b+a+(-a+tbh) [@ZZa-b=~-b+a]
={-b+0)+b
=—-b+b
=0
(ivia-(b+cy=a+ {-(b+c)}
=a+(-b-¢)
=(@a+ (b)) +(-c)
={a-b)-c¢

Totoqrws 2. 47 T a, b, ¢, {R, +. .} K 97 @ FAlG Boimim o=
(Va. 0=0.a=0
(i) (-a) . (-b)=a. b
(m)y(b-c).a=b.a-c a
(ivia.(-b)y=-f{a.b)=(-2a). o
(va.(b-c¢c)=a.b-a. c
g sa. a=a.{fat0)=a.a+a 0
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TRE¥a.a=a.a+0

Tedlka.a+0=a.a+a.0

q, 0=a.0

R (0+a). a=a.a

g 0. a+a.a=0+a.a

ek 0. a=0

(iJ)a.b+a (-b)=a.(b+t(-b))=a.0=0

FEAk a . (- b)=—(a.b) (iv) zmiss

g (-a+a) . b=0.b=0

e, -a.b+a.b=0

A, (-a.b)+{a.b)-a. b=0-(a.b)

qaA,-a.b =-(a.b)

AR a. (-b) = —(a.b)=(-a.b) (iv) &W¥S)

9% a 93 I —a IPII AR

(~-a) . (-b)=-(-a) . b=a.b

oA (i) LTS )

@R a. (b-c)=a.b+a.(-c)3IW MIT ITA @hiepa
=a‘b—a.c(iv)$13iwqﬂr§’l!

ALK (v) FTS | GITEHA ©F Fa 36 43f arans @b aoa 331 781 @
(b-c).a=b.a—c. a (i) e

oot 3. (R, +, .} 9F0 ST GITTYE B A ST GO e TA |

oY ¢ 47 T G GO T AW ¢ AR o 02 BUIF 93T | Q¥ AN
a.e=e a=a VaeR}

a.e = ea=a YVaeR
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T T T e. ¢ =e.e= ¢
dé e e =e . e=e
qdfie, e = ¢

TAN 4. (R, +, .} S ST QAR T AT LA W A7 WY *FR OGS Al QM|
foIfiesmn 320 AW U9 OEE A AN 97 ORI QTR SR A 2rare |

e 3 43 T (R, +, .} 9 e @me oo @y IR
a.b=0=% a=09RWb=0

AR IFN AR az0TA a . b=0=2b=0

TR I S BPMT a . (b-c)=a.b-a.c

99 a.b=a.c=2a.b-a.c=0

A a. (b-c) =0T ax0 9% IHFH AR FHE OEF G2 [TSAR b -c =0
MAb~ct+tec=0+¢

AWb=c

TRE b0 b c=0=20c=0

A9 b.a = ¢, a GG LY

=(b-¢) a=0(AZZb.a~c.a=0)

=h-¢c=90

=b-c+c=0+c¢

=b=c

SRR I SR AR QT WA RS A |

G 4R A QT QAP @G (R, +, L J~a 2AG | 4B A FA G @ {R, +, .}
-4 ¥ (TG SITE @RI fA TR a# 0GR a. b=0WARK a.b=0=a . 0 INWI
AR T AN T I b = 0

AR gN TFa . b=0€bx0
TEF a.b=0=0 b SR A4NI & AN T HEI a = 0
A a.b=0=2TWa=0¥RWb=0
w4, (R, +, .}~ YTIF @FRE SET G2 |
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TN S, (FIAEC IPHA QLR AFTFO FIFZ ML SIS IR Al |
oSl $ &A1 W=, (R, +, .} WA 2 BAMED ST GFF |
@Tg a M T8 a~! ¢ R-9 AN
W aTxa. b=0
@dq a7l (a.by=a'. 0=0
TR (a7l a) . b=0
1.b=0
A, b=0
URAA ce R IR ¢ . a=0 ZF SFZSA (RTA 7183 @ ¢ = 0,
Tie a MR I A T ORHE IS ARG Al

13.6 ‘T’ﬁﬁ %3 (Integral domain)

a3 WA IF A FRATF WS VoAmw wng | @6 @@ AArs fafwmaey ¢ A W
QIT 9T WE 433 T M AR (@FAE TEE G2 (12 e a1 28 o owa )
Burgaet 2R 3 IR 2 AR G 2 o3 it ova e @S | GNB 2, S Gl
AT 4T @ % W FAR PR (w3 TS AF A

Teark fm cva Fofmef atenr fge T ad;

(D, +, .} 93D 7w owa 731w

(i) et e D 9wl Rfenrzisy v 20

(i) ST ACATF D 90 S 2 |

(iii) D97 W @ @FRB AR € (iv) @9 fFm D-co [

Bt 9. Z, 4T p-a7 A TR Ao (AT QT @9 @ SR HATATF) Z 4
ot o =a nﬁaa\amaﬁpﬁﬁcﬁﬁ?ﬂmw

O AE 2, ¢ p TR AT TAR T p 4G GO KA

43R (1], [s].€ Z, 93 @ [r] . {s] = [0) == r. s AN GG TN FR A p WA Ay
e v e s 93 9. m @, (r. s), p Wew Ao TE, p, r 97 TG 5 93 BN R, @A
p 4% CUHES 71| W9 I WD [r] = [0} T2 9 [s] = [0] T | AR Z,-C% [0]-93
e TeAwE () AR 2 e oma TR p I AR R |
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TETAp=m.n 1 <m<p, | <n<p Aeq I FACEA {p] = [0} = [m].[n]
44 [m] # [0] € [n] # [0]

AR Z) el cwm R

13.7 w9 (A% (Characteristic of a Ring)

swE ¢ AR G (Fe qEINRE AR n NET AW NSl (a+a+a+ . (n IR)
=na=0Vae R I8 (R, + .} 4F0 K TI3 n-92 FTAOA AF A 28 (R, +, .} @A
TafemrE | 7l 4FE @ 0 T NET AW OIEEA (R, +, )47 QIEEE 2 W& S 631 g

Boromy 1, (FiRe wrom 9w RFEE wom (R, +, .} @3 REEE 90 @IS SIe Kl
L Wy A

znig 3 4 TE (R, +, ) 9FD org 9 (RS o) wEe 491 9% 9 99 |99
T (order) WLA 1+ 1+ 1+ 1., (nIA)=0

fAnl=0

479F 2 € R H€T T A9

..... nMHFEATE =t.a+ lat . la
=(1+1+..+1).a (B 4IA)
=(nl)y.a=0a=0

@, 97 AN 2-99 W@ < n

UL, I AW (R, + .} 99 @R n

AFTEMR | 43 NG Ao A R-47 @AFBE 4 71

Botwmy 2, @WE A ONTEd (AHE 0 ST P TR IW (R, +, L @ @HE SAMITT
(% ATH) @ ( {R.4, .} 93 AW IR) n @9t A A

amel ¢ 4 WE (R, +, .} 40 % (FT 9% a e R, a# 0

AF1ARE 2~ TAN n AL FEH SMZ na = 0. A AFE b e R 2% b a6 S2Awiw Qi =
T |

44T na=0 =(na).b=0

=@+a+r  nWA=FE) b=0
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=(ab+ab+ .. nFHEYF)=0
=a(b+b+ .. nMIYF)=0
= a.(nb)=0
g a=0e (R + .} o 4fx cva
SSAR nb = 0 A b-a43 WA < n
q b7 WAl < a 99 T
NIFE LR TA m | SLA m.b =0
mb=0=(mb) a=0=b(ma)=0=ma=0
(&F+ b #0
CRE a9 A € m = b-97 Al
9% F&l A 297 W& = b~97 @ |
WY, x € R 9% x # 0 TF x93 WA A n WA, {R, +, .} 93 @FBE 0 ;@ @@
ToAMIASE Wl (2 ) |
oo 3. (Ie 2 CRTaR (RRIE T XA @F 6 G SR
omet s 71 I (D, + .} <3 77 (¥ (integral domain) T @REE n T EHERE S
7|
NIAZFEp.q=nIWE I <p<n
1<q<n
SR FB SPMA n. 1 = 0
A,pq.1=0F,(p.1).(q.1)=03,p. 1 =09, q. 1 =0 (& SCABIA (A 2ol
CFq |
WIFp.1=0
T (AFNE TAMA a € D @R a # 0 el TF
pa=p(l.a)y=(.1).a=0.a=0
A, p. a 92 NG| Y AUl @ T 0, (D, + ) 97 @RE 9 I P
p (< n) {D, + .}~a3 &aEE | T fEE B | o aefis W p i dhfee a3,
4G ] 7Y |
HSAK ik CwrER TARBED @ P A O G EnfEE e
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13.8 9¥S%+ (Subring)

¥q] R R 90 S T Wy S 9 RN @ faom AfFaaf™ Jees R @Fi W5 |
e & faom 2f @ ANATE S ¢ 9FH W W O3 S-(F R-97 WS (subring) I 2 |
QYR OF T T THI ZETT H6F ¢ T AW W FAK |

AR § 43 WE {R, +, .} 96 9T ¢ S R) 9IF {S, +, .} I 93 W W o= §
& R-499 WqIsH 41 TH |

G T T AOE SAIAR TS G5 wem Wzt W (R, +, .} OB R4
ARG A 429 I aE AR O e wdwsE |

weNE Yy X B fre o GRS Gibe o e ) @R qftrE wsey wiesw
(trivial subring) I=1 €1 |

(Z, +, .} 990 7 @A (Z, +, .} . {Q, +, .}~97 9FH WewH

" {Q, +, .} . IR, +, .} @F0 SA4THA |

0 x
43 qIE S={( );x,yeR}
0y

A TGEER @S € orE ANHeE § I w2« 2 3 aniwefd, w9
BoAmmale W A, AT WHA o1a I 9 R O 9IH Wy |

oot 1. 47 TF S < R 936 ARGE ¢ (R, +, .} S0 WHA ! (S, +, .} 4F6 quHa |
A T 438 gFWa T

a-be S a beSVa bes§

oA 3 4 E (S, +, .} 9B (R, +, .} 97 FAEPA | TSAK S @93 ANATT ¥
(group) 1 IS b €S = -b €S | WRAR @ATY (A4l faom AfFTR ANATF § GHH I7 SAK

at(-bye S

HEia-b e S

A SIF FACPES S OB/ TmI oM Va,be S a.be S
TIAK BARTE e § wHepw zeTd T B Td|

ffror 4@ I S < R 3 G © IR Ty a8 HEefA of W) AW 2 € S TH
a-a=0e STWURNae §,0e SITWIIRo-aesA-ae s
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ASAR QIS QR GTT P S 97 WY W IR @A 93 FAATF 2SS TAME [ee
ToAMEE § 9T WY AR

WAk a, be S=-be S.Aa-(-b)=a+be $ITSAR @4 AR ANATHS GO 7=

R @9 2 EFTA TS R~9F @ [@We ot SoAmeaa T Aot o3 Pra 2a1 § @
el Tomm P e 93 X TR R-97 G BoAME GIZ (@9 AFTF AATF S-9¢ PR
el of e a1 qne eferm R o s @3 391 I IF 4B {S.+, L)
4T oRfE WA

&S #E (T Rt SR S o ARFTR AATE IF | G [ @RS fol Bomaz o
2AETR AATH SRS 43 AT FF 1 & fonfd Bome @38 K R-9%€ Tom= ( st
AfFTIR ToR o AfFTR ABA of ASHe @I A I W | TSIK (S, +, .} 9T W
QYA I T (S, +, .} (R +, .}-97 G DA | FOAR WG o ¥ (S, +, . }-(F FESHA
ot TR YivF WAB |

TFRIE ¢ Sc R @& {8, +, .) {R, +, .}-9F WA I A S + (-5) = § A
S.Sg sz

Botoly : (R, +, .} AR @ @S YS TS (2 9 W

el : 4q W (S, +,.) @R (T, +, .} {R, +, .} 7 A0 WA S ST ¢ (WY
0eS @R 0eT |

GHAWSAT= {0} IOTAS AT {R, +, .} 93 &I W4 3, @1 {0} G0
(R, +, .} 97 930 A% LA |

ASSAT#{0}9kabeSAT

AEPabe SNAT ae S9Rbe S

YRR S, +, .} 9FH S|

~a-beS

R Ferc @ ANa-be T

MW a-be SNT

WA a.be SCa.be TASMa . be SNTASNT IR AMATE Tal

TR oS @I TaSHA |
oRPaTE ¢ dfre STl 9% wuemeR (R P eEhe Faty G eRefk @ e
(e 9B WeeTE | 93§D W @ @FRe KT ARk Frre Fiael g A

KM oFfoe AT ST |
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13.9 S5 (Ideal)

AL ¢ 4 TF THFL 96 ARGH 1-F (R, +, .} 9T W WA (feft ideal) I TR AW
(i) {I, + } R 93 @3 TW (Sub group) TW 93K

(iyr.sel Vre RAR Vsel

SRASIA, R S 9Ff ARGE - (R, +, .} 93 ©W Ao (right ideal) 357 3 1
(i) {J, + } (R, +, .} 97 9% WaaT (subgroup)

(Ms.re) Vse SS9 Vre R

S GOHEE (R, +.) iz 97 93 wma (Tow «ivwaR) 3o W3 W o 9T f wsom
AW € TN THAR T |

PfrEg ¢ {R, +, .} 93 @FE IHAR S {R, +, .} BR07 w0 Suwmm 71

e 3 (S, + ) <30 WeiE oM ae Sebe ST -b e S WA C @ ARFAR
IEE WFPMA a+ (-b)=a-be S TI WA S 93 S |

WA rse SHWsre SYIVse §,Vre R

YA r.se SIR s re ST

Fdire SC€se S &I Sc R

TSI Gt AT Iwe! 43 € S 7 FA| SN S 9 RewHH |

AN TF PR (e RfFsarasy woer (e am wsem 93 T U S 21|
ERE $ (X AR G (subring) FITNT SHAR T

s S, (R, +, .} QT YN | JoT rse SVrs. se SfABre RaRse §
s e STR AW (TG FH6TS (Z) F[SAK TG TGAE, TR A% Aoy |

THERY 1. {Z, +, .} @A Z o A o5, @3B ot 9 S = {kx : xe Z) T
k 93 FffR optiam (Z, + .} 93 93l s
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A 2. 4% (A9 G Q9 AT AT Q 97 W | Z, Q97 @3 weS | g
afS {Q, +, .} 9% IR TR @ V2 o TR V2 . keZ @ ke Z

b
Twrgad 3. ¢ WR={[: d:’ ; a,b,c,deQ}

0
AR WEH Q@151 8 B ATATF @6 90 o | 93 Ty s={[0 :] x,yeQ} L

I WHATEA |

P aci(0x _ 0 ax+cy S
[b d)(o yJ-[O bx+dy) ©
ot AR, (R HGA (@ (S, +, ) 93 %=

Bototwy 1. (R, +, .} OB S 9 T 45 SO@ @&, a0R @@ S N T @ (R, +, .} 93
R |

Y 2 €T TF (S, +, ) R (T, +, .} (R, + .} 97 G0 GG TSAK (S, +} ¢
(T, +,} {R, +, .} 93 7= CCHCE S N T @ (R, +} @7 Wy TR

YRR @ TTse SAT @Rre RI ARG S 9% T {R, + .} THGR %A |
s.1€ SURs.re T=s1re8S§NT

IS r.se SANRr.se T=2r5e€ SAT

HoAise SNT IR re RTFs.re SAT9r.se SNAT I SNT -¢ 936 === |

7w I, (R, +, .} TR LS 46 WECTA wiz—a= o (R, +, .} e 9 wo43fe
J5 GHEHA { 0 } | AU I T 4TS WHAR (unit ideal) 9 FORHE 9N 7 7
THAF | G% S WHAR IM W] TIHATE I T &P WA (proper ideal) |

13.10 fFerE® oW (Quotient Ring)

4@ 3T (R, +, .} 9F0 O 93% D, R-93 I AR I AW RD = {a+ D ;a e R} !
@ R/D @0 o4 T 99 (@19 € o AfFmoflns (SR WRT:T 1 Q|
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H@+D)+b+D)=a+b+D VabeR
(i(@a+D).b+D)=a.b+D

4% WAL (Feres o (Quotient Ring) Io71 2 | OTF B S (Factor Ring) W9t
farare= @ (Difference Ring) 351 TR AT

wEbEE 12 (R, +, .} 930 Rfmcss s 2= R/De Riawaay oo 33
AT 2 2 (R, +, .) THIDCS OFIF §IF AW R/DCSE QR I AL |

13.11 Twrzad

TATRY 1. HH (@ [0, 1] TEANA B @ NG WorFdpafera Gl sorsdale @
< QTR ARATE RISy wo e son It

MR 8 Q91 £ : [0, 1] - R

AR A+ g) (x) = £(x) + g (x)

ARAf. g) (x) =00 . (8 (%))

AT @ T A Tofmalr ool s wEET T A

(i) S T G TS AT (TS 9B TS WS | TIAR @IS-4T AR
ot qEe! 4 St BE

) {(-f+g)+h} () =(f+g)(x)+h ()

=f(x} + g (x) +h(x) = (x) + (g +x) (x)
={f+(g+h}(x VYxel[01]

ASIK @A-4T AATE FAETe! ¥ e i

(i) 8 (x) =0 V x & {0, 1]

aT%E (f+ ) (x) = f(x) + 6 (x) = f(x) + 0 = f(x)
GFLTSIA (8 + f) (x) = f(X)

HAGAK O (x) = 0 WATIO + 9T ANATE 9T

(iv) (-0 + £} (x) = —£(x) + £(x) = 8(x)

q&AK —f+F=0
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aFRSNA f + (-f) = 6
ABAK —f (x), £ (x) 9F @S-G9 FAATT FoAS Soiwtad |
(M (f+g) ) =f(x)+g(x)=gx) + f(x)
=(g+0x)
wefie el e Rty
Aodk G @5 2fdFarm AATE Sl wal )
WRE (1) (F.g) (0) = f(g) . g (x) 93 TS QoAFS)
AR @) {((F. g).h} (x)=(f g)(x) h(x)
=f(x). g (x). h(x)=(f.(gh) ()
QIR ANATE FCAETS 4 afre 2q|
@) . g))=10).g(x}=g(x).f(x)

=g H &)
wefie Gl (o BTN AATE «ft Rffsmtaisy s |
TF G AN A5 43 oo o qy—
OE g+ =fx).g+hHx=1(x)[gKx +h([x)
=f(x).g(x)+f(). h(x)=f.g(x)+f.h(x)
=(fg + fh) (x)

OFTSIA AN ITA 4f @ et Y | ALAR At «3 RiFsmcaisy =e@ | 775w ot amm
GFG TR TR MG GUR 9T ANZ IR TF WY FAR S WIE |

e(x)=1Vxe [0 1] W @& oNGT wEsfe 93¢ @t @193 @31 =1
(e.) (x)=e(x) f(x)="£f(x)=1(x).e(x)

=(f.e)(x)

A f(x) =a-x :0Lx<a
=0 anSl}

IR g(x) =0 c0<x<a
=X-a :an<I}
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GIET T f (x) 93K g (x) SATF 4b3 ATS WwS T 0% (HI M2 Y 58
f(x)20=zg(x)
e (fg)(x)=fx).gx) =fx).0OTWI0<x<a

=0g(x) T agx<]

=0 = 8(x)

AT TAMAD] Gl @9 6 99 AFAR ANATE 90 REETeasy w6t | 9 S or
AFTF YMNE € [ SIET g |

THZAY 2. @ R © I Fom ofF Z-a7 Tom 3sIa AES @ @
(Dadbb=a+b-1

2)a®©b=a+b-ab

AR @ (Z, ®, ©) «F6 R @ep oo oon F@ 9R 97 Y T 9FF W

TS S A TEF ITA a D b =a + b — | 90 oK | IR S92 HANATE (ZD)
G 3G |

2)(a®b)y®c=a+b+tc-2=@D®(bDc)
3)a@b=a+b-1=bPa
Db=1eZ9RaPl=at+tl-l=a

SRR 1 @ a= ] oA | 9T AMATHF G5 |

€ AT a 97 & FACE Retive TAWE ¢

ORE a®@c=1TF

T a+tc¢c-1=1%RAQWc=2-ae Z

EAK H-a7 AorE Gt w3 [Afemoey v
R[EA{aOb)Oc=(a+tb-2ab)Oc

=at+b-ab+c~(a+tb-ab).c
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=a+b+c-ab-bc-ca+abc

G B TF ("

a@bOcy=a+b+c-ab-bc—ca+abc

TAR @TE FaeTe o g )

477 A% gfafd orar TR

a®@bdc) =aOb+c-1)
=at+b+tc-I)-ab+c-1)
=2a+b+c-ab-ac-1

R (aOb)B@ade)y=(a+b-aby®a+c-ac)

=a+b-ab+tatc-ac-1

=la+b+c-ab-ac-1

£ AL (AW T

b@c)OQa=(0b0Oa)d(c®a)

adis, (Z, ®, .) 93 R

491 F x € Z QI 455

TR x®a=a®@x=a T Vae Z

P x+a-ax=a W

AWa(l-x)=0FI T a1 T x=0¥I

R x=0e Z 9T a =1 %G

a®@x=x0 a=a%TA PR x = 0 ToAWHID ST 4T

Twrzad 3. T @ WA x? = x ¥ x € R O (W (7 wmAs Ry

AMYA § FTFNW x2 = x T (-x)2 = - x

e x = Ex)E = (x) (x) = x2 = x

TRk (T e 10 TAMM a GR b @7 T
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WA (a + b)’ = (a + b)
AP, (a+tbl.(a+b)y=a+b
qd,a{a+by+b(a+tb)=a+b

A a’+ab+ba+tbi=a+b

AW a+ab+ba+tb=a+h [-- a2 = a, b= b]
WA A AN WA AR

ab+ba=0

q, - (ab)y=ba........... (2)

(1) A € (2) AL (ATF 2R ab = ba
TS A RfTRTaag |
Tz 4. W @ (R, +, .} 90 REcEsg oo o7 3w 93 e 1w
(@ + b)> = a? + 2ab + b2
T ¢ 49 TF ToAs Ry
wudie a.b=b.a VabeR
ORG (a + b)> = (a.+ b). (a+b)
=a. (a+b)+b.(a+b)=a.at+ta.b+b.a+b.b
(@%7  wHRPIR)
= a’ + 2ab + b?
(a + b)> = a? + 2ab + b’
g (a+b).(a+b)=a.a+a.b+b.a+bb (I% &)
= a- + 2ab + b? (Creq W)
A, a.b+b.a=2ab (AR FI)
A, b.a=ab (WPFRY )
ek W fAfersraraleg |
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13.12 SAraiee

92 Qi wAfce Rezef @ W it Rew ofem @me @3B &6 R-9 Skare
QFE, @FRE Fo:Pmafd @t I (R, +, }-(F T N 7@ FEI0 fm S
FAZLANS T PReFR SEET I} AR § 13.5 -9 wHa AEFS Sorenval mene @
e, @ e ool Afaafs B we

s Foirmalr e Il 7wfe a @ o owa (integral domain) #rem
| gl wHASRR Wy ToTe RO warE T e ova @ TR § 13 6-4
A I TR | SREAR @fn W e N ovg T3 Boiew 71 ot fage e

SHAE (APRIE FE I AR @ TGS SAAGH § 13.7-9 ATADN w9 AR
TAAmroRTe W Wk AR (ARRmelE sie g w9 k)

@Fe G0 S ¢ R 93 44 (R, +, ) WHWI GHEHA TR O § 13.8-9 DT TR

TAAMITS (FRE ARPIHT WESHA 26TR IRAS *FofF e 01 ez 9 @um
(% @ 4SO By WA 7T TLTHA NS Tl WABE IG |

§ 13.9-4 SO SIAANTE ST (TN QAT | % TR SS9 @ SHAET N4 FRige
AR

§ 13.10~ fReros w3q TE IE [T I R 97 T W WA SAFTD
A THIRIA (T, (TR CRIG! ZACR (PR 9o fasm afFad Anors awe feeia
¥ )

13.13 o9 2NN

1. oM @ {a+bV2: @AMA a,beZ} FBH a7 o)

2. (UM (3 10 93 PR MR e ¢ STR ARATE S = {[0}, [2], (4], [6], (8]} «*f>
WA NIR T

[ Fot + s FosPrasld & onbe wy e @ fmn orE )

3. oA (X 693 SR8 fir G S = ([0, [1], [2), 3], [4), [5)} <= Rfmmmrarsy
GHA S5 I TR WY QR I € A SIFE T |

[ frofet ¢ [1] B ot @31 @3 (2] > [3] = [6) = 0 6 [2) # [0] = {3] e T
STy WG W% | SR Fo:Fasf Bom Turari wo eend e & (R ]
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4,8 = {x, vy, z, w) 9% G SR (1% ¢ o4 f57 forg rem =1 ¢

+ X y z W © X y zZ 0w

X X Yy z w X X X X X
UEES

y y X Wz y X y F A

z z w X y z X z w y

w w z y X w X W y z

e S (ol 9w e ogw W) @R WA G € @ 7o Fefn =)

[ P ¢ sl e g9 ofFar fora @me Brammaf @i e ot TE 9IR TomR sihew
Y AR A ]

5 Y (3 M={[x y] : x,y,z,weZ}
FAR"

wifmefr ool anet ¢ a4 afFar Sners w5 S5 TR IR WY YR ST SE |

) 107 [00] [00
[ﬁzmsm‘{ﬂm{o O]X[l 0]"[0 0]

O TR <SS e W 9IS S T |

6. G (T R:{u+vi/5+w3 4;u,v,weQ} e e e a9 ofFE Ansire a3
5 |

[ P ¢ we:brael Pra @ &1 orgA ]

7.0 @ R={a+bJ5 ;abez} @ e o ofiam Mmere of <3 opfor o ot

Al

[ fooin s (a]-hfg bl)x(a3+\/§,bz)
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= (a2, +5bb,) +4/5 (ab, +ba,)=0

4G aja, + Sbb, =0 T A2, =0 =b,

G a;b, + a,b, = 0 T= } A a2, =0=b, TH

8 D 9ol 9 (7e @ x* =x, Ix € DI AW x = 0 9 | A
[ Fofa s x2 = x A x? - x = 0 QA

Ax (x-H= 0TI AXx=09W x - | = 0 T

b
9. qFMUEM = {[: d] : a,b,c,deR} 4R M, ={[2 E] rabe R} A @AM, M-

42 OB YA |

ao
10. {M,+, .} T 2x2 AR R Eehn wom @ e M2={[0 b] ; a,beR}

(7 @ M, GO (M, +, .} 97 I A T T ATFI, SAA 73 |

11. Z_ , p-97 wafB m%mvt@mw{zp, +, .} ¥ o ova I W W
&m‘ﬂ%fpsﬂﬁ AMfers A Ty

[ Ui @ T @Eee Bsistmfs = 3w 1)
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93F 14 O 5«

ol

14.1. oA
14.2. T

143, AP WiRapTR

14.4. 2T (Field) #o@| a3 $HEd

14.5. 2Pm A@DE 4T, o © ArEEe s
14.6. =42PS (Subfield)

14.7. =5 (Ideal) @ A

14.8. AR

14.9. oty opedt @ fri

14.1. =R 8

O3 WIS NG 21 32 (Ring) TR @ATEA | 936 GBI B %G fGom afemn |

YRS FHHMS A 00 716 fo7 T @t @R as afevn e =i o | @
OT6 R~43 B2 (@isl ¢ @t qib a0l aférm Awre gt T4 GHbE W9 (Ring) I91 T3, €2
(e @Fe TosFmel s (Ring) 26T 3 (et 78 wafd W e 91 T |
(@I smeTa fam efeatefd wre el RAem Fo:fE @9 33, W semel [r
arrERe Fafy s, fRAfFacatsy s, 9 ca (Integral domain) T97I# | 94ITA 775 321 (ITS
A S FosPraelE X wRe I’ FoHE (e T I} 4AE WHA-93 )
e Hfre 70| welie FiIQ wHA-97 G6-a7 W RFrgisy oo s 4w craef o
430 ARG ISR THER Fo: Pl or ure 7 e cren o b
e (Field) 4571 0 | WiRe AT 31 3@ 390 T e ovia wRe I Fo:fim
farm AfFmefe +ad aat ons e 3a 1) wdie T AP o6 e <% cFa eTHa
ARCD WA <% CFLaA G 7B WA (IG-9F ARG | A% @ THAHA G2 WY

[ 19 |
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14.2. TSmpy

3 WA ] Frr-aa 7o Praof TS i 349 | RiSw Bnzad AREs 7S ¢
ARRFE-aa grRMeR 7S =1 TR | Rre-aa Fo:bmeln B Féeia mumd Fragel
Betoney o1 g ¢ awifis T

14.3. 2R YREPTIR

G AT GRS AR @Re G BoAn Acwrs e atrm wErE wRiRs s
@ 9=t Bra ofFINE RXR TS R b Sorss e s = 419

@me @B R -4 61 3T, @b oy ofFm wcmre wnz | @R v ofrml soef Re
TG AW FAE & BB (R . )-F 93 w1 (group) I W | FoFrmefs = ¢

1) acbeR VabeR (IF9! &)

2) ao(boc)=(aob)oc:Va,b,ceR (RIS 4)

3) JecR TATT ace=a=eoa; VaeR (RFF-BoAMIA wiETgera 43h)

4) VaeR, 32’ ¢ RIATAS aoa’ =a’oa = 0 WL G TAMME 2 93 T) SIF0 SAMA
a’ oftedl AR [ 9% 7&: Pl 79 71 ) (R Beiniere e o))

Ty

5) a,b=ba Va,beR (Rfvwa «f)

A (R . ) Ry ot I w3

@Wa @59 12f6 753 #fFm SIS AR/A AR 76 AW @15 @R 99 TR 7 @
AF| (R, +, .}~ W @0 @ W @tel AfFmR Anees ot a3l Rivasy #91 ¢ o
AT ANATE 6 9T G P (QTR ANATF 5T 13 '@ WA 43f »1F |R) @ TonafFram
HTATE GfS IR 43 (TRHITFR IB 43 @ IWATH 3% 43() AT I |

(FAe T T o< 2fFTI Aerwe R «f «ew 33, oun it Rfsmrasy =W
N | (FE THA-F T SR IS AR ANI WA AN TS AN | T THA B
OTT T TILLEA & WAL O ATIYE TR A1 3 3=7 7

@G RIS S 0 (AR 9F7)~99 ST 71 A6 & ST 930 g anesad
AN A A | T3 0 T 7§15 7T (Integral Domain) | R e iz @ o)eft (e 5108 @3
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WA QTAGAl FA AL | <% o FoPrmalem W wme Fe’ ve: B @ o e
(fa 28 | I oPTCX WHTTA Characteristic of a Ring~43 <3 39 F1 (A0S AR | T n Fe
GG AR ATF T4 a+at... = na = 0 T TEFE 197 FUEN ACE | T WHABA
frragmie | SmiTAe @ax ojefrras faraeam e 9 e e TR

AT (R, +, .} 9F0 07 9K § R-99 GF6 ARG | 434 {S, +, .} &F (R, +, . A -
o5 (Subring) 5T TR A {S, +, .} 93 faom offeral + @&k @ ATATF a0 R @)

IR AR WS e FRME (S, +, R, +, L }-97 WU 2EAF 1S 5E 2
(i)a~beSVabes
(i) a.be SVa,beS

¢ 2mlide Yy @ Tonare e uy armwam T3, MRBE IAG | I3 WOTH WG GFE
A |LA (subfield)-43 *roe Fzld 343 |

14.4, @54 (Field) Wt @3z Twigad

AT S TF WY TEE 7o TAM T ONF A I 209 qW (1) THAG [iAwmeaioy
2, (ii) TEALCS @TF 9 (multiplicative identities) 9T €3¢ (iii) X7 IF GG @ (FHG
TAMITAL QTR FANATT {2 A® ToAme |

Feo:fraefm @
(A) {F, + } @30 Rivwmraey st ora wdi
() a+beF Va beF (@9 &f)

(i) a+(b+c)=(a+b)+c Vab,ceF (GRET &)
(iiya+0=0+a=a 30eF 9% VaeF (3 Toimraa ofey)
(iv) a+(-a)=(—a)+a=0 J-aeFVae F (Re@re Soimia wiies)

(v) a+b=b+a VabeF ffma«l

(B) {F, .}-a3 %71 Q107 0 ToAmraly @36 Rfsmeaeg v ston #9 | wdfi]
(i) abeF Va,beF (Tl &)

(i) (a.b).c=a.(b.c) Va,b,ceF (AT 1)
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(iii) 3,1eF TAWE al=la=a VaeF (B3 BAmm uiee o)
(v) aa'=a' a=1 a'eF Vaz0eF (Rofe Tomm wfde o)
(v) ab=ba Va beF (REwaa)
BATE (F, +, .} 9 o9 oFfl Ton afema s nited @ I Ared 3B-asg | wdie
(i) a(b+c)=ab+ac Va,bceF
() (b+c)a=b.a+tca Va,b,ceF
KT THIZI
BUIZAY |. R ={ AT RGP G5 }
Q = {3 W YA (16 }
C = {3 wiba a7 & )

R 432 Q R4 (H1 € 0 &RFTR FATT s 516m W3 | Tios g e @ @We ()
By 247 R Bomm wng | OB FER G T @, (19 ¢ g4 afFTiei fre-ea T
FosPraaf «ad T | oAk afe I AT frs © = Fif e a5 7@

s=| * 7
WA S = oy x ‘x,yeR
TRET @19 € @94~ FAATH fFS 5197 3|

Xp Y X Y2 X +X; vy "‘)’2]
: + = €S
@ [—Yt xI:I ["Y: "2] [“{Yr +Y2) X 4%,
X ” X
- [ \ Y1}+ [xz Y-:l_'_[ 3 Y3:|
=Y X =Y: X, —Yy %

={[ X1 Y ]_{xz Y2 ]}+[x3 Ys] m&ammsﬁf’nﬂﬂmt

Y1 X —¥: X2 “¥s X3
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(iii) [8 8] o3 (e 7 BoAmm

L X y -x ~y| {00
W) [—y x]+[(—y) -x]'[o 0]

X

A [ 1] 913 R Bomm g | Soigw iz @t RS @

S QU TosPRelEE g ol TS

M (l)[ X, Yt][ X, y2]=|:x,x2 “YiY: XY tYX ] €S
Yy X JLTY: X, =(xy, +¥,X,) XX, =YY,
wfie QLR AATE § GO0 3w 1

(i) (TRG 2 x 2 WL ol FRIore! 43 aFes 7@ 9ditas foai st o e
¥ IFFS T

(i) [{l) ?] QAR BT GFF

(iv) T e MG A = [xy]izr

-yx
- 1 X-y
oA AT = —o—s
© x? +y? [y x}

WFME, AB=AB 34 A Be§
433 AT (7 TTE (T A (B+C) = AB + AC
A S G166 MBHT @918 GIIA FANATF AR A 775 515w I |
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BHIEAY 3. C - wioa aPeRR o
{(C, +, .} &ioa AMF s € VTR ATHP= AT 3 fFT 1 I

A1 A 3 + ib 93 T 7 | 0 +0i © 9B b1 AP 7S T TP Ao 9B wivw
w1t a3 S wfbar ik catst R @y | Sibeaifm @93 ot RS 4 afFe @ e
0 MY @« «Fs R @en T |

SRR QLR (weae 7ib wiba 2 awe 93l wioa 21 ot cRtae MEeTOI! afiFe
0 93¢ Tiva A o RGTaeaey | SR 1+i.0 = | 5l orw ov e )

AT o + if 93 RAfT SAawm @9 93 CFE - oH(-P) 9K QTN CFE

I
o+ if ol +p? to-ip)

ToAR TdA AR D, wiber AR MRS @I @ BTIF ATE 2w A s 0w
THR44. T=(a+b /3 : A a @ b JoW M1}
T 5 TeR (T 6 0 2fdFa GBI Rge =31 I9—

(8, +b,v2)+ (a, +b,4/2) =(a, +a,) + V2(b, +b,) 9R

(a,+b,v2).(a; +b,4/2) = (a2, +2b,b, +42(a;b, +a,b,)
&% S ofFTR ANATE @l 9T arE ow ww

14.5. aPR SRFY ToAAW @ wEfe Hae

T | (TG AR (IO W) oI @t AR WieirE Rode Bomimit e
(unique) |

9 4 TF acF @R 293 ;e oMM b @2 ¢! TRA ab =1 @K ac=1 A
a.b=a.c => b=c (cancellation law) =i 3
AR Ao Sam@fd gvs)

BANW 2 . (IIRE AR XU FIT SIS (divisor of zero) AT T (G *77) BT
QMR (A AFAR AT M a3 TAMADER )
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o : 43 WS F o0 o 93k ab=0qW a %0, b0, a b eF (NTF a # 0 IR
acF ek a'e F

494 a'(a.b) = =(at.a).b=1b=bWRE a-(a.b)=a'0=0 &I b = 0.

JFLSA b 20 YT a =0

ydis F-9 Hd (e s Gz |

SR 1. @ Fwe fFFeg o4fm c% 3 (integral domain)

Note : (&3 &7 3% ¥4 2Jffey cwvag s 7 @ {z, +, .}

Toiolw 3. (FIe A 2 (FAibane) oy AR, A A firs )

ot : 1@ 9 IR s ora D T BoMIR WY n | ARG D a3 AN opeffog
cwa @ft @b fafsaasg (uram oFta) oM T Wy orid @D Wit IR AT WY BTR
FHE TTS (F2)

R AFaecD, a2 09R D’ = {ax/ (AMA xe D 93¢ x # 0}

9 D’ 99 MW ax = ay LA x =y TR (A7 D-OF T4 SR @G Slers (712 |

AOT x,ye D @ x # y TEA ax #a.y WA I WY D’ 47 377w Sonwivafag 707 |

HEAR D’ -~ TAMITT <] n-1 WA D’ 87 W45 D-9F 03 S ST afer Sg, Joun
BT GTF | € D -9 WY WK

SEAR a # 0 (A (€ Q30 TAMTAT T ST SAMN x A S ax = 1 LI OGH
ARG S TAWIH a7 QLT IHAoTE foide St wite | wdfle D @=fb s |

Totoiy 4. 4T W a, 9% b, F A 4 SoAMN @R a 2 0. GYA F H0B ax = b @2
TR GIHR A AT SN |

oAl ¢ (ALY a € F 9% F 9F0 758 a'c F WA a@oidsf WPt at be F.

49 a.(a' b)=(aa")=b

TSR a~'b = x G AN ) 42 T 2 ARFAAT G2 7 96 TR NG, @ a.x, = b
€ ax,=b.

T a.x, = ax, (ARY a # 0, x, = x, WA AR | oI & Ao =i vy
(unique) !
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14.6. T4 (Subfield)

@ 4 TG F, +, .} 9 BT e S, F97 wold e’ 1 (S, +, . ) (@R
AFaR) ATATF e FFre amm @ oG { S, +,.) & (F, +, . )99 Q4em= 91 73 |

Turad 754 (R, +.) SR o wyeem e {Q, +, L),

Tototwy 5. (FIWe AFA {F, +, .} S 93fS ARG 713 70y e qS ToAmw Wiy ) 93w
{S.+, .}, {E +, .}-9% QYR 26T AT @ 7B Aol w1

)a,eS,beSabes

i)aeS, beS ab'eS:bx0.

2N : A AT I T TS Y6 $- 97 WHADE DT T PGS (TP S F#eR o
o Gt ([FI-97 ANATF ot | G b €S TSI -be S WA S GO s Bowm aferme
ARATH I 7O a + (-b) € S WA I T a-be S GITOII (A (FHS W TAME b (rem
Ab eSS IWRAM ac S, ble S YRR a.b'e§

o (51 {8, +.) RS 2earm T SoArare =S S S
ST A FA I (S, + .} TLAA I ARFT, (ofd T Ty 1 1t WA |

@R (B (FIRE G0 T a, b € S T a-b e S | W IR &AM FAM { S, +}-F UATE
S 20fA FATO =SB WMB |

WM aeS PO aa'=lcSTAURT 1leS R a# 0T l.a'e S I WL a'e S @ |

IR G TTb %0 € S 1 9% b'e S TR 9% ac S, b'e S YoIR R *SPMR a.(b')'e S
53 udie a be S I b=0 TV S a.b=0 LA, Oe S TTIK GUIA ALATF S B 7% | 94
LR FKTETSI! § IS ) @ S, F 693 SR | (N6 @7 @07 o of AR 3%
gfaff ToarPe ¥IR A A | TSR (S, + ) FER 9w dee) wdie (S, +, L),
{F, +, .}<43 Q45 | ot (o Bl «$ef (S, +, .)-&F {F +, .})-97 sigar afefie
FIF ATE LB |

14.7. wore (Ideal) @ eits (Field)

TR HEBAE AR AR A WA FTCER NG WG ST | FREHA WG
TG BT N ABEHE T E TG I ST IF |

43 AF (R, +, )93 {32 3 9% @3 S, R-97 9B ARG | S-(F R-93 I Wshqpe) T7)
T3 AW (i) {S+) 4F R-97 ST Y ARFA T |
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(i) rseS yreR WA vy se S UFROIA s-(F T WA I R 1w

(i) {S+} : R-93 9% ARG~

(iiysreS v re REW yse$§

S~ T (ideal ) 37 A T G 9P AL AN SANE @ RFA WA 26T T 4

A9 WS N ol AR @ (S, +, .} ;W (R, +, )} AHAT G0 SHAE T ©R 46
(R, +, .} 47 @3 Seerim 771 | forg Rerdre Prare smreim siey 71 udie @ come sz
(subrings) ®==1 (ideal ) 9T |

ATFR AN @ @ne Rivmratsy smrr @ @Re 7 smaeg 3w wae @ik
I (X (A (INE GHFE {R, +, .5 S SToTaR shen wita—a=fB {0} @3¢ weml
R 1% 4G A0 SEAE QY1 (& (PR WA 6T T AT WHAT |

TS 6 : ABTAL (FNE AP WHAA (A2 |

a9 g2 TR S, {F, +, )} Rrsr 430 99 WA ¥R ac S, a % 0
4T aeS9a a'eF => ga'=1e$§
A | s, xeF€ 1l xeS=>xe8

CIE (rdl (51 (A F-A9 (@ (@INE TAWIAR $-47 Boiwia | 2R F ¢ S 78 S ¢ ForRm
F=§

FSAK F-42 4TI W1 {0}4R F W2 | OIFE F-93 (3R 4356 W |

Totstiwg 7. =l RiFaraisy erem o= RS w1 (R, +, .} @1 3ft @ive o5 wmmm
4T €7 {R, +, .} 490 P A

R : Ra = {.x.a;¥xe R} COH @67 37 24 ae R <D % Sotnem )

¥AAEp, qecRaTMep=ra q=raIAr,reR

A p-qg=ra-na={r-r)a=racRa

(FIl 1, —r,e R CIH p,qe Ra=>p—geRa

o<t (57 Ra{R, +, .}~93 935 ARt 3 we@ya |

4T xeR S p=racRa

X.p=x(ra)=(xr )a € Ra (&l xr, ¢ R &1 (5 Ra,{R, +, .}97 BTG STeEete |

R-431 fAfersmmralsy sma ara Sta) orem O3 WL | 949 Ot T (4 (BN S oAt
a-93 f321 e T R-¢ it ot ¢
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YWAT 3 # 0e RO Ra = {ra: re R} GHO 93 o |

(% leR: l.a=aeRa

wfis Ra SRfCRED oy 7 Toimm g ofa 7w ) @i orem @mg )| (R, +, . }97 (Fe
TP THAF (12, FSAK Ra = R T R-97 Arorid TAME R- 978 &) KLIFH Totmm b-3
a ity ¢ 32 e TR | 99 1 R TSR AR I BoMH be R 91 799 b.a = 1 Wefie
a'=b | SAR (71 (561 (A (BRE TP BAMITR R-9F T ST AT oA Boim Wy,
wdfie {R, +, .} 9= fFFg)

14.8. A

<% WA W WEHS
1) {F, +, .} oBibT B3 + @3¢ , 76 Fviw aferm wc@re @i F @i ame a s wo
A g {F, + } 935 wmafem 39 (F -{0), -} wefie 1@ Ao0E (F - {0} ) wafmm ga )

2) SCF @3¢ {+, .} 4L G of a1 F (TB e o7 Acwre =g | 1/ {S, +, )16 & 93 fow
of Famraa ATE ek ool fFe o o= (S, +, .} & (F, +, .} 99 Q42 31 s o=
A

— oA KT (4 (T Toioiy aie TReR rofe @@ ¢

1) (FRE ABTH *F TS (TIWE SAMTR o4 AfFTR ANACH RARS SoAmi{G e |
2) (FME AR ITAAR NCIA ST AT 71| Qe oo amez o cwa |

3) MG T 24 o R FNCHR AP A

4) FAE fIT% aox =b @RUMA a,beF AR TN W=7 |

@6 (6 § C F-93 ARE™S 2eTA T+ WRF € AT *1$ 1o <61 3

i) a-beS Va,beS

iya.b' €S, Va,beS, b0

AT ¢ AP STHCE ANS AR

7) A FRE APS THAF 13|

8) {R, +, .}« RiFwwaey o 9= RFR 7@ @ 93k (R, +, .} 97 (FFe 9
AR Al AR, R, +, .} 40 AT TI|
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14.9. 74T gt @ e

1. 2631 T1% EW AR G U it Bow afirm 93eR RS
i) ab=a+b-1

ii) a.b=a+b-ab

@ (R % 9 Few of3FaR SeATs {Q, o , » } 9D AP W I
s ab=a+b-1€Q

(i) a,(b,c) = (a,b).c

(i) 1 (identity) 2 fFTR AATE 9T A BT

(iv)aeQ b=2-aeQ 9R ab=1 Tdie 2 — a, a-47 [+13re Sotw |
WA ab=baVabeQ TSI 09T ANATF b 9T WA 5ot |
=Ad (i) a.be Q

(iD(asb)xc=ax(b=c)

(iii) 0 92 [Roiw =TT ATE 933 31 FTT

(iv) aeQ, b=2% a#1 b3 RAAS TAWMW | ¥R a.b=b.a

AT * 9% faom afdFmR AATE (Q-{1}) * ) <D wWrafm v
GEONA @SR TR S 0 43 &1t 3541 |

2. a,beF AU {F, +, .} 93 &% a3 (FST WX b # 0, (ab)? = ab? + bab ~ b?
e T a= 1,

oot £ (ab)? = (ab)(ab)

(ab)(ab) = (ab) b + (ba)b—bb

AR I3 Ao T AR—

{aba)=ab+ba-b

WA aab=2ab-b=(2a- )b
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ok aa=2a-1M z3—a—a+1=0

A, (a-{a-D=0=a-1=0 T, a=1

3. @@= F={[0],{1], [2],[3],14]}

wefie off AR By 5-97 REE @felm @6 |
G [a]+[{b]=[a + b] (FELT 5)

€ [a].[b]=[ab] (g 5)

2 it Bom efrarm sicarem G fnfid s € (e @R %6 faom afermz swars
(F, +, .} 938 apm <o 3 | Fof ¢ et aftrate GRaEl @@ s -3

+10| 1] 213 |4
ofoy1]123 |4
1|112]3]4]0
21213140 §1
31374101 12
4:410|1]|2 |3

AFTEA < Gamie s 2 | g e W arstiang
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